7 Dynamic programming

In this chapter, we will present two dynamic-programming algorithms for scheduling arbitrary
precedence graphs with non-uniform deadlines subject to unit-length communication delays. Us-
ing these algorithms, we can construct minimum-tardiness schedules for arbitrary precedence
graphs. In Section 7.1, an algorithm of Fulkerson [29] is presented that decomposes prece-
dence graphs of widtlv into w disjoint chains. Such chain decompositions are used by the
dynamic-programming algorithms that are presented in Sections 7.2 and 7.4. The first algorithm
is presented in Section 7.2. This dynamic-programming algorithm constructs minimum-tardiness
schedules for instancé&, m,Do). Itis similar to the dynamic-programming algorithm presented

by Mohring [67] that constructs minimum-length communication-free schedule for precedence
graphs with unit-length tasks and the dynamic-programming algorithm of Veltman [87] that con-
structs minimum-length schedules for precedence graphs with unit-length tasks subject to unit-
length communication delays. Like the algorithms ofiMing [67] and Veltman [87], the time
complexity of the algorithm presented in Section 7.2 is exponential in the width of the prece-
dence graph. Hence it constructs minimum-tardiness schedules in polynomial time for prece-
dence graphs of bounded width.

Sections 7.3 and 7.4 are concerned with scheduling precedence graphs with arbitrary task
lengths. In Section 7.3, it is proved that constructing a minimum-tardiness schedule for a prece-
dence graph of widtlw on less thanw processors is an NP-hard optimisation problem. In
Section 7.4, a second dynamic-programming algorithm is presented. This algorithm constructs
minimum-tardiness schedules for precedence graphs of width at leastv processors. Like
the algorithm presented in Section 7.2, the time complexity of this algorithm is exponential is
the width of the precedence graph, but it constructs minimum-tardiness schedules for precedence
graphs of bounded width.

7.1 Decompositions into chains

In this section, we will show how a precedence graph can be decomposed into disjoint chains.
Every precedence graph can be viewed as a collection of disjoint chains with precedence con-
straints between tasks in different chains: every precedence graphtagtks can be considered

as the disjoint union afi chains consisting of one task. Obviously, precedence graphs that do not
consist ofn pairwise incomparable tasks can be decomposed into a smaller number of chains.

Definition 7.1.1. Let G be a precedence graph. ohain decompositioof G is a collection of
disjoint chain<y,...,Cy in G, such thaC; U---UC, =V (G).

LetCy,...,Ck be a chain decomposition of a precedence g@pfhenC;,...,Cx will be
called a chain decomposition Gfinto k chains.

Example 7.1.2. Let G be the precedence graph shown in Figure 7.1. Itis easy to se® ihat
precedence graph of width two. Figure 7.1 shows a chain decomposit®intd two disjoint
chainsCy = {¢1,1,€1,2,€1,3,C14,C15,C16} andCy = {C21,C22,C2.3,C24}. A chain decomposition
of G into two disjoint chains is not unique: other chain decompositiors obnsisting of two
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Figure 7.1. A chain decomposition of a precedence graph of width two into two chains

chains are formed by the chai@$= {c11,¢1,2,C22,C23,C24} andC;, = {c21,€13,€14,C15,C1 6}
and by the chain€! = {€11,€12,C13,C22,C23,C24} andC; = {C21,C14,C15,C16}-

Because a precedence graph of widthontainsw pairwise incomparable tasks and incom-
parable tasks cannot be elements of one chain, a precedence graph of wédtthot be decom-
posed into less thaw chains. Dilworth [22] proved that a precedence graph of widttan be
viewed as the disjoint union of exactlychains.

Theorem 7.1.3. Let G be a precedence graph of width w. There is a chain decomposition of G
into w disjoint chains.

A chain decomposition of a precedence graph of widtinto w chains will be used by the
dynamic-programming algorithms presented in Sections 7.2 and 7.4. Dilworth’s proof [22] of
Theorem 7.1.3 is not constructive, but the proof by Fulkerson [29] is. In his proof of Dilworth’s
decomposition theorem, Fulkerson presented Algorittii@ DECOMPOSITIONShown in Fig-
ure 7.2 and proved that it constructs chain decompositions of precedence graphs o¥ imtdth
w chains.

Algorithm CHAIN DECOMPOSITIONWOrks as follows. For a precedence graphit con-
structs an undirected bipartite graghthat contains an edge for every pair of comparable tasks
of G and computes a maximum matchingtdf This matching is used to construct a chain de-
composition ofG into disjoint chains.

The time complexity of Algorithm @AIN DECOMPOSITIONCan be determined as follows.
Let G be a precedence graph of width To obtain a better time complexity, we will distinguish
two cases depending on whett@iis known to be a transitive closure or not. If it is unknown
whetherG is a transitive closure, then AlgorithmHaIN DECOMPOSITIONShould start by com-
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Algorithm CHAIN DECOMPOSITION
Input. A precedence grapB of width w, such tha¥ (G) = {uy,...,un}.
Output. A chain decompositiofy,...,Cy of G.
V= {al,...,an}u{bl,...,bn}
E:={(a,bj) |u <c uj}
letH be the undirected bipartite grapi, E)
letM be a maximum matching ¢
E' = {(Ui,Uj) | (aivbj) €M}
letG’ be the precedence grap¥(G),E’)
i=1
while G’ contains unmarked tasks
do letu be an unmarked source &f
10. Ci :={veV(G)|thereis a path fromtovin G’}
11. mark all tasks T
12. i=i+1

CoNoO~LODE

Figure 7.2. Algorithm CHAIN DECOMPOSITION

puting the transitive closure @&. This takeD(n+e+ne") time [37]. In the transitive reduction
of a precedence graph of widtly every task has at most children. Hencee~ < wn. So the
transitive closure ofs can be constructed i@(wr?) time. In the remainder of the analysis of the
time complexity of Algorithm GIAIN DECOMPOSITION, we will assume thaG is a transitive
closure.

SinceG is a transitive closure, the bipartite graghcan be constructed i®(n+e") time.
Sincee™ < n?, H is constructed iD(wr?) time. Hopcroft and Karp [48] presented an algorithm
that computes a maximum matching@{e,/n) time for bipartite graphs witln nodes ance
edges. Alt et al. [5] presented an algorithm whose time complexity is better for dense graphs:
their algorithm constructs a maximum matching of a bipartite gragb(im /ne/logn) time.

The number of edges ¢f equalse™. As a result, a maximum matching of H can be con-
structed inO(min{e™+/n,ny/net /logn}) time. Because the maximum matchingtbtontains
at mostn edges, constructing the precedence gr@ptakesO(n) time. G’ is a chain-like task
system. Since every task & has indegree and outdegree at most one, constructing the chains
in G from G’ takesO(n) time. So constructing a chain decompositiorGahto w disjoint chains

takesO(wr? +min{e"/n,n,/ne" /logn}) time.

Lemma 7.1.4. For all precedence graphs G of width w, Algorith@HAIN DECOMPOSITION
constructs a chain decomposition of G into w chains w6 + min{e*,/n,n,/ne"/logn})
time.

Let G be a precedence graph of width SinceG can be decomposed imtodisjoint chains,
G contains a chain that contains at ledstasks. The transitive closure of a chain containing at

least{! tasks contains at Ieag% arcs. SaG* contains at Ieaél% arcs. Ifwis a constant,

thenG™ contains®(n?) arcs. Hence using the algorithm of Alt et al. [5], a chain decomposition
of a precedence graph of bounded width can be construct®¢thi,/n/logn) time.
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Lemma 7.1.5. For all precedence graphs G of constant width w, AlgoritGrRnIN DECOMPO-
SITION constructs a chain decomposition of G into w chains {im%Q/n/logn) time.

7.2 A dynamic-programming algorithm

In this section, a dynamic-programming algorithm will be presented that constructs minimum-
tardiness schedules for instan¢€ m, D). For precedence graphs of widih it constructs a
minimum-tardiness schedule @(n"+3) time. Hence minimum-tardiness schedules for prece-
dence graphs of bounded width can be constructed in polynomial time. The same approach can
be used to construct schedules that are optimal with respect to other objective functions (includ-
ing the minimisation of the makespan) without increasing the time complexity [91]. This leads
to an improvement over a result presented by Veltman [87], who showed that minimum-length
schedules for precedence graphs of widtban be constructed i@(n?") time.

The time complexity of the dynamic-programming algorithm is exponential in the width of
the precedence graph. It is unlikely that there is an algorithm that constructs minimum-length
schedules ifD(n°) time, wherec is a constant independent of the width of the precedence graph:
Bodlaender and Fellows [9] proved that constructing a minimum-length communication-free
schedule for arbitrary precedence graph& pnocessors i8V[2]-hard, wherdV[2] is the second
class of theW-hierarchy for parametrised problems introduced by Downey and Fellows [23].
This implies that it is unlikely that for all fixed positive integdgsa minimum-length schedule
for a precedence graph érprocessors can be constructedifn®) time for some constamt In
fact, Bodlaender and Fellows [9] proved that constructing minimum-length communication-free
schedules for precedence graphs of widthl onk processors i8V[2]-hard. Their result can be
easily generalised for scheduling subject to unit-length communication delays with the objective
of minimising the maximum tardiness.

Dynamic programming is a method of constructing an optimal solution of a problem by ex-
tending or combining optimal solutions of subproblems. In dynamic programming, the optimal
solutions of the subproblems are stored in a table that has an entry for every (relevant) subprob-
lem. The table is then used to construct the best extension or combination of the optimal solutions
of the subproblems.

A feasible schedul8for an instancéG, m, Do) is a list of time slotS, ..., S_1). For each
timet, U'Z3S is a prefix ofG and(S,...,S-1) is a feasible schedule f¢G[UZ3S],m, Do).
(S,---,S-1) will be called gpartial scheduldor (G, m,Dg). Any schedule&, for (G[U],m, Do),
such that) is a prefix ofG, can be extended to a feasible schedulg @&m, Dg) by scheduling
the remaining tasks after the completion time of the last tadlk.o60 a (minimum-tardiness)
schedule for{G,m,Dg) can be constructed by starting with an empty schedule and repeatedly
adding the next time slot.

This is the basis of the dynamic-programming algorithm presented in this section: a table
containing information about the structure and tardiness of minimume-tardiness partial schedules
of (G,m,Dy) is constructed and used to construct a minimum-tardiness sched(@, forDo).

Let S= (S,...,S-1) be a minimum-tardiness schedule f@,m,Dy). Then for all times
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te{0,...,0—1}, (S,...,S-1) is a feasible schedule f¢G[U!=3 S],m, Do) and$ is a set of
sources ofG[V(G) \ U};cl)s]. So for each task in §, at most one parent afis an element of
S_; and for each taskin S_1, at most one child ofi is an element o§.

The basic idea of extending partial schedules is the followingULbé a prefix ofG and let
(S,---,S-1) be afeasible schedule f6B[U], m,Dp). Then a set of sourcésof G|V (G) \U] is
calledavailablewith respect t&if

1 V| <m
2. for all tasksuin V, at most one parent effinishes at timé; and
3. for all tasksu in U, if u finishes at time, thenV contains at most one child af

Note that the availability 0¥ only depends on the size @¥fand the tasks it that finish at time
t. HenceV will also be called available with respectd,S_1).

If V is available with respect tQU,S_1), then the scheduléS,...,S_1,V) is a feasi-
ble schedule fo(G[U UV],m,Do). Moreover, it is easy to see that for any feasible schedule
S=(S,...,S-1) for (G,m,Dp), the time slotS is available with respect t };33,3_1) for
allt€{0,...,/—1}.

We will represent a partial schedusdor (G, m,Dg) by a tuple(U,V,t,¢): U is the prefix of
G, such thaSis a feasible schedule f¢6[U], m, Dg), t is a starting time that exceeds the starting
times of all tasks ilJ, V is the set of sinks o6[U] that finish at time and/ is the maximum
tardiness of a task id. Note thatv may be empty. The timeis used to denote the next time at
which the remaining tasks @ can be scheduled.

A tuple (U,V,t,¢) will be called afeasible tupleof (G,m, Do) if U is a prefix ofG, V is a
set of sinks ofG[U], and there is a feasible sched@éor (G[U],m, Do) with tardines, such
that S(u) <t —1 for all tasksu in U and S(u) =t — 1 for all tasksu in V. Since there are
minimum-tardiness schedules f@, m, D) of length at mosh, we will only consider feasible
tuples(U,V,t,¢) of (G,m,Dg), suchthat <t <n-—1.

LetS=(S,...,S-1) be a feasible schedule f¢&, m,Dy). For each time € {0,...,¢—1},
the partial schedulés,...,S_1) can be represented by the feasible tqpu{a;és,s,l,t,&) of
(G,m,Dg), wherel; = max{0,max{S(u) +1—Dg(u) | S(u) <t—1}}.

Note that a feasible tupl@J,V,t,¢) of (G, m,Dg) may represent more than one partial sched-
ule. For all partial scheduleSrepresented byU,V.t, /), the availability of a set of sources of
GV (G)\U] attimet only depends ok andV. So all partial schedules representedbyV,t, ¢)
can be extended in the same way. Because the tardiness of such an extension only depends on
¢ and the starting times of the tasks®}V (G) \ U], the minimum-tardiness extensions of the
schedules represented By, V,t,¢) all have the same tardiness. So to construct a minimum-
tardiness schedule f¢6, m, Do), we only need to consider feasible tupleg@fm,Do).

Partial schedules fdiG,m,Dg) can be extended by adding a time slot. The notion of exten-
sions is used for feasible tuples as well. 6tV,t,¢) and(U’,V’' t',¢') be two feasible tuples
of (G,m,Dg). Then(U’,V',t’ ¢') is calledavailablewith respect tqU, V.t ¢) if

1. U =uuVv,
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2.t =t+1;and
3. ' = max{/,max,cy (t +1— Do(u))}.

The setAv(U, V,t,¢) contains all feasible tuples @6, m,Dy) that are available with respect to
(U,V,t,¢). Note thatAv(U,V,t,¢) cannot be empty, becaugd, ot + 1,¢) is an element of
Av(U,V,t, ) for all feasible tuplesU, V,t, ¢) of (G,m,Dy).

LetS=(S,...,S_1) be afeasible tuple dfG, m Do). Then the feasible tuplé ), S, St +
1, max{0,max{S(u) +1—Dg(u) | S(u) <t}}) of (G,m,Dy) is available with respect to the fea-
sible tuple(U'Z3S,S-1,t, max{0,max{S(u) + 1 — Do(u) | S(u) <t —1}}) of (G,m, Do) for all
te{0,...,0—1}.

Let (U,V,t,¢) be a feasible tuple diG,m,Dy). AssumeSis a partial schedule fqiG, m, Do)
corresponding tgU,V,t,¢). DefineT (U,V,t,¢) as the smallest tardiness of a feasible schedule
for (G, m, Do) that extends. More precisely, iU #V(G), then

TUVt0) = min{TU V' t'.0) | (U V' ' 0)e AU,V t.0)},
and ifU =V(G), then
TUV,t,0) = ¢

ThenT(2,,0,0) equals the tardiness of a minimum-tardiness schedulé@an, D). Note
thatT (U, V,t,¢) is independent of the partial schedule correspondifgt¥,t,¢): each schedule
Sfor (G[U], m, Do) with tardines¥, such thas(u) =t — 1 for all tasksuin V andS(u) <t —1 for
all tasksu in U, can be extended to a feasible scheduld@m, Do) with tardinessT (U, V,t, 7).

A minimum-tardiness schedule f6&, m, Do) is computed by Algorithm ™IT EXECUTION
TIMES DYNAMIC PROGRAMMING presented in Figure 7.3. First, it computes a taldd, such
thatTabjU,V,t, ¢] equalsT (U,V,t,¢) for all feasible tuplegU,V,t,¢) of (G,m,Dg). Second, it
uses this table to construct a minimum-tardiness schedul&fon, D).

Now we will prove that Algorithm WIT EXECUTION TIMES DYNAMIC PROGRAMMING
correctly constructs minimum-tardiness schedules.

Lemma 7.2.1. Let S be the schedule fgB, m,Dg) constructed by AlgorithdNIT EXECUTION
TIMES DYNAMIC PROGRAMMING. Then S is a minimum-tardiness schedule(fém, Do).

Proof. Let Tabbe the table constructed by AlgorithnNUr EXECUTION TIMES DYNAMIC PRO-
GRAMMING. We will prove by induction thaTabU,V,t,¢] = T(U,V,t,¢) for all feasible tuples
(U,V,t,¢) of (G,m,Dg). Let (U,V,t,¢) be a feasible tuple ofG,m,Dg). Assume by induction
thatTabU’ V't ¢'| =T (U’,V',t',¢') for all feasible tuplegU’,V',t’ #') in Av(U,V,t,¢).

If U=V(G), thenT (U,V,t,¢) = ¢ for all feasible tuplegU,V,t,¢) of (G,m,Dg). In that
case,TabU,V,t,/] = T(U,V,t,¢). So we may assume thelt # V(G). Becausel (U,V,t,?)
equals migT(U',V',t',¢) | (U,V' .t/ ¢) € AWU,V,1,0)} andTalUu’, V' t' ¢ | =T(U' V' U, )
for all feasible tuplegU’,V’.t’ ¢') in Av(U,V,t,¢), TabU,V,t,¢] equals migT (U’ V't ¢) |
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Algorithm UNIT EXECUTION TIMES DYNAMIC PROGRAMMING
Input. An instance/G, m,Dy).

Output. A minimum-tardiness schedule f0&, m,Dg).

1. for all feasible tuplegU,V,t,¢) of (G,m, Do)
2 do TabU,V,t,/] := oo

3. CoNSTRUCT(@,2,0,0)

4. (U t,0) = (2,0,0,0)

5. while U #£V(G)

6 do let (U", V' t' ') = sucqU,V,t,¢)

7 forueV’

8 do Su) :=t

9 (U,V,t,0) := (U V't 1)

11. Procedure CONSTRUCTU,V,t,/)
12, if TahU,V,t,{] = o
13. thenifU =V(G)

14, then TabU,V,t,¢] :=¢

15. else T :=o

16. for (U, V' 1" ¢') € Av(U,V,t,0)

17. do ConsTRUCTU' V' t/ )

18. if TabU’, V' t', 0] <T

19. then T := Tabu’,v’,t", ¢

20. sucdU,V,t,¢0) := (U V' t' )
21. TabU,V,t,¢]:=T

Figure 7.3. Algorithm UNIT EXECUTION TIMES DYNAMIC PROGRAMMING

U,V ' 0) e AvU,V,t,0)} = T(U,V,t,0). By induction,TablU,V,t,¢] = T (U, V,t,¢) for all
feasible tuplegU’, Vv’ t’,¢') of (G,m,Do).

In addition, it is not difficult to see that for all feasible tupl@s,V,t,¢) of (G,m,Dy), if
U £V (G), thensucqU,V,t,¢) is a feasible tuple ilw(U, V,t, ¢), such thafabjsucqU,V,t, /)] =
TahU,V,t,/]. Consequently, for all feasible tupléd,V,t,¢) of (G,m,Dy), if U £V (G), then
T(sucqU,V,t,¢)) equalsT (U,V,t, 7).

BecauseTabhU,V,t,/] equalsT (U,V.,t,¢) for all feasible tuplegU,V,t,¢) of (G,m,Do),
Tabho,2,0,0] equals the tardiness of a minimum-tardiness schedul¢Gom,Dg). This is
used to construct a schedule {@, m, Dg). We inductively define feasible tuplés;, Vi, t;, ¢;) of
(G,m,Dp). Let (Up,Vo,t0,%0) = (&,9,0,0). If Uj £V (G), then let(Uj1,Vit1,tiv1,biv1) =
sucqU;, Vi, ti, 4). Assume(Uy, Vi, tk, 4) is the last feasible tuple ofG,m,Dp) that can be
constructed this way. Theby = V(G). It is not difficult to prove thatT (U;,Vi,ti,4) =
T (Up, Vo,to, £o) for all i € {0,...,k}. So each feasible tuplgJ;,\i,ti,¢) of (G,m,Do) repre-
sents a partial schedule fg®&, m, Dg) that can be extended to a minimum-tardiness schedule for
(G,m,Dyg). Itis easy to prove by induction that the feasible tule Vi, i, ) of (G,m, Dg) repre-
sents the partial scheduéy, ..., Vi) foralli € {0,...,k}. So(V4,...,V) is a minimum-tardiness
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schedule fofG, m,Dg). This is the schedule constructed by AlgorithmIW EXECUTION TIMES
DYNAMIC PROGRAMMING. O

The time complexity of Algorithm WIT EXECUTION TIMES DYNAMIC PROGRAMMING can
be determined as follows. Consider an instaf8em, Do), such thaiG is a precedence graph
of width w. In order to obtain a better time complexity, we need to consider two possibilities
depending on whethé&3 is known to be a transitive reduction or not. If it is unknown whetBer
is a transitive reduction, then AlgorithmNUT EXECUTION TIMES DYNAMIC PROGRAMMING
should start by computing the transitive reductionG®f This takesO(n>37) time [17]. In
the remainder of the analysis of the time complexity of AlgorithmItJEXECUTION TIMES
DYNAMIC PROGRAMMING, we will assume tha is a transitive reduction.

AssumeCy, ...,Cy is a chain decomposition @, such thatCi = {ci1,...,Cik } for alli €
{1,...,w}. From Lemma 7.1.4, such a chain decomposition can be construc@dnir? +
ety/n) time.

Algorithm UNIT EXECUTION TIMES DYNAMIC PROGRAMMING first computesT (U, V,t, /)
for all feasible tuplegU,V,t, ¢) of (G,m,Dg). Since there is a minimum-tardiness schedule for
(G,m,Dop) of length at mosh, we may assume thate {0,...,n—1}. In addition, because
every task has at moststarting times, at mos¥ different values o need to be taken into
account. A prefit of Gis a selJ.1{Ci1,...,Cip}, such that < by <k; for alli € {1,...,w}.

A set of sinksV of G[U] is a subset of the sétyp,,...,Cup, }- A subseV of {Cip,,...,Cun,}
can be represented by a tuggks,...,ay), such thatg; € {0,1} for all i € {1,...,w}: g =1

if cip, €V anday =01if ¢, ¢ V. So a feasible tuple ofG,m,Dg) can be represented by a
tuple (by,...,bw,a1,...,awt,£), such that 6< by < k anda € {0,1} foralli € {1,...,w}, t €
{0,...,n=1} and/ € Uyev () {1 —Do(u),...,n—Do(u)}. So the number of feasible tuples of
(G,m,Dyg) is at most

w w w n
n32W I_|(k| + 1) < n32W |—l2k| < n322W I—lv_v < 2an+3.
1= 1= I=

For every feasible tupléJ,V,t,¢) of (G,m,Dg), Algorithm UNIT EXECUTION TIMES DY-
NAMIC PROGRAMMING computes the sétv(U,V,t, ). There is a one-to-one correspondence be-
tween the elements éfv(U, V,t, /) and the sets of sources@fV (G) \U]. Becaus& is a prece-
dence graph of widthv and the sources of a precedence graph are incompa@plés) \ U]
has at mostv sources. As a resulfiv(U,V,t,¢) contains at most*2elements. Checking the
availability of a tuple(U’,V’ t’.¢') of (G,m,Dg) with respect taU,V,t,¢) can be done as fol-
lows. U’ must be the s&l UV’, V' must be a set containing at mastsources of5[V (G) \ U],
every task inv may have at most one child M and every task itv’ may have at most one
parent inV. BecauseG is a transitive reduction, every task @fhas indegree and outdegree at
mostw. So the availability of a set of sources BV (G) \ U] can be checked i®(w?) time.
Hence for each feasible tuplg,V,t,¢) of (G,m, Do), Algorithm UNIT EXECUTION TIMES DY-
NAMIC PROGRAMMING usesO(w?2%) time. So Algorithm WIT EXECUTION TIMES DYNAMIC
PROGRAMMING constructs the tabl€abin O(w?22"n"+3) time.

Itis not difficult to see that the construction of the minimum-tardiness schedul&for, Do)
does not require as much time as the construction of the table. So AlgorithmeXECUTION
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TIMES DYNAMIC PROGRAMMING constructs a minimum-tardiness schedule (i8rm, Do) in
O(w?22"n%+3) time. Hence we have proved the following result.

Theorem 7.2.2. There is an algorithm with an @?22%n"+3) time complexity that constructs
minimume-tardiness schedules for instan¢€m, Do), such that G is a precedence graph of
width w.

Consequently, for constamt a minimum-tardiness schedule for a precedence graph of width
w can be constructed in polynomial time.

Theorem 7.2.3. There is an algorithm with an @"*3) time complexity that constructs
minimume-tardiness schedules for instan¢€m,Dy), such that G is a precedence graph of
constant width w.

Proof. Obvious from Theorem 7.2.2. O

7.3 An NP-completeness result

In the previous section, it was proved that there is a polynomial-time algorithm that constructs
minimum-tardiness schedules for precedence graphs of bounded width with unit-length tasks
on m processors. Moreover, using a generalisation of the algorithm presented in Chapter 6, a
minimum-tardiness schedule for precedence graphs of width two with arbitrary task lengths can
be constructed in polynomial time [91].

In this section, it will be shown that constructing a minimum-tardiness schedule for prece-
dence graphs of widthv on less thamw processors is an NP-hard optimisation problem. This is
proved using a polynomial reduction froma®riTioN [33].

Problem. PARTITION
Instance. A set of positive integerd = {a,...,an}.
Question. Is there a subseéY' of A, such thaly ;e 2= 3 aca\ v @?

PARTITION is a well-known NP-complete decision problem [33]. LetdBAWH3ON2 be the
following decision problem.

Problem. WIDTH3ON2
Instance. An instance(G, |, 2,Dg), such thaG is a precedence graph of width three.
Question. Is there an in-time schedule {06, |, 2, Dg)?

Using a polynomial reduction fromaARTITION, it will be shown that WDTH3ONZ2 is an
NP-complete decision problem.

Lemma 7.3.1. There is a polynomial reduction froPARTITION to WIDTH3ONZ2.

Proof. LetA={ay,...,an} be an instance of ARTITION. DefineN = S ,cpaandM =N+ 1.
Construct an instandes, |, 2, Do) as follows.G is a precedence graph consisting of three chains.
The first two chainsC; andC,, each consist ofi + 1 taskscy; andcy; of lengthp(cji) = M,
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such thattj g <g,0 - -- <G, Cjn. The third chainCs, consists oh tasksuy, ..., un with lengths
u(u) =g for alli € {1,...,n} and precedence constraints <go - -- <G, Un. Let Do(u) =
%N + (n+ 1)M for all tasksu of G. Now we can prove that there is a sub8gtof A, such that
Yaca @= Yacap, @if and only if there is an in-time schedule f@@, i, 2,D).

(=) Assume there is a subsai of A, such thaty,cp @ = Yacaa, @ DefineAz = A\ Ag.
A feasible in-time schedul& for (G,,2,Dg) can be constructed as follows. For each
ie{l,....,nfandpe {1,2},if & € Ap, then let

S(Ui) = iM+ Z a;.

j<i:ajeAp
Furthermore, for ali € {0,...,n}, let

S(Cl,i) = iM+ z a; and S(Cz_’i) = iM+ Z a;.

j<i:ajeAq j<i:ajeAr

Clearly, S(cpi+1) > S(cp,) +M for alli € {0,...,n} andp € {1,2}. In addition, for all
ie{l,....,nfandpe {1,2},if a € Ap, then

Su) = S(Cp,ifl)‘i’M and S(up) +p(y) = S(Cp,i)-

So at most two tasks are executed at the same time. Furthermore,iferf@)...,n— 1}
andp e {1,2}, if ui,1 € Ap, then

SUit1) (+DM+ 5 jcii1aen, 8
> iM4M

> iM +ai+zj'<iaj

>

S(up) + p(ui).

SoSis a feasible schedule fdG,1,2,Dp). Every task ofG finishes at or before time
max{S(C1n) + M(C1n), S(Con) + K(C2n)} = NM + %N +M=(n+1)M+ %N. SoSis an
in-time schedule fo(G, y, 2, Dy).

(<) AssumeSiis an in-time schedule fofG,,2,Dg). Then all tasks ofG are completed
at or before timgn+ 1)M + %N. Let 1t be the processor assignment #®constructed
by Algorithm PROCESSOR ASSIGNMENT COMPUTATION Each processor can execute
at mostn+ 1 tasks inCy or Cy, otherwise,S has length at leagh+2)M > (n+ 1)M +
Sacad> (N+1)M+ %N. So both processors execute exantlyl tasks of lengtiM. The
sum of the execution lengths of all tasks®@®quals 2n+ 1)M + N. So no processor is
idle before timg(n+1)M + iN. Define

A = {g|m(y)=1} and Ay = {a|m(u)=2}.

Since no processor is idle before tirfe+ 1)M + 3N, Yacp, a= (N+ 1M+ 3N — (n+
M = %ZaeAa-
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Lemma 7.3.1 shows that constructing minimum-tardiness schedules for precedence graph of
width three on two processors is an NP-hard optimisation problem. It is easy to see that a similar
proof can be used to show that constructing minimum-tardiness schedules for precedence graphs
of width w on less thamv processors is NP-hard as well.

Theorem 7.3.2. Constructing minimum-tardiness schedules for instar€&s., m, Do), such
that G is a precedence graph of constant width w @d m < w, is anNP-hard optimisation
problem.

7.4 Another dynamic programming algorithm

In Section 7.2, it was proved that minimum-tardiness schedules for precedence graphs of
bounded width can be constructed in polynomial time if all tasks have unit length. In Sec-
tion 7.3, it is shown that constructing minimum-tardiness schedules for precedence graphs of
width wwith tasks of arbitrary length on less thamprocessors is an NP-hard optimisation prob-
lem. The complexity of constructing minimum-tardiness schedules for precedence graphs of
width w with arbitrary task lengths on at leastprocessors remains open. Without communi-
cation delays, minimum-tardiness schedules for precedence graphs ofwadttv processors

can be constructed by a list scheduling algorithm (using any priority list). This is not true for
scheduling subject to unit-length communication delays.

Example 7.4.1. Consider the instandgés, 3,Dg) shown in Figure 7.4. Note th& is a prece-
dence graph of width three. It is not difficult to see tli@ 3,Do) is consistent. Moreover,
(G,3,Dp) can be converted into a pairwise consistent instance without decreasing any individ-
ual deadlines. Using the Ist-lisa;, bs, b1, by, c3,¢1,C0,d1), Algorithm LIST SCHEDULINGCON-
structs the schedule shown in Figure 7.5. This is not an in-time schedu|&,f8/Dg), because

d; violates its deadline. In Figure 7.6, an in-time schedulé®, Do) is shown. This schedule

can be constructed by Algorithm &1 SCHEDULINGUsIng Ist-list(as, b1, by, bs, c3, €1, C2,d1).

Example 7.4.1 shows that list scheduling does not construct minimum-tardiness schedules for
precedence graphs of widthonw processors. In this section, it will be shown that a minimum-
tardiness schedule for precedence graphs of widthith arbitrary task lengths on at least
processors can be constructed in polynomial time for each congtdrike in Section 7.2, we
will use a dynamic-programming approach that can be generalised to scheduling problems with
other objective functions [91].

Let G be a precedence graph of width Consider an instand&, i, m, Dg), such thatn > w.
In a feasible schedulefor (G, u,m, Do), at mostw tasks can be executed simultaneously. Hence
any feasible schedule @G, , o, Dy) is a feasible schedule fd/G,,m,Dg) as well. On the
other hand, any feasible schedule @&, m, Do) is also a feasible schedule B, , o, D).
Therefore we will consider instancés, , », Do).

A scheduleS for (G, |, »,Dp) is calledgreedyif for all tasksu of G, there is no feasible
scheduleS for (G, ,,Dg), such thatS(u) < S(u) andS(v) = S(v) for all tasksv # u of G.
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Figure 7.4. A consistent instancgG, 3,D)

o 1 2 3 4 5 6 7

ar b3 C3
b]_ C1 d1
07) C2

Figure 7.5. The schedule fofG, 3,D) constructed by Algorithm IST SCHEDULING
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Figure 7.6. An in-time schedule fo(G, 3,D)

Note that the schedules f(B, |1, o0, Do) constructed by Algorithm IST SCHEDULINGare greedy
schedules.

Let Sbe a feasible schedule f0G, |, 0, Dg). ThenSbe transformed into a greedy schedule
for (G,,,Dq) as follows. Letu be a task ofG. If uis available at time < S(u) andu can
be scheduled at timewithout violating the feasibility ofS, then schedule at timet. This
is repeated until no task can be executed at an earlier time without violating the feasibility. The
resulting schedule is a greedy schedulg €@, «, Dp). Since no task is scheduled at a later time,
the tardiness of this schedule is at most thaBoHence there is a greedy minimum-tardiness
schedule fofG, |, o, Dg).

In a greedy schedule fdiG, |, ,Dp), the number of potential starting times of a task is
bounded. Leest{u) denote the earliest possible starting time of a taska communication-free
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schedule fofG, y, o, D).

es(u) = 0 if uis a source o6
MaX,cpreds o(u) (ES(V) +H(V)) otherwise

In a greedy schedule fdG, |, 0, Do), every tasku of G starts at mosh — 1 time units after
est(u).

Lemma 7.4.2. Let S be a feasible greedy schedule (fGr 1, «,Dg). Then for all tasks u of G,
est{u) < S(u) < estu)+n-—1.

Proof. Obviously, S(u) > est(u) for all tasksu of G. For all tasksu of G, let Ipp(u) be the
maximum number of tasks on a path from a sourcé té a parent ofl.

0 if uis a source oG
Ipp(u) =

MaXcpreds o(u) |PP(V) +1  otherwise

We will prove by induction thaB(u) < est(u) + Ipp(u) for all tasksu of G. This is obvious for
the sources oB. Letu be a task ofs. Assume by induction the(v) < est(v) +Ipp(v) for all
predecessorg of u. Letw be a predecessor afwith a maximum completion time. Thanis
available at timeS(w) + p(w) + 1. Sou starts at timeS(w) + p(w) or at timeS(w) + p(w) + 1.
Consequently,

Su) MaXcpreds o(u) (S(V) +H(V) +1)
maX/ePredG‘g(u) (eSt(V) +1 pp(v) + U(V) + 1)

(w(

)

IA A IA

ma)(/ePrede u eSt(V) + H(V)) + maX/ePredG.O(u) (I pp(v) + 1)
est(u) +Ipp(u).

Clearly, Ipp(u) < n—1. Soestu) < S(u) < estu)+n—1. By induction,estu) < S(u) <
est(u) +n— 1 for all tasksu of G. d

The limited number of potential starting times will be used in the design of a dynamic-
programming algorithm. Latl be a prefix ofG. Then any feasible schedule f@[U], Y, 0, Do)
can be extended to a feasible schedulg @&, o, Dg) by assigning a starting time to the tasks
of G|V (G) \ U]. This is the basis of the dynamic-programming algorithm.

Let Sbe a feasible schedule f6G[U], i, «, Dg), such thatS(u) <t — 1 for all tasksu in U.
LetV be a set of sources @[V (G) \ U]. ThenV is calledavailableat timet with respect to
U,s)if

1. for all taskau in V, all parents ofi are completed at or before tinhe
2. for all tasksuin V, at most one parent affinishes at time; and

3. for all tasksuin U, if u finishes at time, thenV contains at most one child of
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Note that the availability of only depends on the completion times of the sink&[uf]. More-
over, if Sis a feasible schedule f¢G, i, «, Do), then for all timeg € {0, ..., maxcy(g)(S(u) +
p(u))}, the set{u € V(G) | S(u) =t} is available at time& with respect to(U,S,), where
U={ueV(G)|Su) <t-—1}andS, is the restriction oBto U.

Partial (greedy) schedules 0B, u, o, Do) will be represented by tupleg$),St,¢): t is an
integer, such thatst(u) <t < est(u) +n— 1 for some taski of G, U is a prefix ofG andSis a
schedule fofG[U], Y, o, Do) with tardines¥, such thaS(u) <t — 1 for all tasks iflJ. The time
t denotes the next time at which a task®ftan be scheduled. Such a tuplé, St, ¢) will be
called afeasible tupleof (G, Y, », Do).

Since partial (greedy) schedules @B, i, «,Dp) can be extended by assigning a starting
time to unscheduled tasks, we need a notion of extension of feasible tuple@dJ, IS, ¢) and
(U’,S,t',¢') be two feasible tuples diG, 1, «,Dp). Then(U’,S,t’.¢) is calledavailablewith
respecttqU,St,?) if

1. U'\ U is available at time with respect tqU, S);
2. t'>t+1;and
3. ' = max{/,max,cyy (t + K(u) — Do(u))}.

Let Av(U,St,¢) denote the set of feasible tuples(@, |, 0, Do) that are available with respect
to (U,St,?). Note that ifU # V(G), thenAv(U, S t, ¢) cannot be empty, since the feasible tuple
(U,St',£), such that’ =min{t” > t+1[t" € Uyey (g {€StU), ..., esu) +n—1}}, is an element
of Av(U,St, ).

Let S be a greedy schedule @6, 1,0, Dg). Then for all timed, the tuple(Ut, Sy, ,t, 4),
such thaty; = {ue V(G) | Slu) <t -1}, §, is the restriction ofSto U; and ¢ is the tar-
diness ofSy,, is a feasible tuple ofG,,«,Dg). In addition, if Uy # V(G), then the feasi-
ble tuple (U, Sy,t', &y ), wheret’ = min{t” >t + 1 [t" € Uyey(c){estu), ..., est(u) +n—1}},
U={ueV(G)|Su) <t —1}, § is the restriction ofSto U and{y is the tardiness o0&y,
is available with respect t@Ut, S,,t,4). So to construct a minimum-tardiness schedule for
(G,H,,Dp), we only need to consider feasible tuplegGf |, e, Do).

Let (U,St,¢) be a feasible tuple ofG,,«,Dg). DefineT(U,St,¢) as the tardiness of
a minimum-tardiness schedule f0B, 1, «,Dg) that extendsS. Then for all feasible tuples
(U,St,¢) of (G, ,Dp), if U #V(G), then
T(U,St,6) = min{T(U",S,t',¢') | (U',S,t",0) € AW(U,St, )},
and ifU =V(G), then
T(U,St,¢0) = /4.

Note thatT (&, &, 0,0) equals the tardiness of a minimum-tardiness schedul@gqr, «, Dy).
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To implement the computation &f(@, @,t,¢), a tableTabis constructed. Tab contains
an entryTabjU, S t, /] for all feasible tupleqU,St,?¢) of (G, ,Dg). We start by setting
TahU,St, ¢] =  for all feasible tuplegU,St, ¢) of (G, ,,Dg). Algorithm DYNAMIC PRO-
GRAMMING presented in Figure 7.7 constructs a tabéd, such thaffabU,St, /| =T (U,St,¢)
for all feasible tuplegU,Sit,¢) of (G, »,Dp). This table is used to construct a minimum-
tardiness schedule f¢6G, |, o, Do).

Algorithm DYNAMIC PROGRAMMING

Input. An instanceG, 4, o, Dg).

Output. A minimum-tardiness schedule f0&, |1, o, Dg).
1. for all feasible tuplesU,St, ¢) of (G, , o, Do)
2 do TahU,St, ¢ ;=

3. CONSTRUCT(@,9,0,0)

4. (U,St,¢):=(2,2,0,0)

5. whileU #V(G)

6 do let (U, S,t",¢') = sucqU,St,¢)

7 forueU’\U

8 do S(u) :=t

9 (U,St,0) = (U, S,t',0)

11. Procedure CONSTRUCT(U,St, /)
12. if Tahu,St, ) =
13. thenifU =V(G)

14. then TabU,St, (] :=¢

15. else T =

16. for (U’,S,t'.¢') € Ay(U,St, )

17. do ConsTRUCTU’, S, t',¢)

18. if Tabu’, St/ ,¢] < T

19. then T := Tahu’,S,t’, 7|

20. sucdU,St,¢) = (U’ St/ ¢)
21. TabU,St,/]:=T

Figure 7.7. Algorithm DYNAMIC PROGRAMMING

Now we will prove that the schedules constructed by AlgorithiNBMIC PROGRAMMING
are minimum-tardiness schedules.

Lemma 7.4.3. Let S be the schedule f@B, Y, », Dg) constructed by AlgorithrDYNAMIC PRO-
GRAMMING. Then S is a minimum-tardiness schedule(®y, «, Do).

Proof. Let Tab be the table constructed by AlgorithmyRAMIC PROGRAMMING. We can
prove by induction thaffabU,St,¢] equalsT (U,St,¢) for all feasible tuplegU,St,¢) of
(G,H,,Dp). Let (U,St,¢) be a feasible tuple ofG, ., ,Dp). Assume by induction that
TabhU’,S,t’,¢'] equalsT (U’,S,t', ¢') for all feasible tuplegU’,S,t’, ') in AU, S t, ).
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If U=V(G), thenT (U,St,¢) =¢. Inthat caseTabU,St,/ =T(U,St,¢). So we may as-
sume thatl £V (G). ThenT (U, St, /) equals migT (U’, St ¢') | (U',S,t',¢) € AW(U,St,4)}.
Algorithm DYNAMIC PROGRAMMING determines an elemefit)’, S t’, ¢') in AU, S t, ) with
the smallest table entry. HendabU,St,¢] = T(U,St,¢). By induction, TabU,St,¢] =
T(U,St,?) for all feasible tuplegU, St ¢) of (G, o, D).

In addition, it is not difficult to see that for all feasible tuplgs, St,¢) of (G,, 0, Do), if
U #V(G), thensucqU,St,¢) € Av(U,St,¢) andTabsucqU,St,¢)] = TabU,St,¢]. Since
TabU,St, ¢] equalsT (U, St,¢) for all feasible tuplegU, Sit, ¢) of (G, u,», Do), Tabj@, &,0,0]
equals the tardiness of a minimum-tardiness schedulgqr, o, Dy).

We inductively construct a sequence of feasible tuglésS,t;, ) of (G, ,Dp). Let
(Uo, So,t0,%0) = (2,2,0,0). If U #V(G), then let(Uir1,S11,tiv1,4i+1) = sucqUi, §,t,4).
Assume(Uy, S, tk, Uk ) is the last feasible tuple that can be constructed this way. TpenV (G).
Then the schedul§; is the schedule fofG, 1, «, Do) constructed by Algorithm BNAMIC PRO-
GRAMMING. § has tardinesé. Becausd (Uy, S, tk, %) = =T (2,2,0,0) andT (&, 2,0, 0)
is the tardiness of a minimum-tardiness schedulg @&, «, Dg), Algorithm DYNAMIC PRO-
GRAMMING constructs a minimum-tardiness schedule(fgyj, o, Dy). O

The time complexity of Algorithm PNAMIC PROGRAMMING can be determined as follows.
Consider an instandeé, |, 0, Dg), such thaG is a precedence graph of width Like in the anal-
ysis of the time complexity of Algorithm NIT EXECUTION TIMES DYNAMIC PROGRAMMING,
we will assume tha® is a transitive reduction.

AssumeCy,...,Cy is a chain decomposition @, such thaCi = {¢ 1,...,Cix } foralli €
{1,...,w}. From Lemma 7.1.431,...,C, can be constructed i@(wr? +e*/n) time.

Algorithm DYNAMIC PROGRAMMING computesT (U, St, ¢) for all feasible tuplegU,Sit, ¢)
of (G,W,,Dg). There is a greedy minimum-tardiness schedule(@y, «,Dg). Hence we
need to consider at most values oft and at mosn? values of¢. A prefix U of G is a set
Urq{ci1,....Cin}, such that 0< by <k for all i € {1,...,w}. Because the availability of a
feasible tuple with respect {@J, S t,¢) only depends on the starting times of the sink&@f |,
Scan be represented by a tugte, .. .,tw), such that; € U, {est(Cip,),...,est(Cip) +n—1}
foralli € {1,...,w}. So afeasible tupl@J, S t,¢) of (G, , 0, Dg) can be represented by a tuple
(ba,...,bw,t1,...,tw,t,£), such that 0< by < ki andt; € UL {estcCiy),...,estcip)+n—1}
foralli e {1,...,w}, t € Uyev(g){€StU),...,est(u) +n—1} and’ € Uyey (g){estiu) + u(u) —
Do(u),...,est(u) + n— 1+ p(u) — Do(u)}. So the number of feasible tuples(@, p, », Do) is at
most

w w

w
n4 I—ln<k| + 1) < nW+4 |—l2kl < zwnw+4 rlv_r\], < nZW+4.
i= i= =

For each feasible tuplg), St, £) of (G, 0, Dg), Algorithm DYNAMIC PROGRAMMING de-
termines the seAv(U, S t, ¢). An element ofAv(U, S t, ¢) corresponds to a subset of the sources
of G[V(G) \ U] and an integet’, such thatst(u) <t’ < esf{u) +n— 1 for some taski of G.
SinceG is a precedence graph of widihand the sources of a precedence graph are incom-
parable Av(U,St,/) contains at most?2" elements. Since the availability of a feasible tuple
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only depends on the starting times of the sinks and every task ludis indegree and outde-
gree at mostv, checking whether a feasible tuple’, S,t,¢) of (G,,,Dg) is available with
respect tqU, S) takesO(w?) time. Consequently, Algorithm ¥NAMIC PROGRAMMING USES
O(n?w?2") time for each feasible tupl@, S;t, £) of (G, 4, », D). So the tabld@ abis constructed
in O(W?2"n?¥+6) time.

Using table Tah Algorithm DYNAMIC PROGRAMMING constructs minimum-tardiness
schedule for(G,,«,Dg). It is obvious that the construction of the schedule does not take
as much time as the construction of the table. As a result, AlgoritivmAMIC PROGRAM-
MING constructs a minimum-tardiness f(, |, 0, Do) in O(W?2"n?"+6) time. Since any fea-
sible schedule fofG,,«,Dyg) is a feasible schedule fdG, ,«,Dg) for all m > w, we have
proved the following result.

Theorem 7.4.4. There is an algorithm with an @?2"n?"+®) time complexity that constructs
minimum-tardiness schedules for instan¢&sp, m, Dg), such that G is a precedence graph of
width w and m> w.

For every fixedv, minimum-tardiness schedules can be constructed in polynomial time.

Theorem 7.4.5. There is an algorithm with an @?%+®) time complexity that constructs
minimum-tardiness schedules for instan¢&sp, m, Dg), such that G is a precedence graph of
constant width w and ix w.

Proof. Obvious from Theorem 7.4.4. O

7.5 Concluding remarks

In this chapter, it is proved that minimum-tardiness schedules for precedence graphs of bounded
width can be constructed in polynomial time. It is obvious that the dynamic-programming ap-
proaches presented in this chapter can be generalised in many ways. First of all, both algorithms
can be generalised for scheduling with other objective functions [91]. The same is true for
scheduling subject t¢0, 1}-communication delays and for scheduling with release dates and
deadlines. Both generalisations do not increase the time complexity.

The dynamic-programming algorithm for scheduling precedence graphs with unit-length
tasks can be generalised in other ways as well. For instance, if a task cannot be executed by every
processor or the communication delays may have length at least two, then there is a minimum-
tardiness schedule whose length is bounded by a polynomial in the number of tasks. Conse-
quently, the dynamic-programming algorithm presented in Section 7.2 can be generalised to a
polynomial-time algorithm for such problems. This is not true for the algorithm presented in Sec-
tion 7.4. This algorithm does not construct minimum-tardiness schedules for precedence graphs
of bounded width in polynomial time if the number of possible starting times in a minimum-
tardiness schedule is not bounded by a polynomial in the number of tasks. So this algorithm
cannot be used for scheduling preallocated tasks. In addition, Sotskov and Shakhlevich [83]
proved that constructing a minimum-length schedule on three processors for a job shop with
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three jobs is an NP-hard optimisation problem. Hence it is unlikely that there is a polynomial-
time algorithm that constructs minimum-tardiness schedules for precedence graphs of constant
width w with preallocated tasks an > w processors.
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