CHAPTER 7

Cavities and castability
analysis

7.1 Introduction

Featurerecognitionhasbeenconsideredan importantresearchareain computeraided
designandcomputeraidedmanuficturing[43, 44, 24]. Informally, featuresareproducts

genericshapeor characteristicshat are associatedvith properties attributes,and en-

gineeringknowledgeaboutthe product[46, 47]. Manufacturingfeaturesare geometric
structuresf an object,suchasholesor depressionswhich have engineeringneanings
relatedto manufcturingoperationsA holeof anobject,for example, mayhave anengi-

neeringmeaning‘drilling” or “assemblingsite”.

In applicationssuchasmanufcturingandmolecularanalysis,geometricstructuresuch
ascavities or dockingsitesareimportant. In manufcturing,featuresof a CAD model
imply manugcturinginformation, which facilitatesthe processof analyzingmanufc-
turability [44, 23].

A small hole or a depressioron the boundaryof an object, for example, restrictsthe
setof directionsfor which this objectis castablepecausehe portion of the castin the
hole or in the depressiommustbe removed from the objectwithout breakingthe object.
Mostindustrialpartssuchasenginerooms telephonébodies,andsmall partsfor carand
aircraft have suchfeatures. This suggestsa newv approachto castabilityanalysis: For
given partremoval directions,insteadof examiningthe whole boundaryof anobject,we
identify suchfeatures(holesand depressionsjvhich play key rolesin the preliminary
decisionprocess. If ary suchfeaturescontradictsthe removal directions,we can stop
andconcludethatthesedirectionsarenotfeasible or thatthe objectneedsadditionalcast



parts. Soidentifying featuresnot only facilitatesthe decisionprocessandthe automated
designof a cast,but alsogreatlyreduceshe searchspacefor feasiblecastingdirections.
Whenwe searchfor the setof all feasiblecastingdirections featurescangreatlyreduce
thesearchspace A holewith the shapeof cylinderin anobject,for example,reduceghe
searchspaceo a pair of two oppositedirectionsparallelto the generatoof the cylinder.
Featuresfurthermore,canbe usedto minimize the numberof castingparts(calledside
cores.

Basedon the definitionsof the reflex-free hull and cavities in Chapters, in this chapter
we considerapplicationsusingcavities asa geometricfeaturein castabilityanalysis.We

assumehatthe cast(mould) consistsof two partsandthat thesepartsmustbe removed

in oppositedirectionwithout damaginghe partsor the object.

We presentinalgorithmwhichis usefulfor castinganalysis.Thealgorithmpartitionsthe
facesof P into disjointsubsetssuchthateachsubsetnustbelongto oneof thetwo mould
parts.Furthermorewe prove thattheboundingfacesof a cavity belongto asinglesubset.
By basingthealgorithmonfaceswe obtainafinite processOur algorithmis aneffective
methodto restrictthe searchspacefor feasiblecastingdirections.In fact, we conjecture
thatthisalgorithmcanbeextendedsothat,in theend,for ary two distinctsubsetsthereis
afeasiblecastingdirectionin which the mouldis removed from the correspondindaces
in oppositedirections.

7.2 Definitions and assumptions

Recallthe processf iteratively filling plane-caities of Section6.5. We denotethis pro-

cessby (P, ox), whereoy is ary sequencef k plane-caities. A connecteccomponent
of Py \ P is a cavity of (P,0k). A facef of P boundsa cavity F of (P,0y) if f lies

partially or completelyon the boundaryof F. For therest,we follow the definitionsand

thenotationsin Section6.2.

We make one assumptiorfor robustness:removal directionsparallelto facesof P are
not allowed. Thus,whenthe two partsof a mould for P meetalonga parting surface
this partingsurfacemeetsthe boundaryof P alonga closedcurve calledthe parting line

that consistsof polyhedronedges. This is a practicalconsideratiorin mould designas
well, sincecastingimperfectionson the objectmay occuralongthe partingline, andif

the partingline crossesa facethenadditionaltreatmentand polishingmay be required.
For furtherinformation,seeSection4.1.
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Figure 7.1: Cavities. (a) A container object, and (b) Filling process.

7.3 Theorems for coloring faces

In this sectionwe shav how to color the facesof P suchthatfaceswith the samecolor
mustappeaiin the samepartof atwo-partmould.

Thisalgorithmis basedntwo geometricobsenations:Every polyhedrorfacebelongso
oneof thetwo mould partsof ary cast,andthetwo polyhedronfacesincidentto a reflex
edgemustbelongto the samemouldpartof ary cast.

Lemma 33 Theboundingfacesof a cavityof (P, ok) for anyox mustbelongto the same
mouldpart of anycast.

Proof: Givenacavity F of (P, o), theboundaryof cl(F) canbedividedinto two parts:

onesharedwith P andonenot sharedwvith P. We call the partnot sharedwith P thelid
of F. It sufficesto prove thatno two pointsat the boundarybetweernP anda cavity can
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beremovedin oppositedirections.

Assumethat two distinct points on the boundingfacesof F are removed in opposite
directions. Insidethe cavity thetwo castpartsmeetalonga commonboundarysurface.
Thenary line ¢ throughthe interior of the surfaceand parallelto the removal direction
doesnotintersectP. Sincethereflex-freehull of P doesnotcontaintheintersectiorpoint
betweer? andthesurface, Py is notasubsebf thereflex-freehull of P, which contradicts
Theoreml4.

We needa few definitionsin orderto describeour algorithm. Let S be the sphereof
directions. Given a face f, we denoteby coné f) the setof directionson § that have
positive projectionon the normalof f. Note thatif we translatef suchthat f passes
throughthe centerof S, thenconé f) is an openhemispheralefinedby a planethrough
f. Symmetrically we definecond f) to be the setof directionson S that have negative
projectiononthenormalof f. We denotethedoubleconeconé f) Uconé f) by dconé f).
We generalizethe notationto reflex edges.Given a reflex edgee with incidentfacesf
andg, defineconde) = cond f) N condg), conde) = coné f ) Ncondg), anddconée) =
conde) Utonde). Notethatconéde) is the setof removal directionsfor f andg. (Recall
that f andg mustbelongto the samemould partby assumption.)

Our algorithmworks by assigninga color and a positive or negative signto eachface.
Facesof the samecolor (regardlessof the sign) form a color group. Givena color group
G, we defineits coneof directions conéG), to be the commonintersectionof coné f)
for all positive facesf € G andtonég) for all negative facesg € G. Symmetrically
conédQ) is the setof directionsoppositeto thosein conéG). The doubleconedconéG)
is condG) UTONEG).

Thealgorithmconsistof two phasesinitially, eachfaceis assigned positive signanda
distinctcolor, andthereforeformsacolorgroupby itself. In thefirst phasewe repeatedly
recolortwo groupsG; andG; of facesby onecommoncolor if G; andG,; meetalong
somereflex edge. In the secondphasewe repeatedlyrecolortwo groupsG; andG; of
facesby onecommoncolorif dconéG;) N dconéG,) consistof exactly two connected
componentsWe may alsoupdatethe signsof facesin G; U G, andtherearetwo cases:
(1) condG1) N condG,) # @ andcondG1) NcondGy) =0, (2) condG1) NcondGy) =0
andcondG;) NTondGy) # 0. In case(1), we presere the signsof all facesin G1 U Gy.
In case(2), weflip thesignof eachfacein Go.

Lemma 34 For anycolor groupG, all positivefacesin G mustberemosedin acommon
directionin condG), andall negativefacesin G in a commordirectionin congG), with
respecto anymould.

Proof: We prove this by induction. In thefirst phasetwo facesf andgincidentto areflex
edgemustberemovedin the samedirectionby our assumptiorthatno faceis parallelto
acastingdirection.In the secondohase supposeave decideto combinetwo color groups
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G1 andGy. By inductionassumptionall positive (resp. negative) facesin G; mustbe
removedin a commondirectionin conéG;) (resp. congGs )) with respecto ary cast,
andthe sameholdsfor G,.

SupposehatcondG;) NTonéG,) = (. Thenpositive facesn G; cannotberemovedin a
directionin congGy) andvice versa.Thus,positive facesn G; U Gz mustberemovedin
acommondirectionwith respecto ary cast,andthis setof commondirectionsis clearly
condGi) N condGy). A symmetricstatemenholdsfor negative facesin G U G, and
We(Gl) N WE(GZ).

Supposehat conéG1) N conéGy) = (). Thenpositive facesin G; cannotbe removedin
adirectionin conéG,) andvice versa. Thus,positive facesin G; andnegative facesin
G mustberemovedin acommondirectionin conéG;) NTonéG,). Sincesignsof faces
in Gy areflippedin memging, the lemmais satisfied. A symmetricstatemenholds for
negative facesn G; andpositive facesn G,.

Lemma 35 Let P be a castablepolyhedon. Let f and g be two boundingfacesof a
cavity of (P, o) for someoy. Supposehat f andg belongto two differentcolor groups
G1 and G, at somepoint during the coloring algorithm. If f andg haveidenticalsigns,
thencondG1) N condG,) is nonemptyOtherwise condG;) N conéGy) is nonempty

Proof: Let C be a two-partmould for 7. By Lemma33, f andg belongto the same
partof C. If f andg haveidenticalsign,thenLemma34impliesthatfacesin G; U G of
the samesign belongto the samepartof C. Thus,the removal directionof the positive
facesn G; UG, belongsto condG;) N condG;) which mustthenbenonempty|f f and
g have oppositesigns,thenLemma34 implies that positive (resp. negative) facesin Gy
andnegative (resp.positive) facesin G, belongto the samepartof C. Thus,theremoval
directionof positive facesn G; andnegative facesn G; belongsto conéG;) N TonéG,)
which mustthennonempty

We will prove thatthe boundingfacesof a cavity of (P,ay) for ary k will receve the
samecolor. The proofis by inductiononk. Sinceafacef will residein differentcolor
groupsG duringthe coloringalgorithm,the setof removal directionsfor f changesasG
changes.For easeof exposition,we disrggard the groupthat f belongsto. Instead,we
saythatdifferentconesof directionsD areassociatedvith f atdifferenttimesduringthe
coloringalgorithm.

Furthermorejn makingtheinductive agument,we needto work with plane-caity with
respecto a nearlyreflex vertex insteadof areflex vertex. Recallthatv is a nearlyreflex
vertex if vis neitherreflex norflat, andall facesincidentto v lie within a closedhalfspace
whoseboundingplanepasseshroughv andlies locally insideP atv.

Definethestar of avertex v, S{v), to betheunionof v andtheinterior of facesandedges
incidentto v. We useSt(v) to denotethe closureof Stv). Thelink of v, denotedby Lk(v),
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Figurg 7.2: The closure, §l(v), of the star of a reflex vertex v and the spherical polygon
T, 4(SH(v)) on the sphere, where d is the upward vertial direction.

is definedto be S{v) \ Stv). Letv beareflex or nearlyreflex vertex. Let d be ary
feasiblecastingdirectionfrom which v is visible. Note thatall facesincidenton v are
visible from directiond. Putv at the centerof the sphereof direction. First, we stretch
St(v) radially avay from v sothatthe stretchedink of v lies on the sphere.This yields
a polygonwith curved boundaryinsidethe sphere.Secondwe projectv in directiond
ontothe sphere We useTt, 4 to denotethe compositemappingfrom Stv) to the spherical
polygonon the sphere NotethatTt,q(Vv) is in the kernelof 15,4(S{(V)). Thus,T,q(S(V))
canbetriangulatednto sphericakrianglesby drawving greatcirculararcsfrom 1g,4(Vv) to
verticesof T,4(S{v)). Clearly 1,4 mapsthe circular arcsincidentto ,4(v) to edges
incidentto v, andthe sphericatrianglesto triangles.Also, theangleata vertex 1, 4(x) of
T,4(SHVv)) is exactly the exterior dihedralangleat the edgevx.

Lemma 36 Letv bea reflex or nearlyreflex vertex. Letvaandvb betwo reflex edgesin-
cidenttov. LetDy, C condva) andD,, C condvb) betwo conesof directionsassociated
with thetwo facesincidentto vaandvb, respectivelylf condva) and condvb) lie onthe
samesideof a greatcircle throughy,g(a) and,q(b), thenDyaN Dy, is empty

Proof: Figure 7.3 illustratesthe situation. It follows from the fact that condvx) and
condvx) for ary reflex edgevx lie on oppositesidesof ary greatcircle that doesnot
intersectcondvx) (suchagreatcircle mustpassthroughri,q(x)).

Lemma 37 Letvbeareflex or nearlyreflex vertex. Letd bea feasibleremwal direction
fromwhich vis visible Letva, vb, andvx bethreereflex edgessud that 14, 4(vx) liesin
thesmalleranglebetweent, y(va) andy,4(vb). Supposehat congva) doesnotcontain
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Figure 7.3: The bold curves are parts of great circles. The left picture shows the case
where vaand vbare incident to the same face. The right picture shows the case where they
are not. The area of darker shade represents condva) and conévb). The area of lighter
shade represents Tongva) and congvb). Since condva) and TONgvb) lie opposite sides
of the great circle, they cannot intersect. The same is true for congva) and conévb).

Figure 7.4: The dotted curves are great circles through T4,q(a) and Tgq(X), and Tg,q4(b)
and Ti,q(X).

T,q(B) for all a,B € {a,b,x}. ThenDN Dy is emptywhele D C condva) N condvb) is a
commorconeof directionsassociatedvith the facesincidentto vaandvb, and Dy is the
coneof directionsassociatedvith the facesincidentto vx.

Proof: Sincery,4(v) liesin thekernelof 15,4(StVv)), condvx) andcondva) cannotie on
oppositesidesof thegreatcircle throughrs, 4 (a) andry, g(x). Thesameholdsfor congvx)
andconédvb). If condvx) andcondva) lies on the samesideof the greatcircle through
Tyq(a) andm,q(x), thenLemma36impliesthatD N Dy is empty We obtainthesamecon-
clusionif condvx) andconévb) lies onthe samesideof the greatcircle throughrty,g(b)
and 1y,q(x). The remainingpossibility is that congvx) containscondva) N congvb)
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which is a supersebf D. SeeFigure 7.4. Thus,D cannotintersectconégvx) which is
asupersebf Dy.

We arereadyto prove thatthe boundingfacesof a cavity of (P, o) for ary oy receve
the samecolor and sign. We will restrict gx to simplify the analysiswithout loss of
generality Specifically we wantto refinecy to a sequencef specialplane-caities such
thatthefilling of eachspecialplane-caity correspondso sweepingaplanefrom areflex

or nearlyreflex vertex until avertex in the cavity is encounteredGivenay, we canrefine
it asfollows: Whenwe fill the plane-caity oy \ ox_1 of Px_1 to producePy, the plane-
cavity canbe decomposethto several steps.Take the planeHg definingthe plane-caity

ok \ Ok_1. SweepHy towardsthe interior of oy \ ox_1 until it hits a vertex w of the
plane-caity. Recordthe volume sweptover asone specialplane-caity. Continuethe
sweepingto the next vertex in the planecavity anddefineanotherspecialplane-caity.

During the sweepingwe may needto split at the vertex encountered.In this case,we
continuethe sweepingf the differentpartsindependentlyFigure7.5 shovs anexample.
We repeathe above sweepinguntil noverte in ok \ ok_1 remains.Now, we canthink of

thegrowing of Py_1 to Py asfilling thespecialplane-caities obtainedn reverseorder

specialplane-caities

Figure 7.5: The topmost patch of lightest shade bounds a plane-cavity. This plane-cavity
can be refined into a sequence of three special plane-cavities. The first two are the volume
swept from U and V to W respectively. The third is the volume swept from the nearly reflex
vertex W.

Theorem 15 LetP bea castablepolyhedon. Theboundingfacesof a cavity of (P, oy),
for anysequencey of specialplane-cavitiesreceivethe samecolor andsign.

Proof: We prove this by inductionon k. The basisstepinvolvessweepinga planefrom
areflex vertex v of P until a new vertex in the cavity is encounteredWe show thatthe
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facesincidentto v (i.e., facessweptover) will receve the samecolorandsign. Letd be
afeasibleremoval directionfrom which v is visible. Without lossof generality we can
assumehateachfacef is assigned positive signif cond f) containsd.

Eachextremevertex of the sphericalcorvex hull of T,4(S{(V)) is Tq(X) for somereflex
edgevx. Considertwo neighbouringextremeverticesTy, g(a) andTy,q(b). Let Dya and
Dyn be the conesof directionsfor the color groupscontainingthe facesincidentto va
andvb, respectiely. By Lemma35, Dy, N Dy is nonempty By Lemma36, DyaN Dy is
empty Thus,thetwo color groupscontainingthefacesincidentto va andvb areeligible
for memging. By applyingthisamgumentto every pair of neighbouringextremeverticesof
the corvex hull, we concludethatthe facesincidentto vx for all extremeverticesrs, 4(X)
will receie thesamecolor.

Next, we arguethatthe facesthatareincidentto reflex edgesbetweemeighbouringex-
tremeverticesty, g(a) and,g(b) will alsoreceie the samecolor. The portionof Lk(v)
betweenva andvb projectsto a bay of 1i,4(SfV)). Let D bethe commonconeof direc-
tionsassociateavith thefacesincidentto vaandvb.

First, pick outall reflex edges/x betweerva andvb suchthat condvx) doesnot contain
T,q4(a) andy,q(b), andneithercondva) nor condvb) containsry,q(x). By Lemma37,
D N Dy is emptywhereDy is the coneof directionsassociatedvith the facesincidentto
vx. By Lemma35, D N Dy is nonempty Thus, the coloring algorithmwill eventually
assignthe samecolor for facesincidentto va, vb, andall suchreflex edges/x.

Therearefour kinds of remainingreflex edgesunaccountedor. Thefirst two kindsin-
cludereflex edgesvx suchthat 1, 4(x) lies outsidecongva) U conédvb), and congvx)
containseitherty,q(a) or 1,4(b). The othertwo kindsincludereflex edgesvx suchthat
T, 4(X) liesinsidecondva) U congvb).

Figure 7.6: congvx,) does not contain T4 (b)

SupposehatTy,q(x) lies outsidecondva) U condvb) andcongvx) containsry,q(b). Then
examinethereflex edgevx; aftervx. NotethatTs,q(x1) lies outsidecondva) U congvb),
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andcondvx;) doesnotcontainr,q(a). If condvx;) alsocontainsr,q(b), thenwe exam-
ine the next reflex edgevx, andsoon. Thus,we obtaina sequencex,vxi,--- , VX such
that condvx,) doesnot containT,q(b) in its interior asin Figure7.6. Sothe facesinci-
dentto vx, arein thesamegroupfor vaandvb. By constructionLemma37 is applicable
tova, vx_1, andvx,. Thus,togethemwith Lemma35, we concludethatthefacesncident
to vx_1 will receive the samecolor asthoseincidentto va. Now, repeatheargumentfor
va, VX_», andvxc_1, andsoon. Eventually the facesincidentto vx,vxg, - - -, vxc_1 Will
recevvethesamecolorasthoseincidentto vaandvb. Similarargumentworksfor thecase
whereTy,4(x) lies outsidecondva) U condvb) andconévx) containsr,g(a). This takes
careof thefirst two kindsof remainingreflex edges.

Take a successie pair of reflex edgesvy; andvy, thatwe have alreadyput in the same
groupfor va andvb. Note that condgvy;) doesnot containy,q(y2) and congvy,) does
notcontaintg,q(y1). We canapplythe previousreasoningo color facesincidentto each
reflex edgevx betweervy; andvy, suchthattg,y(X) lies outsidecondvy) U congvys).

By repeatingthis overall agument,we will assignthe samecolor to facesincidentto

reflex edgesetweenva andvb asthoseincidentto va andvb.

Now, all the edgeshetweenra successie pair of reflex edgesvx andvy arecorvex. Thus,
if fisafaceincidentto sucha corvex edgethenconé f) containscondvx) N condvy)
andhenceconé f) containsthe commonconeof directions,sayD, for all reflex edges
betweerva andvb. Thus,DNconéf) is empty SeeFigure7.7. Soif Dy is the cone
of directionsassociateavith f, DN Dy is alsoemptyasD; C coné f). By Lemmag35,
DnND; is nonemptyandso f will alsoreceie the samecolor asthosefacesincidentto
vaandvb.

4%

T,,q(%)
cone(f)

Figure 7.7: The bold polygonal chain is the projection of the link of v between vxand vy.

The above establisheshe basiscaseof the induction. To proceedo theinductionstep,
we needto associateonesof directionsto the new facesintroducedafterfilling a special
plane-caity from a reflex or nearlyreflex vertex v. Thesenew facesare not original
polyhedronfacesandwe call themartificial faces.Let D bethe intersectionof conesof
directionsassociatedvith (artificial or original) facesincidentto v. We make D thecone
of directionsfor all artificial facesintroducedafterfilling this specialplane-caity. Then
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in theinductionstep,we will sweepa planefrom a nearlyreflex vertex w to fill another
specialplane-caity. We canusethe sameargumentfor the basiscaseto showv thatthe
conesof directionsassociatewvith the(artificial or original) facesncidentto w satisfythe
conditionsfor receving the samecolor. Sincethe conesof directionsfor artificial faces
arederivedinductively from intersectiorof conesof directionsfor original facessweptin

the past,we concludethat the original facesincidentto w will receive the samecolor as
otheroriginal facessweptin the past.

7.4 An implementation for coloring faces

The first phaseof the algorithmmemgescolor groupsat reflex edges.This canbe easily
donein O(n) time by traversingtheboundaryof P.

In phase2, we melgegroupsG; andG; whenever dcong¢Gs) N dconéGy) consistof ex-
actly two connectedcomponentsTherearetwo cases{1) condG;) N condG,) # () and
condG;) NTondG,) = 0, (2) condGy) N condG,) = P and condG;) NTONEGy) # (.
Recallthat the coneof a groupis the intersectionof conesfor eachfacein the group.
In case(1), the conditioncould alsobe statedthat thereexists a directionwith positive
projectionon all facenormalsin G; and G, andthereis no directionwith positive pro-
jectiononthenormalsin G; thathasnegative projectiononthenormalsin G,. Similarly,
the conditionin case(2) could also be statedthat thereexists a directionwith positive
projectionon the normalsin G; that hasnegative projectionon the normalsin G, and
thereis no directionwith positive projectionon all facenormalsin G; andG..

To identify a meigeablepair, we build the arrangementf conesandtheir complements
by building anarrangemenof then greatcirclesthatcontribtuteto thecurrentsetof cones
andtheir complementsTwo sphericakorvex polygonsA andB representingoneshave
one of four relationships:eithertheir boundariegntersectA is insideB, B is inside A,
or they aredisjoint. For a given coneA, all boundaryintersectionsan be detectedby
walking theboundaryof A in thearrangementAll conesincludingA canbefoundwhile
building the arrangemenby determiningwhich conesincludeary chosenvertex of the
boundaryof A. Onceall conesincluding conesareknown, thenthe reverserelationship
is alsoknown, andthe disjoint pairsarethosethatremain. If thereare pairsthatcanbe
meiged,at leastone pair will be identifiedafter O(n?) steps.Given a meigeablepair, it
is not difficult to meige themin time O(n?). Thus,in O(n®) time we cancolor all faces.
Sincemuchof the abore computatiorcanbereusedn subsequerdtepswe suspecthat
this canbeimproved.

Theorem 16 Givena castablepolyhedon P of sizen, the coloring algorithm assigns
color and signsto facesof P in O(n®) time so that facesof the samecolor and sign
belongto samemould part. Moreover, boundaryfacesof a cavity of (P, ay), for any
sequencey of plane-cavitiesreceivethe samecolor andsign.
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Upon completion,the coloring algorithmwill returnseveral doubleconesof directions,
andary feasiblepair of oppositeremoval directionsbelongso sucha doublecone.After-
wards,aneminentlypracticalapproacho identify afeasibleremoval directionis to select
arandomsampleof directionsfrom eachconeandtestthe feasibility of theseselected
directionsusingthe O(nlogn)-time algorithmof Chapter3

7.5 Further applications to casting

Objectsto be manukcturedmay alsobe non-castable For example,a cubewith a de-

pressionon eachfaceis not castableusingtwo mould parts. Sucha problemis usually

resohedby usingside-coes A side-cords anadditionalpart. For theexampleof acube

with adepressiomn eachface,we canintroducefour side-coreso occupy thedepression
on eachverticalface. Thetwo mainmould partsarein contactwith the restof the cube.

During objectejection, the four side-coresare removed first, and the two main mould

partscanthenberemovedwithout blockage.

Thereis an alternatve way to defineplane-caities that facilitatesthe handlingof side-
cores. Sweepa planefrom a reflex vertex of P until a saddlevertex (with respectto
the sweepingdirection) is encountered.We call the volume swepta restrictedplane-
cavity of P. Considerthe union of restrictedplane-c&ities of P. Ourtechniquesanbe
carriedover to shav thatboundingfacesof a connectecomponentn the unionmustbe
removedin the samedirection. Furthermoreopur coloringalgorithmwill assignthesame
color andsignto suchboundingfaces.lt is naturalto asserthatboundingfacesof one
suchconnecteaomponenshouldbeoccupiedoy aside-coreor amainmouldpart. Thus,
this helpsusto identify whereto useside-coresaswell astheir retractiondirections.
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