
C H A P T E R 7

Cavities and castability
analysis

7.1 Intr oduction

Featurerecognitionhasbeenconsideredan importantresearchareain computer-aided
designandcomputer-aidedmanufacturing[43, 44,24]. Informally, featuresareproduct’s
genericshapesor characteristicsthat areassociatedwith properties,attributes,anden-
gineeringknowledgeaboutthe product[46, 47]. Manufacturingfeaturesaregeometric
structuresof an object,suchasholesor depressions,which have engineeringmeanings
relatedto manufacturingoperations.A holeof anobject,for example,mayhaveanengi-
neeringmeaning“drilling” or “assemblingsite”.

In applicationssuchasmanufacturingandmolecularanalysis,geometricstructuressuch
ascavities or dockingsitesareimportant. In manufacturing,featuresof a CAD model
imply manufacturinginformation, which facilitatesthe processof analyzingmanufac-
turability [44, 23].

A small hole or a depressionon the boundaryof an object, for example,restrictsthe
setof directionsfor which this object is castable,becausethe portion of the castin the
hole or in the depressionmustbe removed from the objectwithout breakingthe object.
Most industrialpartssuchasenginerooms,telephonebodies,andsmallpartsfor carand
aircraft have suchfeatures. This suggestsa new approachto castabilityanalysis: For
givenpartremoval directions,insteadof examiningthewholeboundaryof anobject,we
identify suchfeatures(holesand depressions)which play key roles in the preliminary
decisionprocess. If any suchfeaturescontradictsthe removal directions,we canstop
andconcludethatthesedirectionsarenot feasible,or thattheobjectneedsadditionalcast



parts.So identifying featuresnot only facilitatesthedecisionprocessandtheautomated
designof a cast,but alsogreatlyreducesthesearchspacefor feasiblecastingdirections.
Whenwe searchfor thesetof all feasiblecastingdirections,featurescangreatlyreduce
thesearchspace.A holewith theshapeof cylinder in anobject,for example,reducesthe
searchspaceto a pair of two oppositedirectionsparallelto thegeneratorof thecylinder.
Features,furthermore,canbeusedto minimize thenumberof castingparts(calledside
cores).

Basedon thedefinitionsof the reflex-freehull andcavities in Chapter6, in this chapter
we considerapplicationsusingcavities asa geometricfeaturein castabilityanalysis.We
assumethat thecast(mould)consistsof two partsandthat thesepartsmustberemoved
in oppositedirectionwithoutdamagingthepartsor theobject.

Wepresentanalgorithmwhich is usefulfor castinganalysis.Thealgorithmpartitionsthe
facesof � into disjointsubsets,suchthateachsubsetmustbelongto oneof thetwo mould
parts.Furthermore,weprovethattheboundingfacesof acavity belongto asinglesubset.
By basingthealgorithmonfaces,weobtainafinite process.Ouralgorithmis aneffective
methodto restrictthesearchspacefor feasiblecastingdirections.In fact,we conjecture
thatthisalgorithmcanbeextendedsothat,in theend,for any two distinctsubsets,thereis
a feasiblecastingdirectionin which themouldis removedfrom thecorrespondingfaces
in oppositedirections.

7.2 Definitions and assumptions

Recalltheprocessof iteratively filling plane-cavities of Section6.5. We denotethis pro-
cessby ���p� σk � , whereσk is any sequenceof k plane-cavities. A connectedcomponent
of � k �2� is a cavity of ���p� σk � . A face f of � boundsa cavity

�
of ���p� σk � if f lies

partially or completelyon theboundaryof
�

. For therest,we follow thedefinitionsand
thenotationsin Section6.2.

We make oneassumptionfor robustness:removal directionsparallel to facesof � are
not allowed. Thus,whenthe two partsof a mould for � meetalonga parting surface,
this partingsurfacemeetstheboundaryof � alonga closedcurve calledtheparting line
that consistsof polyhedronedges.This is a practicalconsiderationin mould designas
well, sincecastingimperfectionson the objectmay occuralongthe partingline, andif
the partingline crossesa facethenadditionaltreatmentandpolishingmay be required.
For furtherinformation,seeSection4.1.
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(a)

(b)

Figure 7.1: Cavities. (a) A container object, and (b) Filling process.

7.3 Theorems for coloring faces

In this sectionwe show how to color the facesof � suchthat faceswith thesamecolor
mustappearin thesamepartof a two-partmould.

Thisalgorithmis basedontwo geometricobservations:Everypolyhedronfacebelongsto
oneof thetwo mouldpartsof any cast,andthetwo polyhedronfacesincidentto a reflex
edgemustbelongto thesamemouldpartof any cast.

Lemma 33 Theboundingfacesof a cavityof ���p� σk � for anyσk mustbelongto thesame
mouldpart of anycast.

Proof: Givenacavity
�

of ���p� σk � , theboundaryof cl � � � canbedividedinto two parts:
onesharedwith � andonenot sharedwith � . We call thepartnot sharedwith � the lid
of
�

. It sufficesto prove thatno two pointsat theboundarybetween� anda cavity can
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beremovedin oppositedirections.

Assumethat two distinct points on the boundingfacesof
�

are removed in opposite
directions.Insidethecavity the two castpartsmeetalonga commonboundarysurface.
Thenany line 0 throughthe interior of the surfaceandparallelto the removal direction
doesnot intersect� . Sincethereflex-freehull of � doesnotcontaintheintersectionpoint
between0 andthesurface,� k is notasubsetof thereflex-freehull of � , whichcontradicts
Theorem14.

We needa few definitionsin order to describeour algorithm. Let ! be the sphereof
directions. Given a face f , we denoteby cone� f � the setof directionson ! that have
positive projectionon the normalof f . Note that if we translatef suchthat f passes
throughthecenterof ! , thencone� f � is anopenhemispheredefinedby a planethrough
f . Symmetrically, we definecone� f � to be thesetof directionson ! thathave negative
projectiononthenormalof f . Wedenotethedoubleconecone� f �L� cone� f � bydcone� f � .
We generalizethe notationto reflex edges.Given a reflex edgee with incidentfacesf
andg, definecone� e�{� cone� f �C1 cone� g� , cone� e��� cone� f �;1 cone� g� , anddcone� e�{�
cone� e��� cone� e� . Notethatcone� e� is thesetof removal directionsfor f andg. (Recall
that f andg mustbelongto thesamemouldpartby assumption.)

Our algorithmworks by assigninga color anda positive or negative sign to eachface.
Facesof thesamecolor (regardlessof thesign)form a color group. Givena color group
G, we defineits coneof directions, cone� G� , to be the commonintersectionof cone� f �
for all positive faces f 4 G and cone� g� for all negative facesg 4 G. Symmetrically,
cone� G� is thesetof directionsoppositeto thosein cone� G� . Thedoubleconedcone� G�
is cone� G��� cone� G� .
Thealgorithmconsistsof two phases.Initially, eachfaceis assignedapositivesignanda
distinctcolor, andthereforeformsacolorgroupby itself. In thefirst phase,werepeatedly
recolortwo groupsG1 andG2 of facesby onecommoncolor if G1 andG2 meetalong
somereflex edge. In thesecondphase,we repeatedlyrecolortwo groupsG1 andG2 of
facesby onecommoncolor if dcone� G1 ��1 dcone� G2 � consistsof exactly two connected
components.We mayalsoupdatethesignsof facesin G1 � G2 andtherearetwo cases:
(1) cone� G1 �;1 cone� G2 � 6�Vr andcone� G1 �C1 cone� G2 �{�Vr , (2) cone� G1 �C1 cone� G2 ���5r
andcone� G1 ��1 cone� G2 � 6�xr . In case(1), we preserve thesignsof all facesin G1 � G2.
In case(2), weflip thesignof eachfacein G2.

Lemma 34 For anycolor groupG, all positivefacesin G mustberemovedin a common
directionin cone� G� , andall negativefacesin G in a commondirectionin cone� G� , with
respectto anymould.

Proof: Weprovethisby induction.In thefirst phase,two facesf andg incidentto areflex
edgemustberemovedin thesamedirectionby our assumptionthatno faceis parallelto
a castingdirection.In thesecondphase,supposewedecideto combinetwo color groups
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G1 andG2. By inductionassumption,all positive (resp. negative) facesin G1 mustbe
removed in a commondirectionin cone� G1 � (resp. cone� G1 � ) with respectto any cast,
andthesameholdsfor G2.

Supposethatcone� G1 �h1 cone� G2 �^�Vr . Thenpositivefacesin G1 cannotberemovedin a
directionin cone� G2 � andviceversa.Thus,positive facesin G1 � G2 mustberemovedin
acommondirectionwith respectto any cast,andthis setof commondirectionsis clearly
cone� G1 ��1 cone� G2 � . A symmetricstatementholds for negative facesin G1 � G2 and
cone� G1 ��1 cone� G2 � .
Supposethatcone� G1 ��1 cone� G2 �g�9r . Thenpositive facesin G1 cannotberemovedin
a directionin cone� G2 � andvice versa.Thus,positive facesin G1 andnegative facesin
G2 mustberemovedin acommondirectionin cone� G1 �h1 cone� G2 � . Sincesignsof faces
in G2 areflipped in merging, the lemmais satisfied. A symmetricstatementholds for
negative facesin G1 andpositive facesin G2.

Lemma 35 Let � be a castablepolyhedron. Let f and g be two boundingfacesof a
cavityof ���p� σk � for someσk. Supposethat f andg belongto two differentcolor groups
G1 andG2 at somepoint during thecoloring algorithm. If f andg haveidenticalsigns,
thencone� G1 ��1 cone� G2 � is nonempty. Otherwise, cone� G1 ��1 cone� G2 � is nonempty.

Proof: Let � be a two-partmould for � . By Lemma33, f andg belongto the same
partof � . If f andg have identicalsign,thenLemma34 impliesthatfacesin G1 � G2 of
the samesign belongto the samepart of � . Thus,the removal directionof the positive
facesin G1 � G2 belongsto cone� G1 ��1 cone� G2 � whichmustthenbenonempty. If f and
g have oppositesigns,thenLemma34 implies thatpositive (resp.negative) facesin G1

andnegative (resp.positive) facesin G2 belongto thesamepartof � . Thus,theremoval
directionof positivefacesin G1 andnegative facesin G2 belongsto cone� G1 �;1 cone� G2 �
whichmustthennonempty.

We will prove that the boundingfacesof a cavity of ���p� σk � for any k will receive the
samecolor. Theproof is by inductionon k. Sincea face f will residein differentcolor
groupsG duringthecoloringalgorithm,thesetof removal directionsfor f changesasG
changes.For easeof exposition,we disregard the groupthat f belongsto. Instead,we
saythatdifferentconesof directionsD areassociatedwith f atdifferenttimesduringthe
coloringalgorithm.

Furthermore,in makingtheinductive argument,we needto work with plane-cavity with
respectto a nearlyreflex vertex insteadof a reflex vertex. Recallthatv is a nearlyreflex
vertex if v is neitherreflex norflat, andall facesincidentto v lie within aclosedhalfspace
whoseboundingplanepassesthroughv andlies locally inside � at v.

Definethestar of avertex v, St� v� , to betheunionof v andtheinteriorof facesandedges
incidentto v. WeuseSt� v� to denotetheclosureof St� v� . Thelink of v, denotedby Lk � v� ,
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v

St � v�

πv� d � v� πv� d � St � v�A�

Figure 7.2: The closure, St� v� , of the star of a reflex vertex v and the spherical polygon
πv� d � St� v�A� on the sphere, where d is the upward vertial direction.

is definedto be St� v�:� St� v� . Let v be a reflex or nearly reflex vertex. Let d be any
feasiblecastingdirectionfrom which v is visible. Note that all facesincidenton v are
visible from directiond. Putv at thecenterof the sphereof direction. First, we stretch
St� v� radially away from v so that thestretchedlink of v lies on thesphere.This yields
a polygonwith curved boundaryinsidethe sphere.Second,we projectv in directiond
ontothesphere.Weuseπv� d to denotethecompositemappingfrom St� v� to thespherical
polygonon thesphere.Notethatπv� d � v� is in thekernelof πv� d � St� v�A� . Thus,πv� d � St� v�A�
canbetriangulatedinto sphericaltrianglesby drawing greatcirculararcsfrom πv� d � v� to
verticesof πv� d � St� v�A� . Clearly, πv� d mapsthe circular arcsincident to πv� d � v� to edges
incidentto v, andthesphericaltrianglesto triangles.Also, theangleatavertex πv� d � x� of
πv� d � St� v�A� is exactly theexterior dihedralangleat theedgevx.

Lemma 36 Let v bea reflex or nearlyreflex vertex. Let vaandvbbetwo reflex edgesin-
cidentto v. LetDva v cone� va� andDvb v cone� vb� betwoconesof directionsassociated
with thetwo facesincidentto vaandvb,respectively. If cone� va� andcone� vb� lie on the
samesideof a greatcircle throughπv� d � a� andπv� d � b� , thenDva 1 Dvb is empty.

Proof: Figure 7.3 illustratesthe situation. It follows from the fact that cone� vx� and
cone� vx� for any reflex edgevx lie on oppositesidesof any greatcircle that doesnot
intersectcone� vx� (suchagreatcirclemustpassthroughπv� d � x� ).
Lemma 37 Letv bea reflex or nearlyreflex vertex. Letd bea feasibleremoval direction
fromwhich v is visible. Let va, vb, andvx bethreereflex edgessuch that πv� d � vx� lies in
thesmalleranglebetweenπv� d � va� andπv� d � vb� . Supposethatcone� vα � doesnotcontain
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πv̈ d © aª πv̈ d © bª πv̈ d © aª πv̈ d © bª

Figure 7.3: The bold curves are parts of great circles. The left picture shows the case
where vaand vbare incident to the same face. The right picture shows the case where they
are not. The area of darker shade represents cone� va� and cone� vb� . The area of lighter
shade represents cone� va� and cone� vb� . Since cone� va� and cone� vb� lie opposite sides
of the great circle, they cannot intersect. The same is true for cone� va� and cone� vb� .

πv� d � a� πv� d � b�
πv� d � x �

Figure 7.4: The dotted curves are great circles through πv� d � a� and πv� d � x� , and πv� d � b�
and πv� d � x � .
πv� d � β � for all α � β 4&X a � b � x [ . ThenD 1 Dx is empty, whereD v cone� va�h1 cone� vb� is a
commonconeof directionsassociatedwith thefacesincidentto va andvb,andDx is the
coneof directionsassociatedwith thefacesincidentto vx.

Proof: Sinceπv� d � v� lies in thekernelof πv� d � St� v�H� , cone� vx� andcone� va� cannotlie on
oppositesidesof thegreatcirclethroughπv� d � a� andπv� d � x � . Thesameholdsfor cone� vx�
andcone� vb� . If cone� vx� andcone� va� lies on thesamesideof thegreatcircle through
πv� d � a� andπv� d � x � , thenLemma36impliesthatD 1 Dx is empty. Weobtainthesamecon-
clusionif cone� vx� andcone� vb� lies on thesamesideof thegreatcircle throughπv� d � b�
and πv� d � x� . The remainingpossibility is that cone� vx� containscone� va�^1 cone� vb�
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which is a supersetof D. SeeFigure7.4. Thus,D cannotintersectcone� vx� which is
asupersetof Dx.

We arereadyto prove that the boundingfacesof a cavity of ���p� σk � for any σk receive
the samecolor and sign. We will restrict σk to simplify the analysiswithout loss of
generality. Specifically, we wantto refineσk to a sequenceof specialplane-cavities such
thatthefilling of eachspecialplane-cavity correspondsto sweepingaplanefrom areflex
or nearlyreflex vertex until a vertex in thecavity is encountered.Givenσk, wecanrefine
it asfollows: Whenwe fill theplane-cavity σk � σk } 1 of � k } 1 to produce� k, theplane-
cavity canbedecomposedinto severalsteps.Take theplaneHk definingtheplane-cavity
σk � σk } 1. SweepHk towardsthe interior of σk � σk } 1 until it hits a vertex w of the
plane-cavity. Recordthe volumesweptover asonespecialplane-cavity. Continuethe
sweepingto the next vertex in the planecavity anddefineanotherspecialplane-cavity.
During the sweeping,we may needto split at the vertex encountered.In this case,we
continuethesweepingof thedifferentpartsindependently. Figure7.5showsanexample.
Werepeattheabovesweepinguntil novertex in σk � σk } 1 remains.Now, wecanthink of
thegrowing of � k } 1 to � k asfilling thespecialplane-cavities obtainedin reverseorder.

u

w

v

specialplane-cavities

Figure 7.5: The topmost patch of lightest shade bounds a plane-cavity. This plane-cavity
can be refined into a sequence of three special plane-cavities. The first two are the volume
swept from u and v to w respectively. The third is the volume swept from the nearly reflex
vertex w.

Theorem15 Let � bea castablepolyhedron. Theboundingfacesof a cavityof ���p� σk � ,
for anysequenceσk of specialplane-cavities,receivethesamecolor andsign.

Proof: We prove this by inductionon k. Thebasisstepinvolvessweepinga planefrom
a reflex vertex v of � until a new vertex in thecavity is encountered.We show that the
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facesincidentto v (i.e., facessweptover) will receive thesamecolor andsign. Let d be
a feasibleremoval directionfrom which v is visible. Without lossof generality, we can
assumethateachface f is assignedapositivesignif cone� f � containsd.

Eachextremevertex of thesphericalconvex hull of πv� d � St� v�H� is πv� d � x� for somereflex
edgevx. Considertwo neighbouringextremeverticesπv� d � a� andπv� d � b� . Let Dva and
Dvb be the conesof directionsfor the color groupscontainingthe facesincident to va
andvb, respectively. By Lemma35,Dva 1 Dvb is nonempty. By Lemma36,Dva 1 Dvb is
empty. Thus,thetwo color groupscontainingthefacesincidentto va andvb areeligible
for merging. By applyingthisargumentto everypairof neighbouringextremeverticesof
theconvex hull, we concludethat thefacesincidentto vx for all extremeverticesπv� d � x �
will receive thesamecolor.

Next, we arguethat the facesthatareincidentto reflex edgesbetweenneighbouringex-
tremeverticesπv� d � a� andπv� d � b� will alsoreceive thesamecolor. Theportionof Lk � v�
betweenva andvb projectsto a bayof πv� d � St� v�A� . Let D bethecommonconeof direc-
tionsassociatedwith thefacesincidentto vaandvb.

First, pick out all reflex edgesvx betweenva andvb suchthatcone� vx� doesnot contain
πv� d � a� andπv� d � b� , andneithercone� va� nor cone� vb� containsπv� d � x � . By Lemma37,
D 1 Dx is emptywhereDx is theconeof directionsassociatedwith the facesincidentto
vx. By Lemma35, D 1 Dx is nonempty. Thus, the coloring algorithmwill eventually
assignthesamecolor for facesincidentto va, vb, andall suchreflex edgesvx.

Therearefour kindsof remainingreflex edgesunaccountedfor. Thefirst two kinds in-
clude reflex edgesvx suchthat πv� d � x � lies outsidecone� va�{� cone� vb� , and cone� vx�
containseitherπv� d � a� or πv� d � b� . Theothertwo kinds includereflex edgesvx suchthat
πv� d � x� lies insidecone� va��� cone� vb� .

π (a)v,d π ( )v,d b

π (v,d x)

π (v,d x )1

π (v,d x )2

Figure 7.6: cone� vxk � does not contain πv� d � b�
Supposethatπv� d � x � liesoutsidecone� va�C� cone� vb� andcone� vx� containsπv� d � b� . Then
examinethereflex edgevx1 aftervx. Notethatπv� d � x1 � lies outsidecone� va��� cone� vb� ,
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andcone� vx1 � doesnotcontainπv� d � a� . If cone� vx1 � alsocontainsπv� d � b� , thenweexam-
ine thenext reflex edgevx2 andsoon. Thus,we obtaina sequencevx� vx1 �A�A�A�C� vxk such
thatcone� vxk � doesnot containπv� d � b� in its interior asin Figure7.6. Sothe facesinci-
dentto vxk arein thesamegroupfor vaandvb. By construction,Lemma37 is applicable
to va, vxk } 1, andvxk. Thus,togetherwith Lemma35,weconcludethatthefacesincident
to vxk } 1 will receive thesamecolorasthoseincidentto va. Now, repeattheargumentfor
va, vxk } 2, andvxk } 1, andsoon. Eventually, the facesincidentto vx� vx1 �A�A�A�C� vxk } 1 will
receivethesamecolorasthoseincidentto vaandvb. Similarargumentworksfor thecase
whereπv� d � x� lies outsidecone� va��� cone� vb� andcone� vx� containsπv� d � a� . This takes
careof thefirst two kindsof remainingreflex edges.

Take a successive pair of reflex edgesvy1 andvy2 that we have alreadyput in the same
groupfor va andvb. Note that cone� vy1 � doesnot containπv� d � y2 � andcone� vy2 � does
not containπv� d � y1 � . We canapplythepreviousreasoningto color facesincidentto each
reflex edgevx betweenvy1 andvy2 suchthat πv� d � x� lies outsidecone� vy1 �`� cone� vy2 � .
By repeatingthis overall argument,we will assignthe samecolor to facesincident to
reflex edgesbetweenvaandvbasthoseincidentto vaandvb.

Now, all theedgesbetweena successive pair of reflex edgesvx andvy areconvex. Thus,
if f is a faceincidentto sucha convex edge,thencone� f � containscone� vx��1 cone� vy�
andhencecone� f � containsthe commonconeof directions,sayD, for all reflex edges
betweenva andvb. Thus,D 1 cone� f � is empty. SeeFigure7.7. So if D f is the cone
of directionsassociatedwith f , D 1 D f is alsoemptyasD f v cone� f � . By Lemma35,
D 1 D f is nonemptyandso f will alsoreceive thesamecolor asthosefacesincidentto
vaandvb.

(cone )f

π (v,d

π (v,d

)

)y

x

Figure 7.7: The bold polygonal chain is the projection of the link of v between vx and vy.

Theabove establishesthe basiscaseof the induction. To proceedto the inductionstep,
weneedto associateconesof directionsto thenew facesintroducedafterfilling aspecial
plane-cavity from a reflex or nearly reflex vertex v. Thesenew facesare not original
polyhedronfacesandwe call themartificial faces.Let D bethe intersectionof conesof
directionsassociatedwith (artificial or original) facesincidentto v. We make D thecone
of directionsfor all artificial facesintroducedafterfilling this specialplane-cavity. Then
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in the inductionstep,we will sweepa planefrom a nearlyreflex vertex w to fill another
specialplane-cavity. We canusethe sameargumentfor the basiscaseto show that the
conesof directionsassociatedwith the(artificial or original) facesincidentto w satisfythe
conditionsfor receiving thesamecolor. Sincetheconesof directionsfor artificial faces
arederivedinductively from intersectionof conesof directionsfor original facessweptin
thepast,we concludethat theoriginal facesincidentto w will receive thesamecolor as
otheroriginal facessweptin thepast.

7.4 An implementation for coloring faces

Thefirst phaseof thealgorithmmergescolor groupsat reflex edges.This canbeeasily
donein O � n� time by traversingtheboundaryof � .

In phase2, wemergegroupsG1 andG2 wheneverdcone� G1 �;1 dcone� G2 � consistsof ex-
actly two connectedcomponents.Therearetwo cases:(1) cone� G1 ��1 cone� G2 � 6�br and
cone� G1 ��1 cone� G2 �M�¦r , (2) cone� G1 ��1 cone� G2 �=�Rr andcone� G1 ��1 cone� G2 � 6�¦r .
Recall that the coneof a group is the intersectionof conesfor eachfacein the group.
In case(1), the conditioncould alsobe statedthat thereexists a directionwith positive
projectionon all facenormalsin G1 andG2, andthereis no directionwith positive pro-
jectionon thenormalsin G1 thathasnegativeprojectionon thenormalsin G2. Similarly,
the condition in case(2) could alsobe statedthat thereexists a directionwith positive
projectionon the normalsin G1 that hasnegative projectionon the normalsin G2, and
thereis no directionwith positiveprojectionon all facenormalsin G1 andG2.

To identify a mergeablepair, we build thearrangementof conesandtheir complements
by building anarrangementof then greatcirclesthatcontributeto thecurrentsetof cones
andtheir complements.Two sphericalconvex polygonsA andB representingconeshave
oneof four relationships:eithertheir boundariesintersect,A is insideB, B is insideA,
or they aredisjoint. For a given coneA, all boundaryintersectionscanbe detectedby
walking theboundaryof A in thearrangement.All conesincludingA canbefoundwhile
building the arrangementby determiningwhich conesincludeany chosenvertex of the
boundaryof A. Onceall conesincludingconesareknown, thenthereverserelationship
is alsoknown, andthedisjoint pairsarethosethat remain. If therearepairsthatcanbe
merged,at leastonepair will be identifiedafterO � n2 � steps.Givena mergeablepair, it
is not difficult to mergethemin time O � n2 � . Thus,in O � n3 � time we cancolor all faces.
Sincemuchof theabove computationcanbereusedin subsequentsteps,we suspectthat
this canbeimproved.

Theorem16 Givena castablepolyhedron � of sizen, the coloring algorithm assigns
color and signsto facesof � in O � n3 � time so that facesof the samecolor and sign
belongto samemouldpart. Moreover, boundaryfacesof a cavity of ���p� σk � , for any
sequenceσk of plane-cavities,receivethesamecolor andsign.
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Uponcompletion,the coloring algorithmwill returnseveraldoubleconesof directions,
andany feasiblepairof oppositeremoval directionsbelongsto suchadoublecone.After-
wards,aneminentlypracticalapproachto identify afeasibleremoval directionis to select
a randomsampleof directionsfrom eachconeandtest the feasibility of theseselected
directionsusingtheO � nlogn� -time algorithmof Chapter3

7.5 Fur ther applications to casting

Objectsto be manufacturedmay alsobe non-castable.For example,a cubewith a de-
pressionon eachfaceis not castableusingtwo mould parts. Sucha problemis usually
resolvedby usingside-cores. A side-coreis anadditionalpart.For theexampleof acube
with adepressiononeachface,wecanintroducefour side-coresto occupy thedepression
on eachvertical face.Thetwo mainmouldpartsarein contactwith therestof thecube.
During objectejection,the four side-coresare removed first, and the two main mould
partscanthenberemovedwithoutblockage.

Thereis an alternative way to defineplane-cavities that facilitatesthe handlingof side-
cores. Sweepa planefrom a reflex vertex of � until a saddlevertex (with respectto
the sweepingdirection) is encountered.We call the volume swepta restrictedplane-
cavityof � . Considertheunionof restrictedplane-cavities of � . Our techniquescanbe
carriedover to show thatboundingfacesof a connectedcomponentin theunionmustbe
removedin thesamedirection.Furthermore,our coloringalgorithmwill assignthesame
color andsign to suchboundingfaces.It is naturalto assertthatboundingfacesof one
suchconnectedcomponentshouldbeoccupiedby aside-coreor amainmouldpart.Thus,
this helpsusto identify whereto useside-coresaswell astheir retractiondirections.
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