Chapter 1

Introduction

Ever since in 1974 Hawking discovered that black holes emit radiation [65], there has
been great controversy about the fact that black holes can evaporate, and about their
fate after have they have done so. Indeed, as is well-known, pairs of particles and anti-
particles can form in vacuum. These particles however tend to recombine and, under
usual circumstances, they will annihilate each other after a very short time. However,
when these pairs form in the vicinity of a black hole, there is a small chance for the
particle to have just enough energy to escape to infinity, whereas its partner with negative
energy is doomed to fall into the black hole. Obviously this is a small effect, as the
probability for a Hawking particle to have enough energy to escape to infinity, where we
can measure it, is extremely small. Yet the mere idea that such a process is possible is
a great challenge for theoretical physics, for it raises the question what would happen if
we were able to isolate a black hole (in our minds) so that nothing falls in but it only
can emit particles and hence evaporate. In fact, small black holes will evaporate very
fast, as the temperature of Hawking radiation is inversely proportional to the mass:
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where M is the solar mass. For a black hole as heavy as the sun this is a very tiny
effect, but small black holes, like the ones that were formed in the early universe, may
have a mass small enough to emit strong radiation.

The controversy we alluded to above is not so much concerned with the fact that black
holes emit radiation, but rather with the nature of the radiation: it is purely thermal. Its
spectrum is that of black-body radiation, which means that it contains little information
about the initial state of the black hole. Take for example a page of this thesis and burn
it (this is just a thought experiment). After the paper is completely burned, all the
precious information that was in it is lost. A close look at the few ashes that are left
behind or an analysis of the radiation that is emitted will not help us puzzling out what
was written on the paper. We can recover a great deal of the information about it —
its chemical composition, etc.—, but not the detailed information about how molecules
were precisely arranged on the surface of the sheet.



With black holes the situation is very similar. The Hawking radiation that is emitted
is coarse-grained, it does not contain precise information about for example how the
black hole exactly formed and all its past history. This is why information is lost in the
process of evaporation.

Yet for the burned page we know this is not completely true: if we were able to keep
track of each single molecule after the page is burned, applying the laws of physics (and
chemistry) we would be able to give their precise configuration when the thesis was still
intact, and so we would succeed at recovering the lost information. This is nothing else
than the statement that thermodynamics can be derived from microscopic physics by a
coarse-graining procedure. In quantum mechanical terms, if the final state is pure, the
initial state must be pure as well unless there is a violation of quantum mechanics. Now
if Hawking’s argument is correct, black holes violate quantum mechanics, as their final
state is mixed and not pure.

One can hardly overestimate the importance of Hawking’s paradox for our under-
standing of nature. If true, it points to a fundamental discrepancy between general
relativity and quantum mechanics, and so it is extremely important to find out whether
there is a mistake in the formulation of Hawking’s argument, or whether we have to
change the fundamental laws of physics by allowing quantum mechanics to be even less
“classical”. Indeed, conventional quantum mechanics already leads to conceptual diffi-
culties, but a theory where transitions between pure and mixed states are allowed would
be even less transparent and, what is worse, it would be very unlikely to respect basic
principles of physics like energy conservation.

A few years before Hawking radiation was discovered, Jacob Bekenstein developed the
laws of black hole thermodynamics, based on the analogy between black hole mechanics
and thermodynamics [19]. He argued that, up to a constant, the entropy of a black hole
must be proportional to its area:
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and the precise proportionality factor of 1/4 was only determined when Hawking radia-
tion was discovered. Based on the analogy with statistical mechanics, this suggests that
the area of the black hole is a measure for the number of microscopical states that give

rise to the same macroscopic black hole of mass M, charge @ and angular momentum
J.

(1.2)

In string theory, several microscopic countings have been made that confirm the
area-law (1.2) with the right proportionality coefficient. Though performed for so-called
extremal and near-extremal black holes, which are presumably not of much astrophysical
relevance, these countings give, for the first time, a microscopical explanation of the black
hole entropy formula.

Motivated by the above relation between entropy and area, in 1993 't Hooft con-
jectured that at Planckian energies our world is not three-, but two-dimensional [112].
The argument, in simplified form, was as follows. Consider a closed region of space-time
of volume V ~ R? and energy E and ask how many physical states there are in this
region. For the states to be physical and thus measurable for an outside observer, we
must require that the radial size of the region we consider is larger than the size of its
Schwarzschild radius. Otherwise the surface would lie within its own horizon and would
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be hidden to the observer outside. Since the Schwarzschild radius is given by the energy
inside, we get the bound

2E < R (1.3)

i.e. the Schwarzschild radius should always be smaller than the actual radius, and so
the energy density inside the volume is not allowed to be too large.

Given ordinary quantum field theory, the most probable state would be a gas at some
temperature T'. Its energy would be given by Boltzmann’s law,

E~VT (1.4)
In what follows we suppress all multiplicative constants of order 1. The total entropy is
S~ VT3, (1.5)

and so combining (1.3) with (1.4) one gets a bound on the temperature. This gives, for
the entropy,

S < Vi~ AT (1.6)

which for large area does not exceed the entropy of a black hole of the same size. Thus,
black holes have the largest entropy ordinary matter can possibly have. In fact, they
have a larger entropy than what is suggested by the stronger bound (1.6). This is not
surprising, as any form of matter will form a black hole if we increase its energy density
more and more.

What is surprising is that the limit on the entropy is set by the area, (1.2), and not
by the volume. 't Hooft’s explanation was that most of the states of field theory are not
physical, for their energy is so large that they are confined inside their own Schwarzschild
radius. So, the expectation is that gravitational physics reduces the number of physical
degrees of freedom: states with energy corresponding to a Schwarzschild size larger than
the size of the physical system are not physical and so should be disregarded, hence the
number of states grows exponentially with the area instead of the volume. It was then
conjectured that quantum gravity should be described by a topological field theory,
in the sense that all its degrees of freedom live on the boundary. This is called the
holographic hypothesis.

There have been various generalisations of the holographic principle which we will
not go in detail into, as in this thesis we will only consider the, from a geometrical point
of view, most simple cases. In general, one has to define the boundary of a certain
region, and its inside and outside. This can be done by looking at the propagation of
light rays from a certain region [22].

Much progress in the understanding of the holographic principle came from very
different considerations when in 1997 Maldacena conjectured the so-called AdS/CFT
correspondence [87]. The AdS/CFT correspondence goes back to the long-ago conjec-
tured relationship between gauge theories and strings [118]. It relates string and gravity
theories in a certain back-ground (so-called “anti-de Sitter”, AdS for short) to certain
field theories which do not contain gravity (CFT stands for “conformal field theory”).
AdS space is a space with a timelike boundary, and in this sense it can be compared with
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a “box” (one can think of it as a cylinder of circular base). The field theory is defined at
the boundary of the space, which corresponds to the wall of the cylinder. Thus, the field
theory lives in a space of one dimension less. The AdS/CFT correspondence thus gives
a simple realisation of the holographic principle: the gravitational degrees of freedom in
the bulk can be arranged in such a way that they describe a non-gravitational theory
living on the boundary of the space.

The holographic principle is not only a statement about the number of microstates
of the theory. It also implicitly assumes that these degrees of freedom reorganise on
the boundary in a somehow physically meaningful way. This implies that the boundary
theory should at least respect causality. The AdS/CFT correspondence is a nice arena
to perform tests of causality, and in fact some non-trivial tests have been performed with
black holes and collisions between massless particles. Although some bizarre behaviour
has been found [98, 108, 85] from the boundary point of view, so far no contradictions
have been perceived with the causality principles of quantum field theory. Perhaps even
more surprising than the fact that the theory lives on the boundary is the fact that
the AdS/CFT correspondence relates bulk gravity to one of the field theories that were
already known.

In this thesis we are mainly concerned with two different approaches to holography.
The first one is an analysis of the eikonal regime of quantum gravity, where the theory
reduces to a topological field theory. This is the regime where particles interact at high
energies but with small momentum transfer. We also consider quantum gravity away
from the extreme eikonal limit and find indications that the theory remains topological.
The second approach we pursue is the AdS/CFT correspondence, where one can ask
very precise questions about the way the geometry of the bulk and the matter fields are
encoded in the boundary theory. We also study warped compactifications, where our
d-dimensional world is regarded as a slice of a d+ 1-dimensional space-time, and analyse
in detail the question as to where the d-dimensional observer can find the information
about the extra dimension. Much of what we do does not assume string theory directly,
although most of our results can be embedded in string theory, and in fact we think
string theory is probably the best way to understand and think about our results. In
particular, the discussion of the AdS/CFT correspondence does assume string theory.
Even though in this thesis we investigate two apparently very different approaches, our
aim is in fact to apply them to situations where both can be used. In this way we are
naturally led to considering Planckian scattering in AdS. This will be studied in chapter
3, where we make a few preliminary remarks about the relation between both.

The thesis is organised as follows. The first chapter is introductory: we first explain
the sorts of problems related to black holes and Hawking radiation which motivate
this work. We explain why the assumption of the holographic principle can be a way to
solve them. Then we review the features of quantum gravity in the eikonal regime, string
theory and the AdS/CFT correspondence. Particular emphasis is laid on how holography
arises in the context of quantum gravity and of the AdS/CFT correspondence. In
chapter 2 we study in detail high-energy scattering between massless particles: classical
and quantum mechanical features of gravitational scattering, and how to go beyond the
eikonal approximation. In chapter 3 we generalise some of these results to spaces with
a cosmological constant (positive or negative) and find the corresponding dual theories.
A particularly interesting case is that of a positive cosmological constant. We believe
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our results are relevant to the discussions in [22, 67, 45] on the possibility of describing
holographic duals of de Sitter space. In chapter 4 we study the reconstruction of space-
time and of space-time fields from the CFT. We do this perturbatively in the distance to
the boundary. We develop a systematic method to regularise and renormalise the bulk
action, and interpret our results from the CFT point of view. In chapter 5 we reinterpret
the counter-terms of the gravitational action as generating the dynamics from the point
of view of an observer living on a brane of codimension 1. We analyse the cases of
asymptotically AdS, dS and flat space-time.

1.1 Holography in Quantum Gravity

The most clear and astonishing example of a holographic map between a gravitational
and a non-gravitational theory is perhaps the AdS/CFT correspondence. It remains
very mysterious, however, how holography may work if the bulk space-time is not AdS
but asymptotically flat. In particular, a satisfactory description of the four-dimensional
Schwarzschild black hole is still lacking.

As a matter of fact there exists a holographic description, if not of an evaporating
Schwarzschild black hole, of a Rindler space-based model that is to mimic the most
important features of the near-horizon region of the four-dimensional black hole. This
is the S-matrix description discussed by 't Hooft [113], which we are going to examine
in detail in this thesis. However, even if this is truly a holographic model, the quantum
mechanical properties of the model are not well understood beyond the eikonal approx-
imation, and no entropy formula has been derived. Nevertheless, it is quite remarkable
that this model does exhibit explicitly how the information that falls into the black hole
is stored into the outgoing radiation without violating any no-quantum-copying-machine
principle. In particular, one can compute an approximated S-matrix. It furthermore has
a striking similarity with string theories and non-commutative geometry. It also gives
interesting insights in the non-perturbative regime of quantum gravity in the eikonal
approximation. For these reasons, we think that the model is worth studying, the more
because it is applicable in the context of AdS where we also have a dual CFT description.
It would be extremely interesting if one could “compare” both holographic duals, and we
will make a few preliminary remarks in that direction. It is clear that a cross-fertilisation
between the S-matrix model, where the issue of unitarity is exhibited explicitly, and the
CFT description, for which there exists an extraordinarily precise dictionary, is most
desirable (for a discussion of the issue, see, e.g., [85, 106, 97]).

The next sections are an introduction to some aspects of the eikonal regime of quan-
tum gravity, first in the specific context of point-like particles on a fixed background,
and later in a more general set-up. We review in particular how holography arises in
the context of quantum gravity. There are many other relevant papers on the subject
(see, e.g., [73, 74]), but for the purpose of this thesis we restrict ourselves to the ones
that will be used in later sections.



1.1.1 Quantum Gravity in the Eikonal Regime

The main ingredient of the S-matrix Ansatz is the gravitational interactions between
in-going particles and out-coming radiation on a black hole horizon. These interactions
are not taken care of in the derivation of Hawking radiation, and because of the extreme
high frequencies of the in-falling modes these interactions cannot be neglected.

If quantum gravity would be non-predictable in the way originally discussed by Hawk-
ing, we would have to enlarge the uncertainty in quantum mechanics to allow for an
uncertainty in the state of the wave-function: on top of the statistical description of
observables postulated by quantum mechanics, there would be an uncertainty in the
quantum state [66]. However, there are strong reasons to believe that gravity can be
reconciled with quantum mechanics without giving up unitarity. String theory, and in
particular the AdS/CFT correspondence, supports such a view. Nevertheless it is im-
portant for the understanding of quantum gravity to be able to point to a loophole in the
original argument. Although the contents of this section have already been discussed at
length in [113] and other publications by 't Hooft, we will review the S-matrix Ansatz
once more because it is the starting point for other considerations in the next chapters.

The basic idea is to take into account the fact that in-going and out-coming particles
interact gravitationally at the horizon. If the black hole was formed by some in-falling
matter configuration, there will be traces of its initial state on the geometry near the
horizon, and so, when Hawking radiation is emitted, it will be scattered off that non-
trivial surrounding geometry.

Consider a Schwarzschild black hole in a typical state, say a superposition of in-going
and out-going particles. States for the Schwarzschild (Rindler) observer are related to
the Kruskal (Minkowski) vacuum by the well-known Bogolyubov transformation,
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The operator a annihilates a particle of energy w and momentum k in Rindler space,
whereas b is directly related to the annihilation operator in Minkowski space. One can
easily check that this mixing between creation and annihilation operators gives rise to
the following relation between states:

|0)a = H V1—e2m Z e "™ n, )y - (1.8)
l;,w n=0

Consider now the process of “purifying” such a state by removing first one particle
and subsequently all the others, until we are left with the vacuum. For the Kruskal
observer, more and more particles are being added to his state, with such tremendous
energies that they will interact gravitationally, eventually forming small and even big
black holes. It is clear that in such a situation the Bologyubov transformation (1.7) will
not be correct, as gravitational interactions were neglected in its derivation. So, for the
Kruskal observer, the vacuum of the Rindler observer is not at all a vacuum state nor
a thermal bath of particles, but it will rather be a highly complicated, gravitationally
interacting state. If we had a way of adding or removing particles from our state, keeping



track of correlations with other particles, we could then reach any state in Fock space if
only we had one reference state.

To realise this in practise goes beyond present knowledge, but we can give an ap-
proximated picture. In the next section we will consider an arbitrary state of out-going
particles and add one in-going particle to see how the state changes. Repeating this
procedure many times, we can compute the S-matrix of the whole process, up to an un-
known phase which is the transition element between those reference in- and out-states.
Notice that in this context it is not possible to compute this phase because in the eikonal
approximation which we will be considering there is no black hole formation. To describe
the creation of small black holes one has to consider the full transfer of momentum. We
will not discuss black hole creation, but we will discuss how to go beyond the eikonal
approximation. Black hole formation is a very important issue which has been consid-
ered in a simplified 2+1-dimensional set-up in [89]. Important related discussions in the
context of the AdS/CFT correspondence and string theory can be found in [10, 82].

The natural objects to have falling into a black hole are massless objects, since any
massive object that is falling into the black hole will be boosted to the speed of light
with a tremendous energy. Therefore, we concentrate on massless point particles. The
momenta of in-falling particles grow exponentially with Schwarzschild time, whereas
momenta of out-coming particles decrease exponentially. A time lapse 0t = 4M~ in
Rindler co-ordinates corresponds to a Lorentz-boost in Kruskal co-ordinates,

u — eu
— e v
Pu — e Pu
pv — €' py, (1.9)

in co-ordinates where the future horizon is at v = 0, and the past horizon at © = 0. So
the momentum of in-falling particles grows exponentially as they approach the horizon.

We anticipate that the gravitational effect of such a massless particle on the trajec-
tories of the out-going Hawking particles takes the form of a shift,

u—u+pO,¢) f(0,0.0,), (1.10)

so also the horizon shifts and out-coming particles come out at time u = pi*f. This
means that the size of the black hole has become larger. Notice that, according to (1.9),
this shift grows larger and larger as Schwarzschild time goes by, and so at some point
it will not be negligible. The point of view we advocate in this thesis is that this is a
relevant effect that should be taken into account in the unitarity argument. Indeed, as
explained in [113], there seems to be a hidden assumption in the derivation of the Hawk-
ing spectrum. This derivation performs a co-ordinate transformation from Minkowski
to Rindler co-ordinates in the asymptotic region, where the energy of particles is rather
low, and so this transformation seems a good approximation, at least as long as one
computes macroscopic properties like the intensity of the emitted flux. However, when
it comes to microscopic correlations between the radiation and the in-going particles,
this approximation fails because it does not take into account the fact that particles
collided at very high energy near the horizon and so they remain correlated afterwards.
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In this thesis we will concentrate on the effect of the shift (1.10). Since the shift only
takes into account the in-going momentum and not other possible charges of the particle,
this is only an approximation to the real problem. However, notice that in a world with
no other charges momentum would be enough to recover the information about the
particle that was sent in. In realistic models this is also a good approximation because
at those energies gravity is the dominant interaction. Electromagnetic interactions are
subdominant and they can be easily incorporated in this model, but other charges are
more difficult to account for. For a discussion of this issue we refer to [113, 76].

Several objections have been raised against the existence of an S-matrix with such
properties. The strongest one seems to be the no-quantum-copying-machine principle
[107], which can be formulated as follows. Imagine sending some pure state into a
black hole, and assume there is some linear operator X copying this information on an
outgoing state. Since the Hilbert space decomposes into an in- and an out-component,
‘H = Hin ® Hout, the operator X acts as

X (|w>m by |¢>out) = |¢>in & |w>out~ (111)

However, by letting X act on a superposition |¢)i, = |@)in + |8)in One easily sees that
an operator defined as above would not be linear and so would violate one of the basic
principles of quantum mechanics, the linear evolution of states. Therefore, according to
this argument there is no such a thing as a quantum copying machine.

This argument assumes that Hilbert space can be separated into an in- and an out-
component, but that turns out not to be true in the S-matrix Ansatz. Actually both
Hilbert spaces are complementary just like position and momentum space are in quantum
mechanics. So we are forced to describe physics in either one Hilbert space or in the
other, but not in both at the same time. The operator that will do the job of “copying”
the information of the in-going waves to out-coming radiation will be X = enfPour,
where p is the momentum of the in- or out-going waves, and f is a function of the
impact parameter. This operator certainly acts linearly on wave-functions, and it is
actually directly related to the S-matrix. The fact that the in- and out-Hilbert spaces
are complementary means that we cannot do measurements on outgoing waves without
influencing the outcomes of measurements done on in-going waves: if we choose to
measure certain observables outside the black hole, this will imply an uncertainty for
the outcomes of measurements inside the black hole.

It is easy to see how the shift (1.10) comes about. An in-falling massless particle
with momentum py, is described by the following shock-wave metric [2]

ds? = 2du(dv — pind(u) f du) + dz? + dy?. (1.12)

The geodesics of massless test particles in this metric are easy to compute and give

<
—

<
~
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() = xy— §pin<9¢fut9(u) (1.13)
where u parametrises the null geodesic. The function f is given by
f = —4Gy log(z? + ?). (1.14)
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The impact parameter is the transverse distance between both particles, b = /22 + y?
(in co-ordinates where one of the particles is at the origin). Therefore, for large transverse
separations as compared to the Planck length, the derivatives of f, d;f ~ %, can be
neglected. More precisely, we have the following small dimensionless parameter: ¢ =
Gxpin/b. The approximation where this parameter is taken to be small is called the
eikonal approximation. In that approximation, we see from the above formulae that v
is modified purely by a shift as the test particle crosses the world-line of the in-going
particle, whereas the transverse co-ordinates remain unchanged. So, after the collision
the particle continues along the same straight line, and the only effect of the collision
is a time delay. This in turn means that the momentum transfer during the collision is
negligible.

Next we briefly summarise the considerations leading to the black hole S-matrix
[113]. Take some reference state |pin) of particles falling into a black hole, distributed
over the horizon as pi, = pin(2). Then assume that we have an element of the S-matrix
that describes the formation and evaporation of the black hole,

N = <in0|OUt0> = <pin,0(Q)|pout,0(Q)>- (115)

If we perturb the in-going state by adding some momentum pin, Pin — Pin + ODin,
out-going particles will be shifted according to (1.13):

0v = fOpin. (1.16)

So the out-state is modified by:

16V Pout

|p£)ut> =€ pout70>; (117)

the caret meaning that we are generating a shift. So we get a new S-matrix element
(Dt |pin) = N = OPimpout (1.18)

This way we can reach any state |poyut) from a known state |ing) by the successive addition
of infinitesimal amounts of momentum, and so we get

(Pout|pin) = N'e ™ Pinpout] (1.19)

where we filled in the expression for the shift. The magnitude of N is fixed by unitarity,
but its phase is arbitrary and may depend on the details of the formation of the black
hole. We refer to [113] for further details.

When computing the scattering amplitude from (1.19), one finds [114] the Veneziano
amplitude for scattering between strings, with an imaginary string constant related to
Newton’s constant.

A Fourier transform of the above gives

<pout(Q)|pin(Q)> = /DuinDUout exp l:Z/dZQ (8uin8uout+
=+ PinUin — PoutUout + uinuout) :| (120)
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which resembles very much the path integral over the world-sheet action of a string.
Notice that there is a mass term that breaks conformal invariance. This term, however,
is absent if instead of a black hole we consider a Minkowski background?.

The fields u;, and eyt are introduced as the Fourier transforms of pi, and pout, and
so at the quantum level we have

[uin(Q), pin ()] = 6(Q— )
[uin(Q),pin()] = i5(Q2— Q)
[in(Q), ot (V)] = if(Q—). (1.21)

We see that gravity drastically changes the structure of space-time as seen by massless
particles. Co-ordinates between particles become mutually non-commuting operators.

This has far-reaching consequences for the interpretation of Minkowski space as the
near-horizon region of Kruskal space. The positions of particles that fall into a black hole
are correlated with the positions of the emitted particles, and so Hilbert space does not
reduce to a direct product of in and out Hilbert spaces. In other words, modifying the
state of in-falling particles does modify the state of the Hawking radiation that is sent
out. This obviously reduces the dimensionality of Hilbert space drastically, although
we haste to add that every state u still depends on a continuous variable, the angular
variable €2, and so a transverse cutoff is still needed in this crude approximation.

It should now be clear why it is claimed that high-energy scattering presents holo-
graphic features. The theory that one gets is the sigma model (1.20), whose fields are
defined on a two-dimensional surface, the two-sphere for the case of a Kruskal back-
ground. This can be best understood in the context of the results of [121], which we will
review in the next section.

1.1.2 Quantum Gravity as a Topological Field Theory

In the previous section we saw that collisions of massless particles at high energies exhibit
great similarity with strings, the reason being the extended nature of the gravitational
shock-wave. One can wonder whether this is a specific feature of the shock-wave solution,
or a general property of gravity at high energies.

In references [73, 74, 121] it was shown that most of the features of the S-matrix
model can be understood as specific properties of the eikonal limit of quantum gravity.
Indeed, in this regime quantum gravity can be shown to have zero bulk degrees of
freedom, all the degrees of freedom living purely on the boundary. So in that regime
quantum gravity reduces to a topological field theory. The boundary here is the usual
asymptotic null boundary of Minkowski space if we are talking about asymptotically
flat spaces, but in chapter 3 we will see that it can also be the boundary of dS and AdS
space. This result is at first extremely puzzling, as in general one would expect gravity
to have a nonzero number of degrees of freedom in the bulk.

The derivation by Verlinde and Verlinde also sheds light on the validity regime of
the S-matrix ansatz. As we will see, the eikonal regime is a perturbative regime as far
as transverse processes are concerned, but is non-perturbative in the longitudinal length

IWhen talking about a background in the context of shock-wave solutions, we mean a shock-wave on
some background space-time.
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scale. We will review this argument in some detail here, as it will be the starting point
of our generalisation in chapter 3.

The basic argument involves dimensional analysis of the different length scales in
the problem. This is a usual argument used in field theory to derive the perturbation
expansion. We can set all the dependence on dimensionful quantities into the metric by
a rescaling of co-ordinates. Imagine that the typical length scale of the problem is given
by some quantity ¢, then the metric scales like

G = G, (1.22)
where G, is dimensionless. In four dimensions, the Einstein-Hilbert action scales like
Seul?G) = £25:4[G). (1.23)

Now although in the path integral one integrates over all metrics, one expects that the
dominant contribution will be given by those configurations whose size is that of the
physical system, and so it seems reasonable to expect that G’W is typically of order 1.
With this assumption, the coupling constant multiplying the action is

’p)
=7 (1.24)
This argument is commonly used to argue that when energies are of the Planck size,
the theory is strongly coupled and so one needs the full quantum gravity theory to make
sensible predictions.

Consider, however, a process where particles collide with Planckian energies but
almost head-on. In such a collision, the longitudinal variables z* = (¢,z) fluctuate
rapidly, whereas fluctuations in the transverse plane y* = (y, z) are much slower. In
such a situation we have not one but rather two relevant length scales, namely, the
longitudinal and the transverse scales. Therefore we can form two dimensionless ratios:

Ip)
g = 5-~1
4
_Ip
gL = —<X1 (1.25)
4
From now on, the first few Greek characters a, 3, . .. refer to the longitudinal space, and
middle Latin letters 4, j, ... refer to the transverse plane.

Taking £ to be of order £p;, we are left with one dimensionless coupling:

¢
k=2 & (1.26)
I

Performing the rescaling in the action explicitly, in four dimensions the Einstein-Hilbert
action splits into three terms:

_ 1
T 871Gy

1 N ~ N

S[Glen /d4a: V-GR[G] = — SolG] + % S1[G] + So[G). (1.27)
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Thus, part of the action is strongly coupled, whereas Sy is weakly coupled. The
important conclusion is that for the weakly coupled piece we can use the saddle-point
approximation. As far as this part of the action is concerned, the leading contribution is
given by the classical configurations. Therefore, in the limit of low-momentum transfer,
high-energy amplitudes can be computed using semi-classical techniques.

Considering perturbations around a classical background,

G = gzlu(x) + khu, (1.28)

the authors of [121] found that the action reduces to
) 1 ., . 1
Spn = / —Yal [hiKaﬁhaﬂ + Zelke]lv("hijvahkl - §(Rl + 6aﬁaahiﬁ)2] + tot. dexf1.29)

where R; = ¢270,0,X%03X, and K% = V*VF — gsjﬂVQ, and the fields X are to be
defined below.

The field equations for the metric gf)l, are determined by the term of the action linear
in the perturbation, h,,. The lowest order term .Sy vanishes identically for solutions of
the equations of motion. Verlinde and Verlinde found the following solutions to the
equations of motion:

gglﬁ = Tap 0o X 08X b
9 = 9i;(v)
g = 0, (1.30)

and one also has R; = 0. Notice that the action (1.29) contains no y-derivatives, and
so it is like a dimensionally reduced 2-dimensional action. The X-fields then represent
y-dependent displacements of the longitudinal plane into itself.

It is now convenient to define a vector field V,* with the following properties

BXY = VE9LX,
digap = VaVig+VgVia. (1.31)

This vector field describes the flow of the X“-fields in the y-direction. The action then
reduces to

) 1
Son = [ VAL (Rigs] = conesVVIVVE < G0 ) . (132)

This theory is topological: the first two terms can be written as a total derivative, and
the last term is set to zero by the constraint R; = 0.
Therefore, the action (1.32) reduces to the following boundary term:

Sun = Son[X] = / dz® / VL €ab (Rlg1]X 00 X" + 0: X *0,0'X") (1.33)
oM

where X are the boundary values of X. The boundary here corresponds to the four
asymptotic null regions of the 2-dimensional Minkowski plane.
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For full details, we refer to [121]. After including point particles, it turns out that
the X®’s couple to the longitudinal momenta of the particles. The S-matrix computed
from (1.32) with point particles gives exctly the amplitude computed by 't Hooft. In
fact, quantisation of the model gives rise to the following commutator:

[(X(y), X*(y")] = ie® f(y,9/) (1.34)

where f is the Green’s function.

(8~ SRR Flo) = 62y — ) (1.35)

This is obviously 't Hooft’s result (1.21).

The important conclusion of [121] is that, in the eikonal regime, quantum gravity
is a topological field theory: its degrees of freedom live on the boundary, and its only
physical perturbations are the global variations of the fields X*. When coupled to point
particles, the saddle-point of these variations correspond to shock waves. Indeed, after
inserting the solutions (1.30), the full four-dimensional metric is :

ds? = Nap 0a XX dz*da” + gi;(y) dy'dy?, (1.36)
with

X~ =1 +p 0")f(y)
Xt =a® —pho(=7)f(y), (1.37)

and this is obviously a generalisation of the Aichelburg-Sex! metric (1.12) for the case
of two shock-waves?.

In chapter 3 we will perform a systematic study of the eikonal regime, valid for spaces
with a cosmological constant and of any dimension.

1.2 String Theory

Although still unsolved, Hawking’s information paradox has proven to be a very useful
scenario to obtain new insights that can help us construct a consistent theory of quantum
gravity. Discussions about black holes have led to the discovery of several guiding princi-
ples that should be present in quantum gravity. Holography, complementarity, some sort
of extendedness beyond the point particle approximation, and non-commutativity, seem
to be some of the features that quantum gravity should meet. All of these are present
in the eikonal regime of quantum gravity which we studied in the previous sections. In
general, however, quantum gravity as a theory of point particles is quite intractable and
one may need to make some additional assumption like the assumption that particles
have a string-like extension. This leads us to string theory.

There are several reasons to think that making such an assumption is a good idea.
Suffice it to say that string theory seems to have built in some of the above principles,
in particular the principle of holography, as we will discuss in the next section.

2In four dimensions, there are no exact two-particle solutions known. Equation (1.36) is only valid
at the linearised level.
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The action of a point particle is simply given by the invariant length of its world line:

S = —m/dsw/—GW(z) Bz (1.38)

where v is the world line of the particle and z* its trajectory along this world line. It is,
however, more convenient to have a quadratic action. This can be done by introducing
an auxiliary field:

1 1
s5=4 /ds (= G 22" — em?). (1.39)

For a quantum mechanical particle, one integrates over all possible trajectories and also
over the auxiliary field:

/ DzDe 'S4, (1.40)

The saddle point approximation to the path integral selects the classical trajectory with
minimal length.

For strings the situation is analogous to the point particle case. The path integral
now contains the exponentiated area of the string,

/ DX Dh eSIXh (1.41)

where X (7,0) denotes the embedding of the string into target space and h;; is an
auxiliary field representing the metric on the string. The action is given by

T . .
S = 3 /d2a [\/Eh”GW(X)&-X“@jX” + €Y B, (X)0; X"0; X"]
1
+1 /d%\/ﬁ #(X) R|[R] (1.42)
where we are allowing for additional background fields apart from the metric: the dilaton
¢(X) and an antisymmetric tensor field B, (X).

It is well known that at low energies string theory reproduces gravity. The vanishing
of the B-functions of the sigma-model (1.42) imposes, at first order in o’ [26]:

1 «
Ry — 3 H, PHyap +VuViup = 0
vaHoz,ul/ - 2Va¢Hauv = 0
1
4(Vg)? —40¢ — R+ — H? = 0, (1.43)

12

where H,,,q is the field-strentgh constructed from B,,. The expansion parameter o' is
proportional to the string length and is inversely proportional to the string tension 7.
The @-function equations at lowest order determine the space-time dimension, D = 26
for the bosonic string, and D = 10 for the superstring.
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These equations can be integrated to the following effective action:
1 1
S=-= /de Ge R+ 4(V¢)* — o H?. (1.44)
K

By a field redefinition of the metric one can bring the action to the Einstein frame. It is
clear that higher order terms in the expansion of the S-functions (1.43) will show up as
o/-corrections in the effective action (1.44). These are typically of order R? and higher,
and they predict specific corrections to Einstein’s theory.

The action (1.44) does not contain all of the massless supergravity fields. Let us for
example concentrate on type IIB string theory. In this case there are additional terms
one can add to the effective action. One of these is a self-dual 5-form Fy, which then
gives rise to an extremal 3-brane solution of the following form:

ds® = [V (=dt? +daf) + f1(dr? + r7d03)
R4
fo=h+-—3 (1.45)

and h = 1. This solution has a constant dilaton, a covariantly constant 5-form flux
along the S° and H = 0. The strentgh of the flux and the value of the dilaton are
absorbed in the definition of R. However, 3-branes can also be viewed from a different
point of view: they are the hyperplanes on a 10-dimensional flat space on which open
(and closed) strings can end and they are called Dirichlet branes. From this point of
view, one can effectively describe the physics by the effective action on the D3-brane
by describing its collective modes, which are the excitations of the open strings. The
effective action in the case of N D-branes placed on top of each other is the Dirac-
Born-Infeld action, which generalises the world-volume action of a single D-brane and
accounts for the strings being stretched between the branes.

One can also consider the above solution for h = 0. The space-time is then AdS5 x S°.
The D3-brane and the AdS metrics agree at r/R < 1, which is precisely the near-horizon
limit considered in the AdS/CFT correspondence. In other words, near the horizon of
the D3-brane the space looks locally like AdSs x S°, just as the near-horizon geometry
of the Schwarzschild black hole is Rindler space times a two-sphere of constant radius.

AdS;s x S% is an exact solution of string theory, but the above extremal D3-brane
metric is not. o’-corrections to the effective above action (1.44) become important as
the energy increases. Here we again concentrate on the case of type IIB, which is where
these corrections are best known. Keeping only the 5-form in the RR sector, the action
at next order in o’ is given by [61, 47, 63]:

S / 4% /G 62 (R + 4(06)% + W) — 2#5, 2, (1.46)

where « is a number of order o’3. The self-duality of F5 ensures that there are no higher
order corrections in F. W is a sum of certain contractions of four Weyl tensors, W ~ C*.

Terms of order R? and R? are removed by a field redefinition. The Einstein frame is
reached by a redefinition g — e%/2¢, and the action becomes:

1 1 3
§— /dlox@[R ~ 5000 — 1 B e (1.47)
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Branes play an essential role in the arguments leading to the AdS/CFT correspondence.
Since the D3-brane is not an exact solution of the (-function equations, it would be
very interesting to analyse a’-corrections to the metric (1.45). The analysis of these
corrections will be presented elsewhere [34].

1.3 The AdS/CFT Correspondence

The AdS/CFT correspondence is the most concrete example of a holographic duality. It
states that string theory in an AdS space-time is equivalent to a certain conformal field
theory formulated on the boundary of AdS. So, for example, if the bulk is AdSs, the dual
CFT on the boundary is N' =4 SYM on the boundary of AdSs which can be thought
of as a cylinder. Of course, as it stands the formulation of this duality is still too vague.
Later on we will give more details about the correspondence.

One of the surprising things about the Maldacena or AdS/CFT conjecture is that
string theory contains gravity, whereas the field theory does not. This suggests that
gravitational theories have redundant degrees of freedom [117] or, at least, they can be
reorganised in a more economic way. This gives rise to a theory that is non-gravitational
and, furthermore, is defined on a manifold with one space dimension less. In other words,
gravity does not contain as many degrees of freedom as one would naively think.

The relationship between gauge theories and theories containing gravity like string
theory is long standing [118]. However, a precise connection exists only since the discov-
ery of the AdS/CFT correspondence [87, 125, 64]. There is a large literature on checks
of the correspondence between supergravity in AdS and the large N limit of conformal
field theories. In this thesis we will concentrate on rather generic but precise questions
concerning the holographic map between both theories. Indeed, it is important to have
a precise understanding of how quantities in the bulk and on the boundary are mapped
into each other in order to understand how holography works.

As said, the focus will be on generic questions concerning the duality. Mostly we
will not specify the details of the CFT that we are studying but assume that it exists
and require minimal knowledge about it, like which sources are turned on. Then we
try to reconstruct the bulk theory as far as we can with this information, until new
information from the CFT is required. That we are interested in generic properties of
the holographic map is due to the fact that we would like to understand holography in
general, i.e. also for other backgrounds than AdS. Hopefully this will give more insight
in why the duality works. In the case of the AdS/CFT correspondence, the duality
between open and closed strings lies at the heart of the holographic relation [79].

Among the many phrases that can be found in the holographic dictionary, a very
important notion is that of the UV /IR connection [109, 94, 13], i.e. the duality between
high and low energies on both sides of the duality. More precisely, the renormalisation
group scale in the gauge theory is interpreted as the compactification radius of the
gravity theory. Radial evolution is then related to the renormalisation group equations
[30, 119, 120].

Another, related aspect one would like to understand precisely is the geometry. How
is the information about the geometry of the bulk precisely encoded in the boundary
theory? More precisely, we can ask: given a certain boundary theory, how does one
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reconstruct the classical bulk space-time and the fields on this space-time? This an other
questions will be addressed in chapter 4. Some of those results will be extended in chapter
5 to asymptotically flat and asymptotically de Sitter space-times: the information about
the bulk geometry is encoded in certain specific “holographic” stress tensors.

For a review of the arguments motivating this duality, see [1]. One important issue
that one has to address with any duality is its limits of validity. Indeed, string theory
in AdS is usually too complicated to be dealt with in detail. One of the tractable
limits is the supergravity limit where ¢p; < Iy < R, which implies 1 < g,N < N.
The condition R > fp is needed in order for higher curvature corrections to be small.
Ip) < ls is equivalent to gs < 1 which is needed in order to avoid string loop corrections
in the string coupling e®, which are not well defined in supergravity which is a non-
renormalisable theory. On the SYM side this corresponds to the large N, strong ’t
Hooft coupling A = g2, N limit of the theory. There are of course other intersting limits
that one can look at but we will not consider those here.

Let us now discuss how to make the AdS/CFT correspondence more precise. In
particular there is an important issue about boundary conditions at infinity that needs
to be considered [64, 125]. AdS has a timelike boundary at infinity. Therefore, fields on
this space can propagate to the boundary and so one has to supplement them with certain
boundary conditions. There is a precise 1-1 correspondence between the boundary values
of fields on AdS and operators on the CFT. We collectively denote bulk fields by ®, and
their boundary values by ¢(gy. The string partition function is then a functional of the
boundary values of the fields:

Zstring[(b(())] = D exp(_S[(I)]) (148)
?(0)
According to the proposal in [125], this should be equal to the generating functional of
correlation functions in the CFT,

Zstring[90)] = ZcrTld0)] = <6XP[/8X d%2/g d(0)(2)O(z)])crr (1.49)

where O(z) is a specific composite operator in the CFT and OM is the boundary of
the manifold M. Thus, the boundary values of the fields act as sources for computing
correlation functions of operators in the CFT.

The partition function (1.48) is an intractable object to deal with, so one has to
consider some limit like for example the supergravity limit. In this limit, one of the
fields that will be integrated over in (1.48) is the metric. Thus, we are strictly speaking
not considering AdS space, but any Einstein manifold with fixed metric at infinity.
Therefore, the metric in the bulk is allowed to fluctuate as long as it preserves the
boundary conditions.

Obviously, at low energies we are interested in the supergravity limit of (1.48) where
the dominant contribution to the path integral is given by the saddle-point approxima-
tion. The partition function then reduces to:

Zsugra[(b(o)] = eXP(_S[(I)cl(¢(O))])v (1.50)

where @, are now fields that satisfy the low-energy equations of motion with fixed
boundary values ®(r,x)|,=0 = ¢ ().
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In general, massive scalar fields that solve the equations of motion behave differently
from ®(r,x) — ¢(o)(z) as they approach the boundary. They can either decay more
rapidly or develop singularities. A more detailed analysis gives:

(I)(Tv LC) = rd7A¢(0)(x) +y (151)
where A satisfies
A(A —d) =m? (1.52)

and m is the mass of the scalar field. So A has two possible values, A = d/2 +
v/d?/4 + m? which satisfy A, + A_ = d. This means that the expansion in general has
the following asymptotic form:

O(r,z) = rdﬁA(qﬁ(o) +0(r%)) + rA(cp(m) +0(r%)). (1.53)

where ¢y and ¢ are two independent modes. The unitarity bound on the mass implies
A > (d —2)/2. The existence of two independent solutions to the equations of motion
reflects the fact that usually one needs to impose two boundary conditions on the fields:
initial conditions for the positions and the momenta®. In AdS, usually one of these two
modes will vanish if we also impose some regularity condition in the centre of AdS or
some global condition like the vanishing of the Weyl tensor.

The correspondence between the gravity and the CFT computations has been tested
for 2-, 3- and 4-point functions of several operators [46, 38, 1].

Klebanov and Witten have argued [81] that for —d?/4 < m? < —d?/4 + 1 the
existence of two independent modes for fields in this mass range implies the existence
of two conformal field theories dual to the same bulk metric. These are called the
A, and the A_-theory. In the A, -theory, the lowest-order mode* ®(0) has the usual
interpretation as an external source that couples to an operator O(z) of conformal
dimension Ay, whereas ¢(x) (which appears at order A_) is related to the expectation
value of O(x). In the A_-theory, on the other hand, ¢ ) is interpreted as an expectation
value whereas ¢ is the source. Both theories are related by a Legendre transformation.
The case Ay = A_ is special and corresponds to the tachyon of minimal mass.

As it stands, the correspondence (1.50) is meaningless as both sides suffer from
divergences. These, however, can be regularised and renormalised by adding appropriate
counter-terms [70, 11, 83, 35]. It has been shown [109, 70] that the IR divergences
on the gravitational side correspond to UV divergences on the gauge theory side. In
chapter 4 we will develop a systematic method to regularise and renormalise the on-
shell supergravity action. Although from the gravity point of view the divergences are
purely classical and related to the infinite volume of AdS, it is essential to remove them
in order for gravity solutions to have a sensible interpretation in terms of mass, entropy,
etc. [25, 11, 83].

In chapter 4 we will study these issues in detail for scalar fields, for the metric and
for the coupled gravity-matter system.

3However, quantisation in AdS is subtle due to the fact that there is no complete Cauchy surface
[9, 50].
4Lowest order in r. This mode is the first mode to appear in a perturbative expansion in terms of 7.
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