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6 p-descent on elliptic curves

6.1 Introduction

Classically, a 2-descent is the most widely used method to bound the rank of the
Mordell-Weil group of an elliptic curve E over a number field. Originally, these methods
required the existence of rational torsion points or a rational isogeny on E. In [2],
Brumer and Kramer presented a method which works independently of the structure
of the 2-torsion. As one of the applications, they have produced examples of cubic
extensions of Q whose class group has large 2-torsion.

In some cases, the existence of the 2-part of the Tate-Shafarevich group makes it
difficult to determine the rank exactly. It is then helpful to be able to use a prime
p>2 in the descent computations. The goal of this chapter is to show that the basic
ingredient for this, namely the injectivity of the Kummer map, holds in a large class of
situations.

Let E/K be an elliptic curve and fix a prime p# char (K). Take a field L with
K C L C K over which there is a non-trivial p-torsion point T € E(L)[p]. There is a
Kummer map associated to T' (cf. 6.2.1 below),

a=ar;,: E(K)/pE(K) — L*/L™.

If all of the p-torsion of F is already rational over K =L, the associated Kummer
pairing
a.x: Elp|x E(K)/pE(K) — K*/K™

is non-degenerate on the left. If K is a number field, the standard local methods give
a bound for the size of the image of the Kummer pairing in L*/L*?. This gives the
corresponding bound on E(K)/pE(K) and, hence, on the Mordell-Weil rank of E.

In practice, however, the points of E[p] = E(K)[p] are rarely defined over K. In fact,
for a fixed non-CM elliptic curve, the Galois group G gk acts irreducibly on E(K)[p]
for all but finitely many primes p. Our main result is that precisely in this situation,
the Kummer map is injective (Theorems 6.3.1, 6.4.2):

Theorem. Let E/K be an elliptic curve, p#char K a prime and T € E[p] a non-
zero torsion point. Assume that Elp] is an irreducible G g ,x-module. Then for any
intermediate field K(T)C L C K(E[p]),

ar;,: BE(K)/pE(K) — L*/L*
is injective.
This result extends [13], Exercise 10.9 where the Kummer map is defined and its prop-
erties are outlined. Note that the assumption [L: K]=m? —1 of the exercise suggests
that m is prime.

The outline of this chapter is as follows. We start by recalling both the cohomological
definition of the Kummer map and the more practical geometric definition (Section 6.2).
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It is also possible to give a yet equivalent description, in terms of H°(C, O%,/O:?) which
makes sense for a non-singular projective curve C' of arbitrary genus.

Then we turn to injectivity of the Kummer map starting with the case L =K (E|p|)
(Section 6.3) and then deducing the general case as a corollary (Section 6.4).

In Section 6.5 we show that in many cases the image of the Kummer map is contained
in the kernel of the norm map N, . This can be used to bound the potential size of
this image.

We also discuss the local properties of the image of o, in case K is a number field
(Section 6.6). The primary question we are interested in here is when for a given prime
[ of L, the image of av is “trivial at [”. Using this one shows that in some cases there is a
large part of E(K)/pE(K) which maps into the subgroup of L*/L*? which corresponds
to the p-part of the class group of L.

An example which illustrates our results is presented in Section 6.7.

Notation. The ground field K is assumed to be perfect. We let p denote a prime of Q
different from char K. We denote by E[p] the p-torsion of an elliptic curve E/K over
the algebraic closure K. For a point T € E(K) we denote by K(T') the field extension
of K inside K which is obtained by adjoining the coordinates of T'. Similarly, K(E[p])
stands for the compositum of K (7T') for T € E[p|. This is a finite Galois extension of K.

The Galois group of a field extension L/K is denoted by Gy, /-

Remark. Results similar to those presented here have been obtained independently
by Djabri, Schaefer and Smart [3]. The slight difference is that they study the algebra
A obtained by adjoining the coordinates of a “generic p-torsion point” rather than the
field L = K(T). Thus they are able to prove the injectivity on the Kummer map
without using the irreducibility assumption. An advantage of our method, however, is
that it is possible to “vary L”, which is useful in applying the results of Section 6.5, see
Remark 6.5.4.

6.2 The Kummer map

Let E be an elliptic curve over a field K. Fix a prime p # char (K). We recall the
well-known cohomological description of E(K)/pE(K). We refer to [13], Ch. X for
details. Consider the exact sequence of G g, g-modules

0 — Ep] — E(K)— E(K) — 0.
Taking G g/ x-cohomology yields a long exact sequence, from which we extract
0 — E(K)/pE(K) “— H'(Gg/x, Elp]) — H' (G, E(K))[p] — 0. (46)

What interests us here is the first injection. Tracing through the definition of the
connecting homomorphism, one can produce the explicit description of this map:
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Let P € E(K). Choose any Q € E(K) with pQ = P. Then
E(K)/pE(K)> P +— (0 Q" —Q) € H (Gg/x, Elp]) .

Note that a different choice of () affects the cocycle o+— Q7 — @) by a 1-coboundary, so
the map is well-defined.

We do a similar computation for the multiplicative group in place of the group of
points of E. Take the G g/, -cohomology of

1Hu,,—>f(*ﬂ>f(*—>1
(here [p] is the p-th power map) and in the same way as above extract
1 — L*/L? — Hl(GK/L,up) — HI(GK/L,K*) —1.

By the Hilbert '90 theorem, the group H'(Gg 1, K*) is trivial. So H'(Gg,r, jtp) =
L*/L*.

Now take a point 7' € E|p] of order p. Choose an intermediate field K C L C K
over which T is defined. Then the Weil pairing on E[p] gives a homomorphism of
G g -modules Ep] — pp,

Elp|>S +— ¢€,(ST)€p,.
It induces the map on cohomology,
HY (G /i, Blp) — H Gy i)

given explicitly by £ — (o0 — ¢,(£(0),T)).
The above maps can be combined to (cf. [13], Exc. 10.9)

E(K)/pE(K) — H'(Gg/x, Elp]) R—eS>H1(GI_(/La Elp]) — H'(G/p hp) = L°/L77 .

Here Res denotes the restriction homomorphism.
Definition 6.2.1. The Kummer map o, is the composition of the above maps,
ar;,: BE(K)/pE(K) — L*/L™.

It is defined for any point 7' € E[p] of order p and a field L which contains K (7).

There is a different description of the Kummer map, which is more geometric in
nature and more suitable for actual computations. In case p=2, it was already used
by Mordell in the proof of his finiteness theorem ([5]; [6], Ch. 16). Start again with
FE/K and a non-trivial torsion point 7'€ E(K)[p]. The divisor

D =p(T) - p(O)



84 6 P-DESCENT ON ELLIPTIC CURVES

is principal, so there is a rational function f € K(FE) which represents it. The evaluation
map
e: F(K)> P— f(P) € K*

is defined outside 7" and O and can be extended by linearity to
Div'E(K) — K*.

Here Div' stands for divisors whose support does not contain 7" or O. Moreover, by
Weil reciprocity

f(divg) = g(div f) = g(p(T) —p(0)) = g((T)—(0))" € K

)
/

for any ¢ for which div g € Div'. This allows to get rid of in Div' and get a well-

defined map which we still denote by e,
e:PicE(K) — K*/K™.

It also follows that e is a group homomorphism. Finally, using the explicit definition of
the Weil pairing, one can show that the map induced by e,

E(K)/pE(K) — K*/K™,

coincides with the Kummer map ;. For instance, this follows from [11], Theorem
2.3. It is also stated in [13], Exc. 10.9(a).

Also note that the above construction can be generalized to curves of arbitrary genus
(see [8], Section 5 and [11], Lemma 2.1).

As an example, consider the p=2 case. Let F be an elliptic curve over a field K
with char K #2. Assume that E has a rational 2-torsion point over K and put E in
the form

V2= (X —t)(X —t)(X —t3), tHEK, tyt3€ K.

Let T'=(t1,0). The function X — ¢; has the correct properties, so the Kummer map
associated to 7' is given by

e: BE(K) — K*/K*

(x,y) — x—1t (47)

for (z,y)#T and #0O. It is easy to check that e(O)=1 and e(T)=(t; —t2)(t; — t3).
This description is used in the actual computation for 2-descent.

The exceptional values e(7T") and e(O) can be made less exceptional: in fact e is
given on the whole of E locally by invertible regular functions. The functions

f1: X—tl on Ule\{(tl,O),O}

b= — t2)1(X mry on Uy = FE\ {(ts,0), (t3,0)}
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have the property that
fi(P) = fo(P) € K*/K™

for every P € E(K) which lies in U; N Uy, since

filfa=Y".

In general, for a non-singular projective curve C'/K and a prime p one might ask which
maps

O(K) — K*/K*

are locally given by invertible regular functions, defined over K and which differ by p-th
powers on the intersections. We can make this precise (after all C'(K) might be empty)
as follows.

Definition. Let C be a non-singular projective curve over a field K. A p-map is a
global section of the sheaf O /0. Here O, denotes the structure sheaf.

Note that a p-map can be given by an open covering {U;} of C' and invertible regular
functions f; on U; with the property that f;/f; € H'(U;NU;, OF).

It turns out that for an elliptic curve C'=FE the p-maps are exactly the Kummer
maps given by some K-rational p-torsion point 7€ E(K)[p]. More generally, for a
curve C of arbitrary genus the p-maps are classified by K-rational p-torsion points in
the Picard group of C":

Proposition 6.2.2. Let C' be a non-singular projective curve over a perfect field K.
Then

H°(C,0:/0P) = PicC(K)[p)] . (48)
Proof. First assume K is algebraically closed. A short exact sequence of sheaves
0— O%/p, — Oy — 0% /0¥ — 0

where the left map is taking a function to its p-th power gives a long cohomology
sequence

0 — K*/p, — K* — H°(C,0:,/O) — H'(C, 0% /u,) — H'(C,O7) .

C C

The sheaf p, on C' is constant, hence flasque (Zariski topology), hence acyclic. Thus

0 — H°(OL/0F) — PicC 7 piec

which gives (48). The case of arbitrary K is obtained by taking G g-invariants. =



86 6 P-DESCENT ON ELLIPTIC CURVES

Example 6.2.3. As an illustration, consider the case p = 3. Assume that E/K is
given by an equation
E: y=14+ar+b.

Let T = (27, yr) € E[p] be a non-trivial 3-torsion point and let L = K(T'). Thus z, is
a root of the 3-division equation,

a2
xi+2axi+4be—§ =0

and the extension L/K (z;) is given by
y2 — (22 +ax,. +b) =0,

It is easy to find a function on E which has the divisor 3(7") —3(0). Namely T is an
inflection point of E so a linear function which defines the tangent line to 7" has the
required properties. The Kummer map a,., is thus given (outside 7" and O) by

31l +a
29

ary: E(K)/pE(K)> (X,Y) — (Y —y,) (X —z;) € LY/L",

This is in agreement with the formula given in [14], p.309.

6.3 The case of an irreducible action on p-torsion points

Theorem 6.3.1. Let E/K be an elliptic curve, p # char(K) a prime, L= K (E[p]) and
T € E(K) a point of exact order p. Assume that G g, acts irreducibly on E[p]. Then
the Kummer map

ar;: E(K)/pE(K)— L*/L™
is injective.
Proof. First note that Efp] is an irreducible Gz /-module means that E[p] has no
non-trivial G gk —invariant subspace. Equivalently, E[p] has no non-trivial G,/ —in-
variant subspace. It is also equivalent to saying that E does not admit a p—isogeny
defined over K.

The sequence (46) and the corresponding one for Gz, -cohomology fit into the
commutative diagram

o

I
E(K)/pE(K) “— H'Ggk, Elpl) —» H'(Ggx, E(K))[p]

4 JRes |Res
E(L)/pE(L) “— H'Gg, Elp)) —» H'(Gg/, E(K))[p)
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In particular, oy, also equals the composition
E(K)/pE(K) — E(L)/pE(L) — H'(Gg/p, E[p]) — H'(Ggyp, 1) = L/L7.
Thus an obvious necessary condition for o, to be injective is ® =0 or, in other words
E(K)NpE(L) =pE(K) .

The fact that this is necessary is of course clear anyway: if P€ F(K)NpE(L) then one
can choose Q€ F(L) with pQ =P, so

Q7 —Q.T)=1 forall oeGgy

as Q7 =Q) for all 0. Hence P is in the kernel of a. If P ¢ pE(K), then « is not injective.
Apply the snake lemma to the diagram above:

@ HY (G, Ep)) H' (G, E(L))[p]
d J Inf I Inf
E(K)/pE(K) — H'(Gg/x,Elpl) — H'(Gg/x, E(K))[p]
d JRes {Res
E(L)/fE(L) — HI(GKiLaE[p]) — HI(GK/LiE(K))[p]
E(L)/pE(L)+E(K) Cy Cy

The kernels form an exact sequence
0 — ®<— H'(Gr/x,Elp]) — H'(Gr/x,E(L))[p].

So the natural constraint which would imply ®=0is H'(Gy/k, E[p]) =0. This is indeed
the case since G,k acts faithfully and irreducibly on E[p] = F, ® F,:

Lemma 6.3.2. Let p be a prime and let G C GLy(F,) act irreducibly on a two-
dimensional vector space V' over F,, (via the natural action of GL,). Then H*(G,V)=0.

Proof. (cf. [3], Proposition 1). First note that if G does not contain an element of
order p then H'(G,V) is automatically zero as it is annihilated both by |G| and p.
Thus assume this is not the case.

First assume p = 2. Then GLy(V) 22 S5 and the action is the usual action of S3 on
the set of 3 elements V' —{0}. Since G acts irreducibly on V' (so it has no fixed points
on V' —{0}) and it contains an element of order 2, the only possibility is G = S5. The
inflation-restriction sequence for the normal subgroup A; C Ss3 reads:

HY(Sy/ A5, V) 25 11(55,v) 2% 14y, 7).
Since Az has no non-zero invariants on V' (so that the group on the left is trivial)
and H'(A3, V) is trivial as well (being annihilated both by 2 and by 3), we see that
H'(S3,V)=0 as required.
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Now let p be an odd prime. Since G acts irreducibly on V' and G has an element
of order p, a result of Serre ([12], 2.4, Proposition 15) asserts that G contains SLy(F)),
thus {£1} C G. We apply the inflation-restriction sequence for this (normal) subgroup:

w6/ +1,v ) 2 e vy B vy

Again {£1} has no invariants on V and also H*(+1,V)=0 being annihilated both by
p and by 2. So H'(G,V)=0. =

We continue with the proof of the theorem. The map a.., becomes the composition

B(K)[pE(K) > E(L)/pE(L) — H'(Gx/p.1y) -
So it remains to show that the second map here is injective. This means that
ep(Q7 —Q,T)=1 forall o€ Gy
implies Q € E(L). In other words, it can not happen that for some @ ¢ E(L),
Q"—Q € <T> CE[p|] forall o€Gg,.

If this would be the case, the set V ={Q7 — Q|0 € Gk, } would form a proper non-
trivial subspace of E[p|]. However, the following lemma applied with

G:Gf(/Ka H:Gf(/La A:E[p] and g(U)ZQU_Q

shows that V' is G, /k-invariant. This contradicts the irreducibility assumption. =

Lemma 6.3.3. Let a group G act on an abelian group A, and let H <G act trivially
on A. Then for any £ € H'(G, A), the subgroup of A

V=Ve={¢h) | he H}

is invariant under G (or G/H).

Proof. First note that Res(§) € H'(H, A)=Hom(H, A), so £ defines a homomorphism
H — A, whose image is V' (in particular V' is a subgroup of A). If we let G act on H
by

g-h=ghg™
then H becomes a G-module and the important thing is that the map £ : H — A
becomes a G-homomorphism (it commutes with this action of G). Clearly ¢ factors as

&: H—V— A.

Thus to show that V' is invariant under G, take v € V' C A, take h € H such that
¢(h)=v. Then

g-v=_E&g-h) eV

as required. =
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Remark. By a theorem of Serre ([12], 4.2, Théoreme 2), for a curve E without complex
multiplication, there are only finitely many primes p for which G, does not act
irreducibly on E[p]. Indeed, the theorem asserts that G'x,x — Aut(E[p]) (= GLy(F,))
is surjective for almost all primes. Thus the condition of Theorem 6.3.1 is satisfied for
all but finitely many primes provided E has no CM.

6.4 A generalization for subfields of K (FE]p])

Proposition 6.4.1. Let E/K be an elliptic curve, p a prime different from char K
and T € E|p| a non-trivial point of order p. Let K(T) C Ly C Ly C K be fields. Then
the associated Kummer map o, factors

ar.,: B(K)/pE(K)Z8 L /L — L5/LY .

Here the second map is induced by the inclusion Ly — Ls.
Proof. The defining map for o,

R .
B(K)/pE(K) — H' (G, E[p) == H(Gg 10 BP) — H (G /s 1) = L/ L3

factors as (look at the explicit definition of oy ;)
Res
E(K)/pE(K) — H'(Gg/x, Elp)) — H'(GgL,, Elp]) —
Res ~ Tw T
— HI(GR/LNMP) — HI(GI?/Lpr) = Ly/Ly" .

It remains to remark that H'(Gg/r,, 1p) = Li/L)" and that the restriction map from
H' Gz, 1) to HY(G g p,, 1tp) is indeed equivalent to the natural map Lj/L;" —
L3 /L3¥ induced by the inclusion L; & L,. =

A direct corollary of this proposition is the following generalization of Theorem 6.3.1
to the subfields M of L= K (F[p]) over which « can still be defined.

Theorem 6.4.2. Let E/K be an elliptic curve, p a prime different from char K and
T € E[p] a non-trivial point of order p. Let L= K (E[p]) and let M be a subfield of L
which contains K (T'). Assume that Gz, acts irreducibly on E[p]. Then the Kummer
map

ary: E(K)/pE(K) — M*/M™

is injective.
Proof. By the proposition above, «,, factors as

ar.:  E(K)/pE(K) —s M*/M*® —s L*/L*" .

Since the composition is injective, the first map (which is ;) is injective as well. =
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6.5 The norm map on the image of the Kummer map

Let E/K be an elliptic curve, T' € E[p] a point of (exact) order p and L a subfield of
K(E]p]) over which T is defined. We have defined the Kummer map
ar;: FE(K)/pE(K)~— L*/L*

and proved that it is injective under the irreducibility assumption. In this section we
show that in many cases the image of o, , is contained in the kernel of the norm map
Ny :L*JL"? — K*/K™ .

In the next section we study the local behaviour of the image in case of a number field.
We start by describing the action of Galois on the target of the Kummer map.

Lemma 6.5.1. Let E/K,p and L be as above. For T € Gk Kk the composition
E(K)/pE(K) 5 L1*/L* Ty r(L)*/r(L)* (49)
is equal to the Kummer map oy ;).

Proof. Recall the geometric description of the Kummer map. The map «ay., is given
(locally on E) by invertible regular functions f; which are defined over L,

Ji:E(K)DU; 2P+ f(P)e L".
The composition (49) is then given by the functions f7. Clearly these also form an ele-
ment of H°(E, O%/O3F). Moreover, the principal divisors (f7) are the conjugates (f;)".
It follows that {f7} corresponds to the Kummer map defined by 77, as required. =

Corollary 6.5.2. Let E/K,p and L be as above. Assume that E[p|(K)={O}. Then
the image of ., is contained in the kernel of the norm map (cf. [13], Exc. 10.9(b))

Ny :L*)L"P — K*/K™ .
Proof. Extend each of the possible embeddings 7;: L — K to an automorphism 7; €
Gr/x- Let ar; be given by a cocycle {f;} € H(E,O5/OF). Then Ny x(ar,) is given
by a cocycle {II, f7}. However this cocycle is defined over K, and hence corresponds
to a Kummer map given by some p-torsion point N € E[p|(K). The assumption that

E has no non-trivial p-torsion defined over K gives N =0, so this Kummer map is
trivial. =

Example 6.5.3. We continue Example 6.2.3, that is, the p=3 case. Assume for
simplicity that the Galois group of K(E[3])/K is isomorphic to the full group G Ly (F3).
(This is the case for general £/Q.) The chain of subfields

K ¢ K@) & Kamy)=L ¢ K(E[3)

corresponds (via Galois theory) to the chain

OG0 G 260
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of subgroups of GLy(F3). The field K(x) is the unique non-trivial intermediate field
of the field extension L/K. More generally, every proper subgroup of GLy(F,) which
contains () is of the form (§ *) with H a subgroup of (Z/pZ)*. This follows from
Serre [12], 2.4, Proposition 15.

Clearly E[p](K(zr))=0. So an application of 6.5.2 shows that the Kummer map
ar,, lands into the kernel of the norm map

Nykp @ LD — K(zp)"/K(2)™.

In fact, this can be verified explicitly. The unique non-trivial automorphism of the
(quadratic Galois) extension L/K (x) sends T' = (2, yr) to =T = (x4, —y;). The prod-
uct oy _p;, maps

312 +a
_2yT

372 +a

(X.Y) = | =y

(X—z)| = (X—a,)°.

cx—xnlky+ya—

The last equality is an easy symbolic computation. Clearly the map lands into K (x,)*3.

Remark 6.5.4. The result of 6.5.2 can be used to bound the size of the potential image
of the Kummer map. More precisely, the image of ., is contained in the intersection
of the kernels of the norm maps N, where K’ varies through all the intermediate
fields of the extension L/K over which E has no non-trivial p-torsion. This allows to
decrease the amount of computation necessary to compute this image.

6.6 Local analysis of the image of o,

Let K be a number field, F/K an elliptic curve and T € E|[p| a point of order p. Let
L be any subfield of K(E[p]) containing K (7). We have defined a map

ar,: E(K)/pE(K)~ L*/L™

and proved that it is injective in certain cases. Now we study the image of this map.
We start with recalling the result that for almost all primes [ of L, this image is “trivial
at [”, i.e. it lands into

{a € L*/L* | ord;(a) =0 mod p} .

This is well-known, see for instance [8], Prop. 12.4.

Let L; be the completion of L at [ and K, the completion of K at the unique prime
v of K which [ divides. Denote by L™ and K™ their unramified closures; thus L;"™
contains K™ and L and is their compositum. By F, we will denote the residue field of
K,. We use O™ and m,™ to denote the ring of integers of K;"™ and its maximal ideal
respectively. Finally, A, denotes the minimal discriminant of E at v.
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The Kummer maps for /K, and E/KM™ fit into a commutative diagram

BE(K)/pE(K) —s  L*/L*™

) )
E(K,)/pE(K,) —  Li/L"
) )

E(K")/pE(E") — L™ /L™

Assume that for our chosen prime v of K, either E(K,)/pE(K,) is trivial or that
E(K™)/pE(K}") is trivial. Then, by the commutativity of the diagram, for any P €
FE(K)/pE(K), the image o, (P) in L is in L™, This implies that (and for [ fp is
equivalent to)

ord;(ar,(P)) =0 mod p.

Even if the groups F(K,)/pE(K,) and E(K)/pE(K™) are not trivial, a bound on the
size of either of them gives a lower bound on the size of the subgroup of E(K)/pE(K)
which lands into L. More precisely, we have the following result.

Theorem 6.6.1. Let K be a number field, E/K an elliptic curve and p a prime. For
a prime v of K denote

0y = min(dimy, B(K,)/pE(K,), dimg, E(K™)/pE(K™)) .

Let 6=Y,6,. Then there is a subgroup H C E(K)/pE(K) of F,-codimension at most
0 which lands via the Kummer map

ar,: E(K)/pE(K)— L*/L™
into the subgroup
{a € L*/L* | ord;(a) =0 mod p for all [}.

Proof. Clear. =

Let us investigate the groups F(K,)/pFE(K,) and E(KM)/pE(KM). It turns out
that the former group is useful for the primes above p while the latter gives a better
estimate for the primes not dividing p.

For the standard structure results for the group of points of an elliptic curve over
a complete field we refer to [13], Chapters IV, VII. Let E be defined by a minimal
Weierstrass equation at v. There is a reduction map (which we denote by “~”)

E(K,) — E(F,).

Here E~/FU is the reduced curve. It might be singular or not depending on whether F
has good or bad reduction at v. In any case let

Eus(F,) = {R € E(F,) | R is non-singular}
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and
Eyo(K,) = {P € E(K,) | P € Eys(F,)}.

Then the following sequences are exact ([13], VIL.2.1, VII.2.2)

0 — E(my) — Ey(K,) — Ens(F,) — 0

A T (50)
0 — E(mM™) — Ey(KM™) — Ensg(F,) — 0 .

Here F is the group associated to the formal group of E over K,. To compare E with
Ey, we will also make use of the exact sequences
0 — Ey(K,) — E(K,) — E(K,)/Ey(K,) — 0

0 — Ep(Ki™) — B(KM™) — E(KI)/Ep(Ki™) — 0 . (51

Finally, the size of the quotient E/Ej is determined by the Kodaira-Néron theorem.

Theorem (Kodaira, Néron). Let F/K, be an elliptic curve over a local field. If
E has split multiplicative reduction, then E(K,)/Ey(K,) is a cyclic group of order
ord,(A,)=—ord,(j). In all other cases, E(K,)/FEy(K,) is a finite group of order at
most 4.

Proof. [7], §IIL.17. =

The two propositions below give estimates on the sizes of F(K,)/FEy(K,) for arbitrary
v and of E(K™)/Ey(KM™) for v p.

Proposition 6.6.2. Let E/K, be an elliptic curve over a local field. Then

v(p) dimg, Fy, v|p

dimg, B(K,)/pE(K,) = dimg, E(K,)[p] + { 0 ofp

Proof. Let A be an abelian group for which [p]: A— A has finite kernel and finite
cokernel. Define
P(A) = dimg, A/pA — dimg, Alp] .

For an exact sequence of abelian groups
0—A—B—C—0, (52)
an application of the snake lemma to the multiplication by p map on (52) shows that
P(B)=P(A)+ P(C),

provided P(A) and P(C) are defined. Note also that P(C') = 0 if C is finite. Hence
P(B)=P(A) whenever BC A is of finite index and P(B) (equivalently P(A)) is de-
fined.



94 6 P-DESCENT ON ELLIPTIC CURVES

For the group of points A= E(K,) we have a filtration by subgroups of finite index
.. C BE(ml) C --- C E(m?) C E(m,) C Ey(K,) C E(K,).

Indeed, the subgroup Ey(K,) C E(K,) is of finite index by the Kodaira-Néron theorem,
Ey(K,)/E(K,) = Ens(F,) is finite since F, is finite and (cf. [13], IV.3.2a)

E(m})/E(m,*") = my /mi ™ 2 F,, r>1.

v

By [13], IV.6.4 there is an integer r > 1 for which
E(m") 22 Gg(m!) 22 (O, +) .

v v

Hence
P(E(K,)) = P(0,) = dimg, O,/pO, =0
which equals v(p) dimg, F, if v|p and zero otherwise. This gives the assertion of the
proposition. =
Note that the above result is well-known. Our proof in a more general setting can

be found in [9], Lemma 3.8 and Prop. 3.9. For an alternative proof, see [8], Lemma
12.10.

Remark 6.6.3. Clearly dimg, F(K,)[p] <2. Moreover, in case K,=Q, and p#2,
this dimension is at most 1, since p, ¢ Q,. So

dime E(Qp)/pE(Qp) <2

in this case.

Remark 6.6.4. The rough estimate dimg, F(K,)[p] <2 can often be improved. For
example, one can apply the multiplication-by-p map to the exact sequences (50) and
(51) and look at the kernels. One obtains

dimg, E(K,)[p] < dimg, E(mv)[p] + dimg, EHS(FU)[p] + dimg, (E(Ky)/Eo(Ky))[p] -

For example if K,=Q, and p # 2, then E(m,) has no p-torsion ([13], IV.6.1.1). If
moreover, p is a prime of good reduction for F, then E/Ej is trivial as well, so for such
primes p > 2 one finds

0, E supersingular,

dimg, E(K,)[p] < dimg, Eys(F,)[p] = _
e, B(F)[p] < dime, Ens(Fo) 7] { 1, E ordinary.
Lemma 6.6.5. Assume that v {p. Then Ey(K™)/pEo(KM™) is trivial.

Proof. Apply the multiplication-by-p map to the second sequence of (50). We get a
commutative diagram:

0— Em™) — Ey(K™) — Ep(F,) —0
$ ol 1 o] J [pl
0 — E(m™) — Ey(K") — FEpg(F,) —0
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From the kernel-cokernel sequence extract an exact sequence of cokernels:
E(my™) [pE(my™) — Eo(K™) /[pEo(K)™) — Ens(F,)/pEns(F.,) . (53)

The assumption char F,, # p implies that the multiplication-by-p map is an isomorphism
E(mM™) — E(mi™). So it suffices to show that

[p] : Ens(Fu) — Ens(Fv)
is surjective. We distinguish the following possibilities of reduction:

e Good reduction. In this case E/F, is an elliptic curve, Eys=F and [p] is surjective
on F,—valued points, as it is a non-constant morphism of algebraic curves.

e Multiplicative reduction. Here
EHS(Fv) = (F;, %)
and [p] is the p-th power map on F?, thus surjective.

e Additive reduction. Here o B
Ens(F,) = (Fy, +)
and [p] is the multiplication-by-p map on F,,, again surjective (note that char F,, #
p)-
This proves the lemma. =

Proposition 6.6.6. Assume that v [p. Let C' denote E(K}™)/Ey(K,"™) and let A, de-
note the minimal discriminant of E at v. Then dimg, E(K")/pE(K") = dimg, C/pC
and

=0, F has good reduction at v,
<2, p=2,
dimg, C/pC ¢ <1, p=3,
=1, p> 3, plord,A, >0 and E has multiplicative reduction,
=0, p>3, pford,A, >0 or E has additive reduction.

Proof. Apply the multiplication-by-p map to the short exact sequence
0 — Eo(K,") — E(K") — E(K")/Eo(K;") — 0
and look at the cokernels. Then
Eo(K,™)/pEy(K)") = 0 — BE(K™)/pE(K)") — C/pC — 0. (54)

The first equality of the lemma follows. The second equality is a direct consequence of
the Kodaira-Néron theorem. =



96 6 P-DESCENT ON ELLIPTIC CURVES

6.7 An example

We give an example which illustrates our results. The following elliptic curve was found
by Fermigier [4] and has rank > 22 over K = Q.

Eoy 1 y*+ay+y = 2% — 940299517776391362903023121165864 x
+10707363070719743033425295515449274534651125011362 . (55)

In order to apply our results, let us first collect the standard local information. The
given model of Ey is minimal at all primes and

A(Ey) = 223°527°13%17137% 47293 p, ps

with
p1 = 270704849145149791,
P = 60794657878864337775664712674231370427122734380997 .

We would like to thank Herman te Riele for producing the above factorization. The
curve Fs, is semi-stable at all primes except 17. The reduction types are

2:15, 3:1y, 5:15, T:lg, 13:1g, 17:1V, 37:15, 47293:1y, p1:1y, po:1; .

A computation (as in Serre [12], Example 5.9.4) shows that the Galois group of Q/Q
acts on E[p] via the full group GLy(F,) for all p. For a non-trivial point 7' € E[p]
consider the field L = Q(T). The degree [L : Q] is p? — 1, that is maximal possible.
The injectivity theorem 6.4.2 applies for every p and the local result 6.6.1 immediately
implies the following:

Proposition 6.7.1. Let p be a prime and T' € Es[p| a non-trivial point of order p.
Let L=Q(T) and define

Cp={a€ L*/L" | ordi(a) =0 mod p, all I} = (Z/pZ)> .

Then
16, p=2,
15, p=3,
%2\ 19, p=17,
20, p+£2,3,17.

It is interesting to note that such an elliptic curve F/Q with a large Mordell-Weil
rank can be used to produce number fields whose class group has a large p-part. Such
examples have been studied in detail for p=2 (see [2]) and for p=3 in case E possesses
a rational 3-isogeny (see [14]). The group

Cp={a€ L"/L"? | ordi(a) =0 mod p, all I} = (Z/pZ)* .
fits into an exact sequence

0 — U, /U —C, — H,[p] —0
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where U, is the group of units of L and H, is the class group. Hence a lower bound on
the size of C), combined with the knowledge of the size of U, gives a lower bound on
the size of H,[p].

In our chosen example, this can be done as follows. The field L has 3 real embeddings
for p=2 and p — 1 real embeddings for an odd prime p. Moreover, L* has no p-torsion
for odd p. This follows from the fact the the Galois group acts via the full GLy(F,).
We have by the Dirichlet unit theorem

3, p=2,

dime, U./U7 = { (P +p—4)/2, p>2.

A combination of this with the above proposition gives the following bounds for small
primes p:

P 2 3 5 7

¢ >16| > 15| > 20| > 20
dime, U,/UP | 3 | 4 | 13 | 26
dimg, H,[p] | > 13| >11| >7 | —

These rough estimates become useless for primes p > 7. However, a more careful
analysis on the possible image of the Kummer map, notably the use of 6.5.2, can be
used to produce sharper bounds.

For example, take an intermediate field Q C K C L such that E[p](K)=0. By 6.5.2,
the image of the Kummer map lands into the kernel of the norm map N, : L*/L*? —
K*/K*P. In particular, the intersection of this image with the unit part U,/U? is
actually contained in the kernel of

Nyx: U JUP — U, JUP.. (56)

In this way one can produce better lower bounds on the size of H,[p|. Note, however,
that the obvious idea to take K =Q works only for p=2, since U, /U? is trivial for
p>2. So one has to consider different fields, such as for instance K =Q(x;).

In our chosen example, this works as follows. Let p > 2 and take K = Q(x;) which is
a subfield of L =Q(T) of degree 2. Since E[p|(K) is trivial, the image of the Kummer
map inside the units is contained in the kernel of (56). The field K has p—1 real
embeddings for an odd prime p. By the Dirichlet unit theorem,

1
dimg, Uy /U2 = Z(p2 +2p 7).

The norm map (56) is surjective. Indeed, consider the map i: U, /U — U,/U? induced
by the inclusion K — L. Then the composition N, xei is multiplication by [L: K|=2,
hence an isomorphism (p > 2).
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A combination of these considerations with Proposition 6.7.1 gives the following
bounds for small primes p:

» 2 3 5 7 | 11

c >16 | >15| >20| > 20| > 20
dimg, U, /UP | 3 4 | 13| 26 | 64
dimg, U, /U2 | 3 2 7| 14 | 34
dimg, H,[p] |> 13| >13|>14| >8 | —

A similar argument can also be applied to bound the part of the Kummer map which
lands outside the unit group. In this way it is possible to improve the bounds even
further.

For instance, consider the family of elliptic curves over Q

E,: y? =2+ nz, nez.

Let p=3, take a non-zero point 7" € F[3] and take L,, = Q(T) (a degree 8 extension of
Q). It is not difficult to show that

dimg, H,,[3] > rankq(E,) — 1. (57)

This gives a non-trivial estimate already for those E,,/Q whose Mordell-Weil rank is at
least 2. For instance, there are six E,, of rank 2 with |n| <50, namely the ones with

n = —17,14, 33, 34, 39, 46.

For each of these we have H,, [3] = Z/3Z, so in these cases the estimate (57) is in fact
an equality.



