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CHAPTER 1

Casting and
computer -aided design
systems

Manufacturing [31] is the processof converting raw materials(suchasiron, glassor
polymer)into usefulproducts rangingfrom goodssuchaskettlesandtelephoneso ma-
chinery suchasrailway locomotives and aircrafts. Computeraideddesign(CAD) and
computeraidedmanugcturing (CAM) have automatedhesemanuficturingprocesses,
bothin thedesignphaseandthe constructiorphase Dueto thegeometricnatureof man-
ufacturingprocessesnary geometrigoroblemsarisein theautomatiorof manugcturing.
Computationagjeometryarisesatall levelsof manufcturing,from designmodelingand
simulationto procesglanning,on-line verificationandtesting. The suney by Boseand
Toussain11, 14] givesan overview of geometricproblemsandalgorithmsrelevant to
manufcturing.

In this thesiswe studysomegeometricaspect®f the castingprocessa commonlyused
manufcturingprocesdor plasticandmetalobjects,andgive algorithmsto solve several
geometricproblemsarising in casting. This introductionprovidesthe necessanpack-
ground,overview, anddefinitionsto appreciatehefollowing chaptersf this thesis.

Sectionl.1 givesa brief introductionto manufcturing,andintroducesseveral processes
in themanufcturingindustry We briefly introducecasting,stereolithograpph andextru-
sion.

Sectionl.2introduceghecastingprocessWe introducesandcasting injectionmoulding
anddie casting.Theadequat@rocesss choserdependingnfactorssuchasthematerial,
thefeedingsystenfor the material requiredquality standardswhetherthe objectwill be



mass-produce@ndsoon.

Sectionl.3shavshow computerdiave becomeanessentiatlemenin themanufcturing
processfrom primitive systemdor 2-dimensionalraving anddrafting (the Sketchpad
systemof the early 1960s)to the currentsophisticatedgystemdor 3-dimensionamodel-
ing andsimulation.

Sectionl.4 introducesgeometricaspect®f the castingprocess.The fundamentafjues-
tion arisingduringthe designof anobjectis whetherthe objectcanactuallybe manufc-
turedusingacastingprocessWe focusonageometridecisionatthebasisof theproblem
anddefinethe problemwe addressn this thesis.We alsobriefly introducefeaturesof an
objectthatfacilitatethe geometricdecisionprocess.

Sectionsl.5—1.9provide an overview on the five geometryproblemsthat are studiedin
Chapters3—7. We give definitionsof problemsandsummarizeour results.

1.1 Manufacturing processes

Manufacturingindustrieshave beenconsideredone of the competitive technologiesn
today's economy Eventhoughthe word manufactue itself comesfrom the Latin words
manusandfacere meaning‘to make by hand; mostproductstoday are mass-produced
with the helpof machines.

Therearemary differentproductionprocesse$or constructingobjectsin the manufc-
turing industry including gravity casting,injection moulding[15, 21, 45], layeredman-
ufacturing(as,for instancestereolithograpi [9]), materialremoval via corventional(or
chemicalor electrical)machining[25], deformation(forging, rolling, extrusion, bend-
ing), composition(asin compositematerials sinteredceramicsandthelike), andspray
deposition.

The castingprocesss usedextensvely to mass-produce wide variety of products. In
theprocessliquid is fedinto a cast(mould) thathasa cavity with the shapeof the object
to be manufctured. After the liquid hashardenedthe castpartsareremoved from the
object. Dependingon the materialandthe feedingsystemfor the moltenmaterial(either
usinggravity or by force),differentcastingmethodsareused.More detailsarediscussed
in Sectionl.2.

Stereolithograpi [9] is a layerdepositiormanufcturingprocesaisinga vesselof photo
sensitve liquid plastic,atablecontrolledby acomputerandalaser(seeFigurel.1). The
laserlies above the vesselandshineson the surfaceof theliquid plastic. At thefirst step
thetablein the vesselis just below the surfaceof plastic. The lasermoveshorizontally
solidifying this layer of plastic. This is the bottom-mostayer of the object. At the next
stepthetableis loweredallittle bit sothatliquid coversthe hardenedayer, andthelaser
thendraws the next layer. This processs repeatedor subsequentyersuntil the entire
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Figure 1.1: Stereolithography
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Figure 1.2: Extrusion

Theextrusionprocesss awidely spreadnanugcturingtechnologyto producepartsused
mainly in the constructionindustry(suchasPVC window profiles, pipesandtubes),au-
tomotive applications(suchasrubbersealsand gas conducts) biomedicalapplications
(suchasmedicaltubings),etc. The materialis softenedby heatprior to extrusion. The
heatedmaterialis placedinto an extrusion press,wherea powerful hydraulicramor a
rotatingscrev forcesthe softenedmaterialthrougha precisionopening ,knovn asadie,
to producethe desiredshape(SeeFigure 1.2). Bakers,for example,usea collection of



shapedozzleso decoratecakeswith fang/ bandsof icing. They areproducingextruded
shapes.As suggestedby thesenozzles the shapeof the extrusionis determinecby the
shapeof theopening(die).

1.2 The casting process

The castingprocesshasbeenwidely usedfor a long time to make householdutensils,
kitchenware ,worksof art, etc. For example thebronzestatueof Zeusshovn in Figurel.3
was madeusingthe castingprocessn 470 BC. Figure 1.4 shavs the processn which

Figure 1.3: Zeus throwing lightnings, Bronze, ca. 470 BC

this statuewasmadeby hand: A sculptorcaned a prototypeof the statuein wax. The
prototypewascoveredby clay, leaving apin gate. To make a cavity insidetheclay mould,
thewax prototypewasmoltenandpassedway throughthe pin gate. Molten bronzewas
pouredinto the cavity with the shapeof Zeususinggravity asin Figurel.4(c). After the
bronzehadhardenedhe clay mouldwasbroken. As shovn in Figure 1.4, the castitself
is brokenatthe endof the processandto make anotherduplicateonehadto restartfrom
thebeginning,makinga new cast.

Today the prevailing modeof productionis called“massproduction”: onewantsto reuse
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Figure 1.4: The casting process of old days: making a bronze statue of the Zeus: (a) pro-
totype in wax, (b) the prototype is completely covered by clay, after which wax melts and
comes out of the clay cover leaving cavity, (c) molten bronze is poured into the cavity,
(d) the outer clay cover is broken to get the bronze statue.

thecastmary timesto producedenticalobjects.

The industrial castingprocessconsistsof two stages.First, liquid is filled into a cavity

formedby two castparts. After the liquid hashardenedpnecastpartretracts,carrying
the objectwith it. Afterwards,the objectis ejectedfrom the retractedcastpart (seeFig-

ure 1.5). In bothretractionandejectionstepsthe castpartsandthe objectshouldnot be

damagedsothatthe quality of final objectis guaranteedndthe castpartscanbereused
to produceanotherobject.

Dependingon the materials(iron, aluminum,polymer, zinc, etc.) beingused,the mass
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Figure 1.5: The casting process in the real world

producibility of moulds,andthe feedingsystemg(gravity or pressure)thereare mary
differentmethodgor the process.

Mostcastingof metals especiallyargeones aremadein sandmoulds In sandcastinga
prototypeof theobjectis first obtained afterwhich the prototypeis dividedinto two parts
alongaplane(calleda parting plang. Sand,mixedwith a binderto hold it togetheyis

pressediroundtheprototype.Thesandmouldis dividedinto two alongthepartingplane,
andthe prototypeis removed from the mould leaving a cavity in the sandmould. Then
two sandmould partsareplacedtogetheralongthe partingplane(SeeFigurel.6(c)). To

build anobject, liquid metalis pouredinto the cavity throughthe pin gateusinggravity.

After themetalhassolidified,the sandmouldis usuallybrokenandleavesthe object.

Injection mouldingis a methodof castingwhereplasticis forcedinto a mould cavity

underpressureThe cavity is filled with plastic,andthe plasticchangegphaseto a solid,

resultingin anobject. Becaus®f thehigh pressuresmvolved,themouldmustbeclamped
shutduringinjectionandcooling.

Large numbersof small, precisemetal partsthathave a low melting point, suchaszinc,
aremadeby die castingusingpermanensteelmoulds. Die castingis accomplishedy
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Figure 1.6: The process of sand casting. (a) the object to be cast, (b) prototype leaves a
cavity, (c) the cross-section of a typical two-part sand mould

forcing molten metal alloy into a steelmould underhigh pressure.The heatfrom the
molten metalflows by conductioninto the steelmould, which causeghe moltenmetal
to solidify. The processs oftendescribedas“the shortestistancebetweerraw material
andfinishedproduct! Unlike sandcasting,die castingis usedfor mass-producingiigh
quality objects,suchashandlespraclets,camerabodiesandtelephonegparts,with high
speed.

1.3 Automated computer -aided design systems

Computeraidedmanufcturingautomatesnanuficturingprocesseby letting computers
communicatdnstructionsdirectly to the manugcturingmachinery A single computer
cancontrolbanksof roboticmilling machineslathesweldingmachinesandothertools,
moving the productfrom machineto machineaseachstepin the manugcturingprocess
is completed.



Figure 1.7: A die for die-casting.

Thefirst phaseof manufcturingprocessess thedesignof aproduct.Computeraidedde-
sign(CAD) is aform of automatiorthathelpsdesignergpreparedravings,specifications,
partslists, and otherdesign-relate@lementsusing specialgraphicsand calculationsin-
tensive computemprograms Computeraideddesignsystemdave considerablysimplified
industrialdesign thefirst phasdn thelife of anew product.

Modeling. The first CAD systemwasthe Sletchpad system[51], developedby Ivan
Sutherlandn theearly1960s.AlthoughCAD system®riginally automate@-dimensional
drawing anddrafting, they now usuallyinclude 3-dimensionamodelingand computer
simulatedoperationof the object. The history of modelingsin CAD systemscan be
summarizeasfollows:

o 2-dimensionaprojections Entities (line, circle, arc andtext) are projectedon 2-
dimensionaplanes.Several2-dimensionaViews represena 3-dimensionabbject.
Whenyou modify oneof thesedravings, you alsoneedto changethe othersman-
ually.

¢ wire-frame Thefirst modelingin 3-dimensionabpace Edgesaredefinedby lines
or arcsconnectingpointsin 3-dimensionakpace.This is the easiesandsimplest
way of representing 3-dimensionamodel,but modelsneedto besimpleandclear
A 2-dimensionaliew of anobjectcaneasilybe displayed.

e surfacemodeling Surfacesnterpolateedgesf wire-frames.Curvedsurfacescan
berepresentedith shading.Surfacemodelingis widely usedwherethe quality of
surfacesis important,for example,for the surfacesof the externalbodiesof cars
andplanes. It is impossibleto extract physical propertiesof models. Figure 1.8
shavs anexampleof surfacemodeling:anoilpump.

¢ solid modeling A solid is a volumeenclosedyy surfacesthatarerepresente@s
a quilt of vertices,edges,andfaces. The major representationsf solidsinclude

10



constructve solid geometryboundaryrepresentationgndspatialsubdvision rep-
resentationsall of which supportthe unambiguousalgorithmicdeterminationof
point membership:given ary point p = (x,Y,2), theremustbe an algorithmthat
determinesvhetherthe pointis inside,outside or onthe surfaceof thesolid. Solid
modelingmaintainsadditionalinformationon the interior andthe exterior of the
volume.

Solidmodelingisin transition.As Hoffmann[27] writes,classicallesignparadigms
that concentratedn obtaining one specificfinal shapeare being supplantecby
feature-basedionstraint-basedesignparadigmghatareorientedmoretowardthe
designprocessanddefineclasse®f shapenstancesOneof thesenew paradigms
is parametricsolid modelingwhich is a key technologyto defineand manipulate
solid modelsthroughhigh-level, parameterizedteps. A parametricsolid canbe
definedasa solid whoseactualshapes a functionof a givensetof parameterand
constraints.The shapedesignercandefineentirefamilies of shapesnot just spe-
cific instancesHoffmanns suney [28, 27] providesanexcellentoverview of solid
modelingandparametrianodeling.
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Figure 1.8: 3-dimensional surface modeling.
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Thereare plenty of commercialCAD packagessuchas AutoCADO?!, UniGraphic$1?,
SolidWbrks3, Helix DesignSystenil*, SOLIDCAMO® andI-DEASC®, and mostof
them provide integratedfeaturesfor surface modelingand solid modeling. Nowadays
thesepackagesave featurego publishCAD drawingsto the Weh

Verification and Simulation. Onceanobjecthasbeendesignedit hasto be manufc-
turedusingtheintendedechnique As BoseandToussain{11, 14] write, it is desirablgo
designthe objectin suchaway thatmanufcturingcanbe performedeasilyandcheaply
A fundamentabjuestionarisesconcerningevery type of manufcturingprocess Given
anobject,canit be constructedisinga particularprocess?

The geometryof the object,coupledwith therestrictionamposedby the particularman-
ufacturingprocessunderconsiderationplaysa vital role in determiningthe answerto
thequestion.To answerthe questioncomputeraideddesignsystemsnustbeaugmented
with a componenthatverifieson-line whetheran objectbeingdesignedctanactuallybe
manufcturedusingtheintendedechniquesong beforethefabricationof costly physical
models.Algorithmsin suchverificationsystemaeedto deducethe feasibility of manu-
facturingtechniquegpurely on the basisof a CAD modelof the object. Not only should
they answerwhetherproductionis feasible,they canprovide moreinformationsuchas
a list of possibleorientationsof the objectthat canbuild the objectin the techniquea
list of possiblesequencesf movementgor manugcturingparts,anda simulationof the
building process.In casethe objectis not feasible,they shouldpoint out whatis wrong
with the object.

Suchalgorithmshave beenproposedor a numberof manugcturingprocessessuchas
injectionmoulding[15, 21, 45], NC-machining[25], andstereolithograpi[10].

The importanceof theseverification componentss quite evident. For example,when
designingan objectto be built usinga certaintechnigue an engineercancheckon-line
whetherthe objectcanbe built or not. By employing suchcomponentsgcomputeraided
designsystemdelpdesignersninimize scrapsreducedesigntime andeliminatewasted
or redundanbperations Thesesystemsenableengineerso considerablyeduceproduct-
developmentcostsandgreatlyshorternthe designcycle.

1.4 Geometric aspects of the casting process

We now concentrat®n the castingprocess As discussedn the previous section,indus-
trial computeraideddesignsystemscould aid a partdesigneiin verifying alreadyduring

1AutoCADD is atrademarkof Autodeskht t p: / / waw. aut odesk. com

2UniGraphic§] is atrademarkof UGS, ht t p: / / www. ugs. com

3SolidWorks is atrademarlof SolidWorks Corporationht t p: / / www. sol i dwor ks. com
4Helix DesignSystent] is atrademarlof Microcadaminc., ht t p: / / www. ni cr ocadam com
5SOLIDCAMO is atrademarkof CADTECH, ht t p: / / www. sol i dcam com

6-DEASL is atrademarlof SDRC,ht t p: / / wwv. i - deas. com
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thedesignof anobjectwhetherthe objectin questioncanactuallybe manugcturedusing
a castingprocess.At the basisof this verificationis a geometricdecision:is it possible
to enclosethe objectin amouldthatcanbe split into two parts,suchthatthesecastparts
canberemoved from the objectwithout colliding with the objector eachother? These
geometricproblemscangenerallybe termedsepagbility problemg53]. (We arenotin-

terestedn castingprocessesherethe mould hasto bedestrgedin orderto remove the
object,but only in situationwherethe givenobjectcanbe mass-producely re-usingthe
samecastparts.) The castingprocessmayfail in theremoval of the castparts:if the cast
is not designedoroperly thenone or more of the castpartsmay be stuckduring the re-
moval phaseasin Figure1.9. The problemswe addres$ereconcernthis aspect:Given
a 3-dimensionabbiject,is therea castfor it whosepartscanbe removed afterthe liquid

hassolidified? An objectfor which this is the caseis called castable Notethatthis is

a preliminarydecisionmeantto aid in part design—tophysically createthe mould for a
partoneneeddo take into accounttherfactorssuchasheatflow andhow air canevade
from the cavity.

Figure 1.9: The top part of the cast is stuck.

In Chapter3, 4, and 5, we considerthe castability problemfor threedifferentcasting
models,give completecharacterizationsf castabilityin thosemodels,andobtainalgo-
rithmsto verify theseconditionsfor polyhedralparts.

In manufcturing,featuresof an objectimply manugcturinginformationthat facilitates
the processof analyzingmanufcturability and the automateddesignof a castfor the
object[44, 23]. Informally, featuresarea products genericshape®r characteristicshat
are associatedvith engineeringknowledge aboutthe product[46, 47]. A small hole
or a depressioron the boundaryof an object, for example, restrictsthe setof removal
directionsfor which this objectis castablesincethe portion of the castin the hole or in
thedepressiomustbe removedfrom the objectwithout breakingthe object. Identifying
suchfeaturesnot only facilitatesthe decisionprocesshut alsoreduceshe searchspace
for castablalirections.Featuresanalsomale the automatediesignof castmucheasier
In Chapter6 and 7, we definea geometricfeature,the cavity, which is relatedto the
castabilityof objects,andprovide algorithmsto extractit from objects.

13



Our approachis to extractthe geometricessenc®f the objectwe designedandanswer
the questionbasedon a purely geometricperspectie. Most geometriccomponentsn
commercialCAD packagesene asfront-endprocessorsOnceCAD modelsarecreated,
geometriccomponentsmport geometricdatafrom CAD models filter redundanedges,
repairgeometricandtopologicalirregularities,andgenerataneshes.

1.5 Casting with opposite cast removal

In Chapter3, we considera castingmodelwherethe cast(mould) consistsof two parts
andthesepartsmustberemovedin oppositedirectionswithout damaginghe partsor the
object. This chapteris basedon a paperwith Mark de Berg, ProsenijitBose, Siu-Wing
Cheng,DanHalperin,Jifi Matousek,andOtfried Schwarzkopf [7].

Contraryto the sandcastingmodelstudiedby Boseet al. [12] wherethe partition of the
castinto two partsmustbe doneby a plane thecastis partitionedby a polygonalparting
surface. In this castingmodelall corvex polyhedraare castable. (In the sandcasting
model,evencorvex polyhedraarenot alwayscastable.)

In Section3.2 we considerthe casewherethe orientationof the objectin the castand
theremoval directionJarespeciﬁedin adwance.The problemthenis to decidewhether
the objectis castablen that direction, that is, whetherthe castcan be partitionedinto
two partsthatcanbe removedin directiond and —d, respectiely. We give a necessary
and sufiicient condition underwhich sucha partition exists : the objectis monotonen
the removal directiond. In otherwords,an object Q is castablein directiond if and
only if every line with directiond intersectsthe interior of Q in at mostone connected
component.The classof objectswe allow in this characterizatiofis more generalthan
in previousworks: the objectneednot be polyhedraland may have arbitrarygenus.We
give a simple way to verify the condition for polyhedralobjectsof arbitrary genus: a
necessanandsufficient conditionunderwhich a polyhedronP is monotonen direction
d, andthereforecastablein d is that P hasno reflex silhouetteelementsandits shadev
edgesform a setof non-crossingcurves. Silhouetteelementsare silhouetteedgesin d,
edgesparallelto d, and partsof facetsparallelto d. Shadw edgesarethe projection
of corvex silhouetteelementonto a planewhosenormaldirectionis parallelto d. This
conditionleadsto anO(nlogn) time algorithm,wheren is the combinatorialcomplexity
of thepolyhedronWe alsogive analgorithmthatcomputesa partitioningof the castinto
two removableparts(providedthe polyhedronis castableof course).

In Section3.3 we considerthe casewherethe removal directionis not specifiedin ad-
vance. Herethe problemis to find all combinatoriallydistinct directionsin which the
objectis castabldwe postponeaformal definitionof “distinct directions”to Section3.3).
Oneway of doing this is to generatea large setof sampledirections,andto testeach
directionwith the O(nlogn) algorithm. This is the approachwe take in the experimental
section(Section3.4) andit turnsoutto work well in practice.Sucha samplingapproach

14



is not complete however: it might erroneouslyreportthatthereareno gooddirections.
Hence,in Section3.3 we give an exactalgorithmthat computesall combinatoriallydis-
tinct castingdirectionsin O(n?) time: If we imaginethe directiond changingcontin-
uously thereare eventsthat may influencethe castability of the object. Thesecritical
eventscan be representedby greatcircles and arcsof greatcircles on the unit sphere.
Thesecurvesform anarrangemenof compleity ©(n*) in theworstcase . Thealgorithm
makesuseof the factthatthe differencebetweenwo adjacenffacesin the arrangement
is quite small. It traversesthe arrangementand updatesthe castabilityinformationin
constantiime per edgeinvolved, exceptthat the computationat the startingpoint takes
O(n?logn) time. We alsoshaw thatthereexist polyhedrafor which thereareQ(n*) com-
binatorially distinct castingdirections. This implies that our algorithmis optimalin the
worstcasef we wantto reportall suchdirections.

1.6 Casting with directional uncer tainty

The castingalgorithmsmentionedn the previous sectionassumeperfectcontrol of the
castingmachinery Whena castpartis removed, it is requiredthatthe partmovesexactly
in the specifieddirection. In practice,however, this will rarely be the case. As in all
applicationsof robotics,we have to dealwith imperfectcontrol of the machineryanda
certainlevel of uncertaintyin its movement.Whena facetof the objector of a castpart
is almostparallelto the directionin which the castpartsare beingmoved, thenthe two
touchingsurfacesmay damageeachother whenthe mould is being opened. This can
malke theresultingobjectworthlessor it maywearaway the surfaceof themouldsothat
it cannotbereusedasoften.

In Chapted, we considera castingmodelthatis identicalto themodelwith oppositecast
removal in Chapter3, exceptthat the castmachineryhasa certainlevel of uncertainty
in its directionalmovement: Given a removal directiond for a castpart, the part may
move in a directiond’ suchthat the angle betweentwo directionsis within a certain
level of uncertainty This chapteris basedon a paperwith Otfried CheongandRere van
Oostrum[6].

In Section4.3 we considerthe casewherethe orientationof the object,the removal di-
rectiond, andthe level of directionaluncertaintyanglea arespecifiedin advance. The
problemthenis to decidewhetherthe objectis castablén thatdirectionwith uncertainty
a, thatis, whetherthe castcanbe partitionedinto two partsthatcanberemovedin ary
directiond’ andd”, respectiely, suchthatthe anglesbetweerd andd’, andbetween—d
andd” aresmallerthanor equalto a. We give a necessarandsufiicient conditionunder
which sucha partition exists: the polyhedronis a-monotoneanda-safe We saythata
polyhedronP is a-monoton&n directiond for an anglea if P is monotondn direction
d” for all directionsd” with Z(d,d’) < a. A polyhedrorP is calleda-safein directiond if
noneof thenormalsof its facetsmake anglesB with d'in therangemn/2—a < B < 11/2+a.

15



The castingmodelwe consideris morepracticalthanthemodelsin previousworks,since
mostof theexisting machinernjearsa certainlevel of uncertainty We give a simpleway
to verify the conditionfor polyhedralobjectsof arbitrarygenus Jeadingto an O(nlogn)
time algorithm,wheren is the combinatoriakompleity of the polyhedronWe alsogive
analgorithmthatcomputesa partitioningof the castinto two removableparts.

In Section4.4 we considerthe casewherethe removal directionis not specifiedin ad-
vance.Dependingon whetherthe uncertaintyis specifiedin advanceor not, we consider
two problems.Oneof themis, for givenuncertaintya, to find all combinatoriallydistinct
directionsin which the objectis castablewith directionaluncertaintya. In Section4.4
we give an exact algorithmthat computesall combinatoriallydistinct castingdirections
in time O(n?logn/a?). We alsoconsideran approximatve solution,andgive a heuristic
thatrunsin time O(nlogn) for constanti.

The otherproblemwe consideiis to find thebestremoval directionin which the objectis
castable.In this problemthe bestis qualifiedin the way thatthe directionaluncertainty
is aslarge aspossiblewith which the objectis castable.In Section4.4 we give an exact
algorithm that computesthe bestcastingdirectionsin O(n*) time. If it is known that
P is a-castablefor a certainanglea, we cancomputethe largestfeasibleuncertaintyin
time O(n?logn/a?). We alsogive a heuristicapproacho approximatehelargestfeasible
uncertainty

1.7 Casting with skewed ejection direction

In mostexisting machinerythe retractionandejectiondirectionsareidenticalasin Fig-
ure 1.5. Previous work on this problem has also assumedhis restriction on casting.
Existingtechnologyfor injectionmoulding,however, alreadyhastheflexibility to accom-
modatean ejectiondirectionthatis differentfrom the retractiondirectionof the moving
castpart. Exploiting this possibility allows to castmore parts,or to castpartswith sim-
pler moulds. This is a generalizatiorof the oppositecastingmodelin the sensehatthe
restrictionontheremoval directionsof castpartsareremoved.

In Chapter5, we considera castingmodelwherethe two castpartsareto beremovedin
two givendirectionsandthesedirectionsneednot be opposite.In contrastwith previous
works, the orderingof removal is importantin this castingmodel. This chapteris based
on apaperwith Siu-Wing ChengandOtfried Cheong2].

We giveacompletecharacterizatioof castabilityin this castingnodel,undertheassump-
tion thatthe casthasto consistof two partsthatareto beremovedin two not necessarily
oppositedirections.We alsogive analgorithmto verify this conditionfor polyhedralob-
jects.We do not assumeary specialseparabilityof thetwo castparts,andallow partsof
arbitrarygenus.The runningtime of our algorithmfor determiningthe castabilityof an
objectwith a givenpair of directionsis O(nlogn).
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All the resultsfor oppositecastpartsremoval in [7, 30, 34] rely on the propertythat
an objectis castabldf its boundarysurfaceis completelyvisible from the two opposite
removal directions. This is not true whenthe removal directionsarenon-oppositethere
arepolyhedravhosewholeboundanyis visible from theremoval directionsbut which are
not castablawith respecto thosedirections[7].

For completenessye alsogive an O(n'#logn)-time algorithmfor finding all combinato-
rially distinctfeasiblepairsof removal directions:we considera4-dimensionaparameter
spacdormedby thesetof all pairsof directions,andconstructa setof algebraicsurfaces
which correspondo a numberof critical eventsthat may influencethe castabilityof the
object. ThereareO(n®) surfacesandtheirarrangementiascompleity O(n'?). We testat
mostO(n*?) pairsof directionsusingthealgorithmof time complexity O(nlogn) for de-
terminingthe castability Thoughtherunningtime is polynomial,thealgorithmis clearly
of theoreticainterestonly.

1.8 The refle x-free hull

Computationajeometerdave definedmary classe®f 2-dimensionapolygons but few
classef 3-dimensionapolyhedra.Perhapghe factthat 3-dimensionapolyhedrasup-
portarich classof topologicalstructurein the form of knotsandlinks hasovershadwed
theidentificationof geometricstructure.

A small hole or depressioron the boundaryof an object, for example,restrictsthe set
of directionsfor which this objectis castablesincethe portion of the castin the hole or
thedepressiomustbe removedwithout breakingthe object. Most partsusedin industry
suchasenginerooms,telephonebodies,andsmall partsfor carsandaircrafts,have such
features.

This suggestsa new approachto castabilityanalysis:For a given pair of removal direc-
tions, we first identify suchfeaturegholesanddepressionsdf anobjectandif ary such
featurecannotbe accomodategith the givenremoval directions thenwe canconclude
thatthe objectis not castablewith the givenremoval directions.Thisideacandrastically
reducethe size of the searchspacefor feasiblecastingdirections. For example,a hole
with theshapeof a cylinderin anobjectreducegshe searcrspacento a pair of two oppo-
sitedirectionsparallelto thegeneratorsf thecylinder. Featuresfurthermorecanalsobe
usedfor computingthe minimum numberof castingparts.In otherwords,the minimum
numberof additionalcastingparts(calledside coreg, togetherwith two main parts,can
be obtainedrom features.

In Chapter6, we studyfeaturesof a polyhedronrelatedto casting,anddefinethreegeo-
metric structures plane-cavitiescavities andthe reflex-freehull. Thesedefinitionscan
alsobe appliedto a 3-dimensionalgeneralshape. This chapteris basedon work with
Siu-Wing Cheng Otfried CheongandJackSnogink [4, 5].
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In Section6.3,we shav several propertief thereflex-free hull of a polyhedron.Oneof
theinterestingpropertiesof thereflex-free hull is thatits compleity is linearin the size
of theinput polyhedron.

We currently have no algorithmsfor constructingthe reflex-free hulls and cavities. In
Chapter7, we shav how thesegeometricstructurescanbe madeuseof with application
to casting.

1.9 Coloring algorithm for finding cavities

Basedon the definition of the reflex-free hull and cavities in Chapter7, we considerap-
plicationsof thesegeometricstructurego casting. Cavities andthe reflex-free hull are
importantfeaturesn applicationssuchasmanufcturingandmolecularanalysis.Unfor-
tunately we arecurrentlyunableto constructhereflex-free hulls andcavities. Neverthe-
less,we areableto prove thatgivena castablepolyhedronthe boundingfacesof a cavity
necessarilpelongto the samemould part. Sowe canmake useof cavities in automatic
mouldpartconstruction.

In Chapter7, we presentanalgorithmto partitionthe facesof a polyhedroninto disjoint
subsetsuchthateachsubsemustbelongto the samemould part. Furthermorewe prove
thatthe boundingfacesof eachcavity belongto the samesubset. Thus, our algorithm
is an effective methodto restrictthe searchspacefor feasiblecastingdirections.In fact,
we conjecturethatthis algorithmcanbe extendedsothat, in the end,for ary two distinct
subsetsthereis a feasiblecastingdirectionin which the mould is removed from the
correspondingacesin oppositedirections. This chapteris basedon a paperwith Siu-
Wing Cheng,Otfried CheongandJackSnosink [3].
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CHAPTER 2

Preliminaries

In this chapterwe review someof the notationandterminologyof this thesis. Notation
andterminologyspecificto a particularchaptemwill beintroducedn thechapter

2.1 The model of the casting process

First we definethe modelof the castingprocesshatis usedin this thesis. In the real
castingprocessthe movable part retractsfrom the fixed part carrying the object, after
which the objectis ejectedfrom the retractedpart asin Figure 1.5. To simplify our
discussionwe will pretendthatit is not the objectthatis ejectedfrom the moving cast
part, but that the castpartis removed from the object. In this way, we have symmetry
betweerthetwo castparts,andbothretractionandejectionaremodelledconceptuallyby
removal of a castpart. To simulatetheretraction thefixed castpartwill first beremoved
in adirectionoppositeto the retraction.Thento simulatethe ejection,the remainingcast
partwill beremovedin adirectionoppositeto the ejection. The directionsin which the
castpartsareremovedarecalledtheremoval directionsor parting directions Figure2.1
illustratesthe procesn a 2-dimensionaéxample.

In our castingmodel,we assumehat the cavity with the shapeof the objectis already
filled with the molten material. We are only interestedn the openingof the castpart
without breakingthe partandthe object.

We assumehat the outer shapeof the castC is the boundaryof an axis-parallelbox B,
andwe assumehatB is large enoughso thatthe objectto be manufcturedis contained
in theinterior of B. This assumptions necessaryor producingconnectedastparts.As
statedin theintroduction,we areinterestedn castsconsistingof two parts.Oneof them
will be calledthered castpart anddenotedby C,, the otherwill be calledthe blue cast
part anddenotedby C,. Two partsonly overlapalongtheir boundariesBoth C; andCp



cavity —

ST

¢

(@) (b)
A
@
(c) (d)

Figure 2.1: The casting process: simulation. (a) A cast formed by two parts (b) The cavity
filled with the molten material (c) the retraction simulated (d) the ejection simulated

areconnectedsubsetf B. Theunionof C, andCy, equalsB\ Q, where@ is the object
to be manufctured. The red castpartis removed in a certaindirectionthatis called
theredremaoval direction denotedby dr, andthe blue castpartis removedin the other
removal directioncalledthe blueremoval direction denotedby db. I our castingmodel,
we alwaysremove thered castpartfirst, afterwhich we remaove the blue castpart.

2.2 Object models and other definitions

Throughouthis thesis,P denotesa polyhedronthatis, a (not necessarilycorvex) solid

boundedby a piecavise linear surface. The union of vertices,edgesandfacetson this

surfaceforms the boundaryof P, which we denoteby 0P. We requirethat 0P be a

connected®-manifold. Eachfacetof P is a connecteglanarpolygon,which is allowed

to have polygonalholes. Two facetsof P are called adjacentif they sharean edge.
We assumehatadjacenfacetsarenot coplanar—coplanarfacetsshouldbe memgedinto

one—1Mut we do allow coplanamon-adjacentacets. A polyhedronpartitionsthe space
into two disjointdomainstheinterior andexterior. Theopeninterior of thepolyhedrorP

is denotedby int(P), whichis enclosedy 0P. The polyhedronconsistof theboundary
andits interior, thatis, P = int(P) UdP.

We alsoassumehatP is simple which meanghatno pair of non-adjacentacetsshares
apoint. Our assumptiongmply that? may containtunnels,but no voids—apolyhedron
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with avoid is not castablearyway. As this thesisonly dealswith simplepolyhedrawe
will referto themaspolyhedrain theremaindeof thethesis.

For a morethoroughdescriptionof polyhedraandsomeof their propertiesthe readeris
referredto thebookby PreparatandShamog40].

A corvex edee of a polyhedronP refersto an edgee wherethe dihedralanglethrough
int(P) of bothfacetssharinge is lessthantt Similarly, areflex edge refersto anedgee
wherethedihedralanglethroughint(P) of bothfacetssharinge is greaterthantt

Although we are primarily concernedwith polyhedralsets,we give more generaldef-
initions and the characterization®f castability In Chapter3 and Chapter5 we give
characterizationsf castabilitywhich applyto both polyhedraandcurved objects,andin
Chapter6 we give definitionsof geometricstructuresvhich applyto both polyhedraand
curved objects. This is importantsincemary industrial partsare not polyhedral. More
precisely we shallbe dealingwith objects@ whoseboundingsurfaceconsistsof afinite
numberof bounded-dgreealgebraicsurfacepatcheswhich meetalongbounded-dgree
algebraiaccurve segments We furtherrequirethat Q betopologicallyequivalentto apoly-
hedronP asdefinedabove: it mustbea solid whoseboundaryis aconnecte®-manifold.

We denotetheinterior of anobjectQ by int(Q), its closureby cl(Q), andits boundanby
0Q. Theprojectionof anobject@ (usuallythe vertical projectionontothe xy-plane)will
bedenotedby Q.

By adirectionwe meananequialenceclassof orientedparallellines. A givendirection
Jcanbespecified)y apointonaunit spheran thefollowing way. Onaunit spherewith
centero, the origin, let x be a point on the boundaryof the spheresuchthat the vector
0Xx is parallelto andwith the sameorientationasd. Thendirectiond is representedy
thepointx. (SeeFigure2.2) A pomt thatis dlametrlcallyopp05|teto x on theunit circle
representshe oppositedirectionto d andis denotedoy — —d.

Figure 2.2: The sphere of directions
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We call an objectQ d-monotoneif every line with directiond intersectsthe interior of
@ in atmostoneconnectedcomponentA polyhedal terrain is the graphof a (possibly
partially defined)continuougiecaviselinearfunctionwith domainR? andrangeR. This
meanghata polyhedraterrainis apolyhedrakurfacewith thepropertythateveryvertical
line intersectst in atmostonepointor sgment.Hence|t is zzmonotone.

2.3 Arrang ement

In ourdiscussiomwewill referto thesubdvisionof theunit sphereS? inducedby acollec-
tion R of greatcirclesandarcsof greatcircles.We call this subdvision thearrangement
of R onS? anddenoteit by A(R). Thisarrangementonsistof facesof dimensions), 1,
and2, which arecalledvertices,edgesandcells,respectiely. A vertex of A(R) is either
anintersectiorpoint of two curvesin R or anendpointof anarcin R. An edgeof A(R)
is amaximalconnectedcomponenbf acurvein R notintersectingary othercurvein R.
A cell of A(R) is amaximalconnectedegion of S? notintersectingary curvein R.

The combinatorialcompleity of the arrangementd(R) is the total numberof faces(of
all dimensions)n thearrangementlf Q consistof n curves,eachbeingagreatcircle or
anarcof agreatcircle, thenthe compleity of the arrangemenis O(n?) andthereexists
anarrangementvhosecomplexity is Q(n?). We saythatthe curvesin R arein geneal
positionif no threecurvesin R meetat a single point, andno two curvesoverlapin an
arcof non-zerdength(two curvesareintersectingn at mosttwo points).
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CHAPTER 3

Opposite cast removal

3.1 Introduction

In this chaptemwve assumehatthe cast(mould) consistsof two partsandthesepartsmust
beremovedin oppositedirectionwithoutdamaginghepartsor the object.In theexample
of Figure3.1,the castpartsareremovedin oppositedirections. This neednot alwaysbe
possible sometimest maybenecessaryo remove themin non-oppositalirections.

The castingprocesgnay fail in theremoval of the castparts: if the castis not designed
properly thenoneor moreof the castpartsmaybe stuckduringtheremoval phaseasin
Figure3.2. The problemwe addressoncernghis aspect.givena 3-dimensionabbject,
is therea castfor it whosepartscanberemovedaftertheliquid hassolidified?An object
for whichthisis the caseis calledcastable

Clearlynoteveryobijectis castable Theclassof castablebjectsmaybeenlagedthrough
theuseof so-calledcoresandinsertq20, 41, 55]—appendages thecastparts,whichare
removed afterthe liquid hashardenedindbeforethe castpartsthemselesareremoved.
Coresandinsertsallow the possibility of building more complicatedobjects. However,
their useslows down the manugcturingprocessand makesit more costly We do not
considerthe extra possibilitiesof coresandinserts.For the useof coresandinserts,you
will find someinformationin Chapter6 andChapter7.

Relatedwork. The2-dimensionalersionof our problemhasbeenstudiedby Rappa-
portandRosenblooni42]. They presentednO(n) time algorithmto determinewvhether
asimplen-vertex polygoncanbe decomposethto two monotonechains whichis a suf-
ficientandnecessargonditionfor the polygonto be castable.

Hui andTan [30] gave a heuristicapproacho the 3-dimensionaproblem. Somecandi-
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Figure 3.1: The cast parts are removed in opposite directions.

dateremoval directionsareheuristicallychosenprderedandtested.To testa candidate
removal direction, every point in a samplesetof pointson the boundaryof the object
is checled to seeif it canbe removed in the given direction (or its opposite). If this

is the casefor eachsamplepoint, thenthe removal directionis assumedo be feasible.
Kwong [34] gave an algorithmto determinethe feasibility of a given partingdirection.

Figure 3.2: The top part of the cast is stuck.

He reducedhe problemto the hiddensurfaceremoval problemin computergraphicsby
observingthatif all the facetscanbe completelyilluminatedfrom the partingdirection
andits oppositethenthe partingdirectionis feasible.

The algorithmof Chenetal. [17] first computeghe corvex hull of a polyhedralobject,
andthenobtainsthe podets of the objectby subtractingit from its corvex hull. Chen
et al. obsered thatif all pockets are completelyvisible in eitherthe parting direction
or its opposite thenthe partingdirectionis feasible. Their algorithmreturnsthe parting
direction that maximizesthe numberof completelyvisible pockets. However, asthe
corverseof the above obsenation is not necessarilytrue, the algorithmis not complete
andmaynotfind agoodpartingdirectionevenif oneexists.

Hui [29] gave exponentialtime algorithmsthat alsotake coresandinsertsinto account.
Sincethesealgorithmsarebasedn thework of Chenetal. they arenotcomplete.
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Finally, Boseet al. [12] considereda specialmodelof casting,the sandcastingmode]
wherethe partitionof the castinto two partsmustbe doneby aplane.Notethatevencon-
vex polyhedraarenotalwayscastablén thesandcastingmodel[12]. Boseetal. presented
two algorithmsfor decidingwhetherfor a givensimple polyhedronwith n verticesthere
is a castwhoseconstituentpartscanbe removed in oppositedirections. One algorithm
is basedon partitiontrees[38] and usesO(n3/ 2+¢) time andspace’ the otheris basecbn
linear programmingandusesO(n?) time andO(n) space Whennon-oppositadirections
areallowed, the runningtime of their partition-treebasedalgorithmremainsO(n%/2t¢),
whereaghe runningtime of their linearprogrammingbasecdalgorithmincreaseslightly
to O(n?logn).

Summary of our results. This chapteris concernedvith the casewherethedirections
in which the two castpartsmustbe removed are opposite. For this casewe obtainthe
following results.

In Section3.2we considerthe casewherethe orientationof the objectin the castandthe
removal directiond arespecifiedin advance. The problemthenis to decidewhetherthe
objectis castablen that direction,thatis, whetherthe castcanbe partitionedinto two

partsthat canbe removedin directiond and—d, respectiely. We give a necessargnd
sufficient conditionunderwhich sucha partition exists. The classof objectswe allow is

moregeneralthanin previous works: the objectsneednot be polyhedralandthey may
have arbitrarygenus We give a simpleway to verify the conditionfor polyhedralobjects
of arbitrarygenusJeadingto an O(nlogn) time algorithm,wheren is the combinatorial
compleity of the polyhedron.We alsogive analgorithmthatcomputesa partitioning of

the castinto two removableparts(providedthe polyhedronis castableof course).

In Section3.3 we considerthe casewherethe removal directionis not specifiedin ad-
vance. Here the problemis to find all combinatoriallydistinct directionsin which the
objectis castablgwe postponea formal definitionof “distinct directions”to Section3.3).
Oneway of doing this is to generatea large setof sampledirections,andtesteachdi-
rectionwith the O(nlogn) algorithm. This is the approachwe take in the experimental
section(Section3.4) andit turnsoutto work well in practice.Sucha samplingapproach
is not complete however: it might erroneouslyreportthatthereareno gooddirections.
Hence,in Section3.3 we give an exactalgorithmthat computesall combinatoriallydis-
tinct castingdirectionsin O(n*) time. We alsoshaw thatthereexist polyhedrafor which
thereare Q(n*) combinatoriallydistinct castingdirections. This implies that our algo-
rithm is optimalin theworstcaseif we wantto reportall suchdirections.

1Boseetal. remarledthatthis canbeimprovedto O(n*/3+¢). The parametet in theseboundsis a positive
constantyhich canbe choserarbitrarily small.

27



3.2 Testing a direction

In this sectionwe present criterionfor testingwhethera givenobjectQ admitsopposite
castremoval in agiven directiond. In otherwords,we give away to determinewhether
acastC for Q@ canbe split into ared partC; anda blue partCy thatcanbe translatedo

infinity in directiond and —d, respectiely, sothatthe interior of C;, Cp, and Q do not
intersectduringthetranslationslf thisis the casewe saythatC, andC, canberemoved
withoutcollisionandQ is castablein directiond. Theorderof removing the castpartsis

irrelevantin this situation.

Throughoutthis section,and without loss of generality we assumehat d is the verti-
cal direction—thepositive z direction—andwe saythat Q is castabldf it is castablen
the vertical direction. The red castpart hasto be translatedupward, the blue castpart
downward.

Lemmal Anobject@ is castablef andonlyif it is vertically monotone

Proof: Assumethat Q is castableandlet C = (C;,Cp) be a two-part castwhoseparts
areremovable. Let ¢ be a vertical line intersecting@, andlet p and g be two points
in £Nint(Q). Sincea pointr € ¢ in betweenp andq canbe translatecheitherupward
nor downward without colliding with @, the pointr canbein neitherC; nor C,. Hence
r € Q. We mustevenhave r € int(Q); otherwisetherewould be a pointr’ ¢ Q having
apoint p’ € Q aboreit andapointq € Q belaw it—this follows from p andq beingin
theinterior of @—andsucha pointr’ canbein neitherC; norCy. This provesthatQ is
vertically monotone.

Assumenow that @ is vertically monotone,and recall that the castC is madefrom a
rectangulamxis-parallelbox B. Let @* bethe solid obtainedby sweepingQ upward to
infinity. WeletC, := (Q*NB)\ Q betheredcastpart,andweletCp, := B\ (QUC;) bethe
blue castpart. BecauseQ is vertically monotone; is connectedandcanbe translated
upwardto infinity without intersectingthe interior of Q, andwithout colliding with Cp,.
Sinceary pointabove Q liesin C; by definition,Cy canbetranslatecddownward without
colliding with @. Because&’, is connectedwe have constructeda two-partcastwhose
constituenpartscanberemoved. Hence,Q is castable.

Let’s turn our attentionto the specialcaseof a polyhedralobject?. The red andblue
castpartsinducea partitionof 0P into aredpartanda blue part. We call afacetof P an
up-facetif its outward normalpointsupward (thatis, hasa positive z-component)anda
down-facetf its outward normalpointsdownward (thatis, hasa negative z-component).
Vertical facetsare neitherup- nor down-facets. If P is castablethenclearly every up-
facetmustbe completelyred, while every down-facetmustbe blue. The objectshavn
in Figures3.3 illustratesthatvertical facetssometimeseedto be coloredpartly redand
partly blue. In thefigure, the facetabcd is coplanarwith the vertical facetsincidentto
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(b)

Figure 3.3: A polyhedron with a facet that needs two different colors. (a) A 3D view of
the polyhedron. (b) The projection onto the Xy-plane of the polyhedron, with the interior
shaded.

theedgesuv andrs. Theline segmentpq is theintersectionof abcd with a verticalline
throughu. Theconstructiorin the proofof Lemmal colorsall verticalfacetsblue,except
for thefacetabcdwhichis partly blue (namelythe part pgcd andpartly red (hamelythe
partabpg). Thefactthatabcdrecevestwo colorsis notanartifactof the proof: ary legal
castfor this objectin theverticaldirectionwill assigntwo colorsto abcd

The constructionusedin Lemmal doesnot resultin practically useful casts,sinceit

generatesnary vertical walls betweerthe red andblue castparts. Sometimegsheseare
unavoidable,asfor the objectin Figure 3.3, but it would be preferableto have a method
thatdoesnotcreateary verticalwallsif they arenotnecessaryWe presensuchamethod.

Theorem1 LetP bea vertically monotongpolyhedon with n vertices.lt is possibleto

constructa castfor P in O(nlogn) time, sud that the two castparts do not meetalong

vertical facetsif no vertical line avoidingthe interior of P touchestwo non-adjacent
facetsof P.

Proof: Let h beaplanethatis parallelto the xy-planeandcutsthe box B into two halves.
Let R betherectanglehn B. We projectall up-facetsof P onto h andobtaina polygon
P with holes. Figure 3.4 shavs the polygonwe get whenwe projectthe polyhedronof
Figure3.3. Notethatcollinearedgesarenot mergedin the projection,sothatevery vertex
of anup-facetthatprojectsontotheboundaryof P actuallygivesriseto avertex of P. To
computea descriptionof this polygon(in the form of a doubly-connecte@dgelist [19],

for instance)we needto determinehe union of the projectionof the up-facets.This can
bedonein O(nlogn) time with a planesweepalgorithm(seePreparatand Shamod40]

for detailson planesweep).

Every pointon P is the projectionof a pointon P and,in fact,every vertex of P is the
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Figure 3.4: The projection of the polyhedron of Figure 3.3, and a triangulation of its com-
plement.

projectionof a vertex of P. With eachvertex v of P, we canthereforeassociate vertex
v of P thatprojectsontoV. If thereis morethanonesuchvertex, we choosethe onewith
largestz-coordinate.

Sinceevery vertex of P is the projectionof a vertex of P, the compleity of P is O(n).
Eachof the holesof P is asimplepolygon,which canbetriangulatedn lineartime [16].
The sameis true for the partof the complementoutside” P. (This is nota simplepoly-
gon, but it canbe madeinto oneby cuttingit openalonga diagonalfrom a vertex of P
to avertex of R, asis illustratedin Figure3.4.) Hence we obtainatriangulationc of the
complemenbf P in O(n) time. Every triangle of this triangulationis now “lifted” into
3-dimensionakpaceby replacingevery vertex v by its associatedertex v. We obtaina
triangulatedsurfaceo insidethebox B. Thesurfaceo defineghe partitionof thecastinto
two parts,asexplainednext.

First,let'sassumehatnoverticalline avoiding theinterior of P touchegwo non-adjacent
facetsof P. Considera trianglef € @ that sharesan edgee with P. This edgeis the
projectionof a uniqueedgee of anup-facetf of P, andthelifted versionof t will share
ewith f. Thisimpliesthatthe unionof o andthe up-facetsof P is a continuoussurface
o*. WeletC, bethepartof B above o*, andwe let Cp bethepartof B\ P belov o*. Note
thatevery verticalline intersectingB will intersecto™ in exactly onepoint. This implies
thatC, andCp do not meetalongvertical facets. Togethemwith the monotonicityof P it
alsoimpliesthatC; canberemovedupwardandthatCy, canberemoveddowvnward.

Now considerthe generalcase wheretherecanbe vertical lines that avoid the interior
of P but touchtwo or morenon-adjacenfacetsof P. In this casewe still let C; be the
partof B above 6*. However, ¢* is not continuousanymore. Figure 3.5 illustratesthis
for our runningexample. In this figure, the up-facetsare darkly shadedand o is lightly
shadedjor clarity, someof the trianglesin c—the oneslying morein the back—hae
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beenomitted. To make o* into a continuoussurfacewe have to add certainvertical

5, verticalwallsaddedo restore
continuity

Figure 3.5: A discontinuity in the surface o*.

walls at placeswherea verticalline avoiding the interior of P toucheswo or morenon-
adjacenfacetsf P. More preciselywe needto addthefollowing verticalwalls. If edges
of two differentup-facetsoverlapin the projection,thenwe needa rectangulawertical
wall to connecthe portionsof theseedgeghatoverlapin the projection—se¢he middle
vertical wall addedin Figure 3.5. Furthermorejf atrianglef sharesan edgee with a
projectedup-facetbut thelifted versiont doesnot have e asanedgebecausét waslifted
to adifferentheight,thent needgo be connectedo e with oneor two triangularvertical
walls—seeheleft andright verticalwallsin Figure3.5. After addingtheseverticalwalls,
o* is a continuoussurfacewith the propertythatits intersectionwith ary verticalline is
connected.Togethemwith the monotonicityof P this impliesthatbothC,, the partof B
above g*, andC;, thepartof B\ P belov c*, areremovable.

To checka polyhedronP for castability we canuseLemmal andthe following simple
obsenation.

Observation 1 A polyhedon P is vertically monotondf and only if the union of open
up-facetdormsa terrain.

To testif the union of openup-facetsforms a terrain, we canprojectthemonto the xy-
planeandcheckwhetherary pair intersects.This obsenationis essentiallythe basisfor
Kwong's algorithm[34]—seeSection3.1—andimmediatelyimplies Theorem3. How-
ever, weelaboratén somedetailasomevhatdifferentapproacthatdecidesnonotonicity
by only looking at silhouetteedgeswhich we will definebelow) of the polyhedron;the
mainreasorbeingthatsilhouetteedgesanbeupdatecefficiently whenadirectionchange
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occurs. Thus,usingsilhouetteedgesncreaseghe efficiency of the algorithmpresented
in the next section thatgoesover all possibledirectionsin orderto reportthe directions
wherea givenpolyhedronis castable.

We first give a precisedefinition of the silhouetteof an object. This turns out to be
somavhattricky if the objecthasverticalfacets.

Let @ beanobject,andconsideraverticalline £. Theline £ intersect® Q@ in a numberof

maximalclosedintervals. Theseintervals separat@penintervalslying eithercompletely
inside or outside@. A boundaryinterval thatis surroundecdn both sidesby intervals
outside@ is calleda corvex silhouetteinterval. A boundarnyintenal thatis surroundean

bothsidesby intenalsin theinterior of Q is calledareflex silhouetteinterval. The union
overall verticallinesof all corvex silhouettentervalsformsthecorvex silhouetteandthe
unionof all reflex silhouettentenalsformsthereflex silhouette Theunionof the corvex

andreflex silhouettess calledthe silhouetteof Q.

We visualizethesedefinitionsfor the caseof a polyhedronP. If P hasno verticalfacets,
thenthesilhouetteconsistsexactly of thesilhouetteedgesof P, namelytheedges where
the two facetsincidentto e lie on one side of the uniquevertical planethroughe. A

silhouetteedgeis corvex if thedihedralanglebetweernthetwo facetsn theinterior of P

is smallerthanTr, otherwiseit is reflex. If P hasverticalfacets thenthe silhouetteis no
longer1-dimensional.For instance the silhouetteof the objectin Figure 3.3 consistsof

all verticalfacetsof thepolyhedron.Figure3.6 shavs anothembjectwith partof its quite
complicatedsilhouetteshovn shadedNote thatthe segmentsa andb arealsopartof the
silhouette.
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Figure 3.6: The silhouette of a polyhedron with vertical facets.

Thefollowing lemmais straightforvard:
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Lemma 2 If the reflex silhouetteof an object Q is not empty then Q is not vertically
monotone

Fromnow on, we will thereforeonly considerobjectswhosereflex silhouetteis empty

The silhouetteis the corvex silhouettein this case,andit consistsof a finite numberof

disjointcurvesor “bands’ondQ, referredto asthesilhouettecurves Whenthesilhouette
curvesareprojectedvertically ontothe xy-plane,we geta collectionof so-calledshadow
curvesin theplane.Thesearel-dimensionaturves,sincethe bandsof the silhouetteare
vertical. Furthermorethe shadav curvesareclosedcurves.

Thekey stepin ouragumentis the following lemma.

Lemma 3 Let @ bean objectwith emptyreflex silhouetteand sudh that no vertical line
containstwo silhouetteintervals. Then@ is vertically monotone

Proof: Let Sbethesilhouetteof Q. Sinceno vertical line containstwo silhouetteinter-
vals,the shadav curvesof Q area collectionof mutually disjoint, simple,closedcurves
Vi, Y2, - - -, Yk iNn the xy-planethat partition the planeinto openregionsRy, Ry, ..., Ri1,
every oneof which is topologicallyequialentto a discwith a finite numberof holes,as
in Figure3.7.If thereis only onecurve, thelemmaholdstrivially.

If thereis morethanonecurve, thenoneof the curves,sayy;, mustcontainall the other
curvesin its interior. Call this curve the outer curve. Let Re be a region containingno
holesboundedy a curve y, thatis notthe outercurve. Sucha region mustexist sinceall
thecunesaredisjoint. Let ye separatd; from R;.

Ry

Figure 3.7: A collection of shadow curves, and the regions they define.

For apoint p in thexy-plane,let £(p) denotethe verticalline throughp. Theset{(p) N Q
is a disjoint union of closedintervals. We numberthoseintervals from bottomto top as
11(p), l2(p), ---, Im(p). Within eachregion, the numberm is a constant.Betweentwo
regions separatedy a curve, the numberm differs by one, sincea curve introducesa
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new interval in oneof theregions. Let I4(p) bethe intenal introducedby the curve ye
in region Re. Considerthe componenC = Jycg, la(p). Sincethessilhouettecurvesare
convex, thereis no pathfrom a point p € @\ C to a pointin C. However, this violates
thefactthat Q is connected.Therefore therecanonly be onecune, implying that @ is
vertically monotone.

Theconditionin thelemmaaboveis sufficientfor anobjectto bevertically monotoneput
not necessaryThis canbe seenin Figure3.3,which depictsa vertically monotoneobject
for which thereis a vertical line containingtwo silhouetteintenals. Thatthe condition
is not satisfiedcanalsobe seenfrom the factthatthe shadev curve is not simple—see
Figure3.3(b). To extendthe lemmato a moregeneralsetting,we have to defineclearly
whatkind of non-simplicitywe allow. To thisendwe orientall silhouettecurvessuchthat
theinterior of @ lies locally to the left of the curve. This inducesan orientationin the
shadav curves,sothat'to theleft of ashadaev cure’ is well defined.We saythata setof
shadwv curvesis non-ciossingif a slight shrinkingof every curve—obtainedy moving
every pointslightly to theleft—resultsin a setof mutually disjoint, simplecurves.

|

shrinking =
—_—

1

Figure 3.8: Shrinking the shadow curve of Figure 3.3(b).

We cannow prove thegeneralizatiorof the previouslemma.

Lemma4 Let Q be an object with emptyreflex silhouetteand non-ciossingshadow
curves.Theng@ is vertically monotone

Proof: Assumehat@ is notverticallymonotone Thenthereis averticalline £ containing
two points p andq in theinterior of @, anda pointr betweenp andq outsideor on the
boundaryof Q. Let € > 0 be suchthat the balls of radius2¢ centeredat p andq are
containedn Q. We shrink @ to obtaina new objectQ’ by remaving from Q every point
that hasdistanceat moste to the complemenbof Q. If € is chosensmall enough,this
resultsin a legal object Q’, thatis, a solid whoseboundaryis a connected2-manifold.
Sincep andq lie in the interior of @’ andr lies outside@’ andbetweenp andq, the
object @’ is not vertically monotone. However, if the silhouetteof @ consistsof non-
crossingconvex silhoutte curves, then the silhouetteof Q' consistsof disjoint convex
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silhouttecurvesbecausef the shrinking. But thenLemma3 impliesthat @’ is vertically
monotonea contradiction.

Thelemmasabove give asufficient conditionfor anobjectto beverticallymonotone The
next lemmashaws thatthe conditionis necessary

Lemmab5 LetQ beanobjectwithemptyreflex silhouettevhoseshadowcurvesare cross-
ing. Then@ is notvertically monotone

Proof: Let p be a pointin the xy-planewherea shadev curve crossestself or another
shadev curve. A verticalline throughp touchegheboundaryof Q in two pointsp and p’
lying in two differentsilhouetteintervals. This impliesthe existenceof apointr between
p and p’ thatlies outsideQ. A slight perturbationof this line shaws that thereexists
a point outside @ lying betweentwo pointsin the interior of Q. Therefore,Q is not
vertically monotone.

We summarizd.emmas2, 4, and5 in thefollowing theorem.

Theorem?2 Anobject@ is vertically monotoneandtherefore castableif andonlyif its
reflex silhouettels emptyandits shadowcurvesare non-ciossing

Beforewe outline our algorithmfor testingcastability we have to examinethe silhouette
of a polyhedron? in moredetail. This silhouetteconsistsof silhouetteedges vertical
edgeof thepolyhedronandpartsof verticalfacets.To find the silhouetteon the vertical
facetscorrectly we usethe vertical decompositiorof thesefacets.Every trapezoidA of
thedecompositioris boundedrom above andfrom below by (partsof) edgese; ande;, of
P. If bothe; ande, areconvex edgesthenA is partof thecorvex silhouetteof P. If both
e; ande; arereflex edgesthenA is part of the reflex silhouette,andP is not castable.
If oneedgeis corvex while the otheris reflex, A doesnot belongto the silhouette.Note
thatcertainverticalextensiongproducedby theverticaldecompositioralsobelongto the
silhouette We canignorethem,however, astheir projectioncoincideswith the projection
of the endpointsof the incidentnon-\ertical edgesof trapezoids.We call the projection
of every silhouetteedgeand silhouettetrapezoida shadowedge. By Theorem2, the
polyhedrorP is castablaf andonly if it hasnoreflex silhouetteelementsandits shadav
edgedorm a setof non-crossingurves.

To decideon castability we have to be ableto testwhethertwo shadev curvescross. If
we examinethe possibleintersectionof two shadev edgess andej, we find thatthere
arefour caseghathave to betreatedascrossings—se€igure3.9. Thefour casesareas
follows:

(i) theinteriorsof g ande; intersect;

(i) & ande;j overlapandhave the sameorientation,;
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(i) anendpointof g liesone;j, andg liesto theleft of g;;

(iv) anendpointof g coincideswith the destinationof the directededgee;, andg is
containedn the wedgeformedby e; andthe next shadev edgee, on the shadav

curveof g;.
(if) (iii) (iv)
8 e &
©i & 8 p
&

Figure 3.9: Four different ways in which shadow curves can cross.

Note that the condition on the orientationin (ii) ensureghatthe shadav curve in Fig-
ure 3.8is correctlylabeledasnon-crossing.

By combiningTheorem2 with the characterizatiorof crossingedgeswe cancompute
efficiently whethera polyhedronis castable.

Theorem 3 Givena polyhedon P with n verticeswecantestin timeO(nlogn) whether
P is vertically monotoneandtherefore castable

Proof: We first form the vertical decompositiorof all vertical facetsin O(nlogn) time.
Next we identify all silhouettecurves; a local analysisof all edgesand trapezoidsin
the vertical decompositiorof the vertical facetssufiicesfor this. If thereareary reflex
silhouetteintervalswe canstopandreportthe polyhedrornto be non-castableOtherwise,
we projectthe silhouetteelementonto the xy-planeto getthe shadev edges.A simple
O(nlogn) time planesweepalgorithmcanthenbe usedto determinewhetherthereis a
crossingin the collectionof shadaev curves. If we detecta crossingwe stopandreport
the polyhedronnon-castableandif the planesweepproceedsvithout finding a crossing
thenthe polyhedronis reportedcastable.

3.3 Finding a direction

We have seerhow to testwhetherapolyhedroriP is castablén agivendirectionJ. In this
sectionwe describeanalgorithmto solve thefollowing problem:Givena polyhedronP,
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decidewhetherit canbe castin somedirectiond. In fact,we will solve the moregeneral
problemof finding all directionsd for which P canbecast.

We representvery possibledirectionby a point on the unit sphereS? (centeredat the
origin): a point p on S? representshe directioan from the origin to p. Our goalis to

identify theregion of S? correspondingo directionsin which P is castableBy Lemmal

andObsenation 1 P is castablen directiond if andonly if the unionof openup-facets
formsaterrainrelative to d.

If we imaginethedirectioncTChangingcontinuouslytherearetwo eventsthatmayinflu-
encetheterrain-propertyf theup-facets:First,anup-facetmaybecomeadown-facet,or
vice versa—thesetof thesedirectionsforms O(n) greatcircleson §2. Secondthe pro-
jectionof avertex v of thepolyhedronP may crossthe projectionof anedgee of P—the
setof thesedirectionscanbe describecby O(n?) arcsof greatcircles. Let Q denotethe
unionof thesecurveswhich representcritical events:

Considetthearrangementd(Q) of O(n?) greatcirclesandgreatcircle arcson S2. Recall
that the arrangementonsistsof facesof dimensions, 1, and 2, which we refer to as
vertices edgesandcellsrespectiely. For simplicity of expositionwefirst assumehatthe
arrangementl(Q) isin generl position(seeSection2.3),andlaterrelaxthisassumption.

It is easily verified that inside every face of the arrangement4(Q), the polyhedronP
is eitherd-monotonefor every directiond, or for none. We saythattwo directionsare
combinatoriallydistinctif they lie in two differentfacesof the arrangementWe aim to
computeall combinatoriallydistinctdirectionsin which P is castable.

By our definition of castability if a cell or an edgeof A(Q) representslirectionsin
which P is castablethenary vertex onits boundaryrepresenta directionin which P is
castableThis suggestshefollowing simplealgorithm.We computeall theverticesof the
arrangemen#( Q) by computingtheintersection®f all pairsof curvesin Q. Thistakes
O(n*) time. Thenfor eachvertex (intersectionverticesand arcsendpointsywe testin
O(nlogn) time whetherP is castablen the correspondinglirectionusingObsenation 1
andTheorem3. Thetotal runningtime of this algorithmis O(n®logn).

Thereareseveralwaysin WhichthisstraightforV\ardapproackcanbeimproved Notethat
ary vertex vin A(Q) representst degenerate:astlngdlrectlondv eitheronefacetof P
or moreareparallelto dy, or aline parallelto dy intersectsP in morethanoneconnected
component.Therefore we may be betteroff proposingdirectionsin the interior of cells
of A(Q), if suchexist. However, we needto considerall facesof .A(Q) insteadof just
cells,becauseheremaybedirectionsof castabilitythatappeaonly alongedgeqsuchas
the situationdepictedn Figure3.3)or verticesof thearrangement.

Notealsothatthedifferencebetweertwo adjacenfacesn A(Q) is quite small,provided
thatA(Q) isin generaposition. Whengoingfrom onefaceof thearrangemerto another
eitheronefacetof P changedts statugamongdown-facet,up-facetor parallelrelative to
agivendirection)or the projectionof a vertex of P crossesnto (or over) the projection
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of anedgeof P.

To exploit thecoherencdetweeradjacenfaceswe proceechsfollows. Firstwe compute
thearrangement(Q). We do this with anoutput-sensitie algorithm. Let m denotethe
combinatorialcomplexity of A(Q). Thealgorithmis a straightforvard adaptatiorof the
plane-sweepparadignto the sphereandits runningtime is O((n? +m) logn). (We could
alsouseherea randomizedncrementakonstructionalgorithmwhoseexpectedrunning
time is O(n’logn+ m); see,e.g.,[39].) Its outputis a datastructurethat allows for a
traversalof the arrangementtaceby adjacenface(we coulduse,say the quad-edgelata
structurefor the purposg22)).

If we areonly concernedvith worst-caseunningtime, andsincethe compleity of the
arrangement4(Q) canbe O(n*) in the worst case(seebelan), we can computethe
arrangemenin ©(n*) time by substitutingeacharcin Q by the greatcircle containing
it andcomputingthe arrangemenof the resultingcollectionof greatcircles. (The latter
arrangemenis a refinementof .4(Q) from which we could easily obtain the required
output.) Using centralprojectionfrom the sphereontotwo parallelplanestangentto S?
attwo antipodalpointswe obtaintwo arrangementsf straightlines. Sucharrangements
canbe computedin ©(n*) time each. In fact computingthe arrangemenbn one plane
sufficessincethetwo arrangementaresymmetric provided somecautionis exercisedn
choosingthe projectionplanes:we choosea tangentplaneTt suchthatthe greatcircle y
parallelto tdoesnotfully containacurve of @, andsuchthatnovertex of thearrangement
liesony. Thisway noinformationis lost by the projection.

After A(Q) hasbeencomputedwe choosea point p inside a faceof the arrangement
arbitrarily and computethe silhouetteelementsof P correspondindo the direction Jp.
For eachsilhouetteelementwe checkwhetherit is corvex or reflex. We initialize two
counters:how mary silhouetteelementsarereflex andhow mary pairsof shadev edges
crossone another For the direction Jp, this computationtakes O(n?logn) time using
a plane-sweeplgorithm. By Theorem2, the polyhedronis castablein direction oTp if
both countersare zero. We move to an adjacentfaceof the arrangement—wéraverse
thearrangemenin, say depth-firstorderon the graphinducedby the edgesandvertices
of the arrangementBYy looking at the edgesof the arrangementhatareinvolvedin the
move, we know how to updatethecountersatconstantime peredgeinvolved. At theend
of themove we checkthecountersandreportcastabilityif they arebothzero.If wereport
castabilityat a vertex, we alsoreportcastabilityatits incidentedgesandfaces(in general
this is only true underthe generalpositionassumption).Thus, after the computationat
thestartingpoint p, theentiretraversalof thearrangementakestime O(m). We conclude
thatall directionsfor which thereis agoodcastcanbe computedn O(n%) time, orin time
O((n? +m)logn).

Next we relaxthe“generalposition” assumptionTwo typesof degeneraciesanoccurin
thearrangementd(Q): (i) morethantwo arcsareincidentto avertex of thearrangement,
and(ii) two or morearcsoverlapin a subarc(not justin a point or two). We now shav
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thatwe cancomputethearrangemenandfind all castingdirectionsin asymptoticallythe
sametime asin thenon-dgeneratease.

Considerfirst a degenerag of type (i), wherea setQ, of morethantwo arcsmeetat a
singlevertex v. How to carry out the line sweepefficiently in this caseis describedn
detailin [19, Chapter2]. It remainsto handleupdateof the countersatv. If every pair
of arcsin Q, crosseachothertrans\ersallyat v, thenv requiresno specialtreatment:if
dy isavalid castingdirectionthenatleastoneof the edgesof thearrangemenincidentto
v alsorepresentsuchdirections,andthe validity of the directiond, will follow from its
beinganendpointof thatedge.

The casethatrequirescautionis whenin a small neighborhoodf v, the vertex v is the
only pointrepresenting@valid castingdirection. This canhapperwhenatleastoneof the
arcsincidentto v hasan endpointat v, or whentwo or morearcsoverlapat andnearv.
The effect of overlapis explainedbelow. In ary casewhatis neededs carefulcounting
at the vertex v, which canbe carriedout in time proportionalto the numberof incident
edges;andhencecanbe chagedto theseedges.Clearly no edgeis chaged morethan
twice in this manner

To handledegeneraciesf type (ii) we carryoutthefollowing preprocessingtepaiming
to identify all overlapsamongcurvesin Q. By working on the projectionplaneasmen-
tionedabove, we canassigna slopeto eachgreatcircle supportinganarcin Q: theslope
of the line it projectsonto. We maintainthe arcssortedby slope. Let Qs be the setof
all arcswith the sameslopes (hencepotentiallyoverlapping). All the arcsin Qs lie on
thegreatcircle Gs. The endpointsof arcsin Qs partition Gs into maximalintervalssuch
thateachinterval is coveredby the samesetof arcs. Theseintervals constitutethe new
curvesthatwe give asinput to the algorithmthat constructshe arrangementBy doing
a 1-dimensionabweepon Gs (with the endpointsof all arcsin Qs in cyclic orderasthe
sweepevents)we candecidefor eachof the new curveshow the counterschangeaswe
crossthe curve. We repeatthis for every slope,andobtaina new setof curvesthatare
theninputto the algorithmfor constructinghe arrangementlt mayalsobethe casethat
thereareno endpointsf arcs,whenall the curvesin a setQs aregreatcircles—theseare
simply unifiedinto onecurve with the appropriatecounterupdateinformation.

Of specialinterestarearcswherethe countersarezeroon the arc but grov whenmoving
out of the arc (that is if we crosssucharc trans\ersally thenlocally the countersare
positive just beforeandjust afterthe crossingbut they arezerowhenwe areon the arc).
Thesearcsare interestingbecausef two of them meettrans\ersally at a vertex v, this
vertex v is potentiallya secludedsingular)valid castingdirection.

Let N denotethe numberof curvesin Q andlet m denoteasbeforethe complexity of
the arrangementd(Q). Sortingthe arcsby slopetakesO(NlogN) time andthis is also
the overall time to carry out all the 1-dimensionabweepver the Qs's. Otherthanthat
the algorithmis carriedout as before. SinceN = O(n?), the asymptoticrunning time
of the algorithmin the generalcaseremainsO((n? +m)logn). We summarizewith the
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following:

Theorem4 LetP beasimplepolyhedonwith nvertices.All directionsin which thereis
agoodcastcanbecomputedn O(n*) time Alternatively all thedirectionsin which there
is a goodcastcan be computedn O((n? 4+ m)logn) time, whele m is the combinatorial
compleity of thearrangementA(Q), or in expectedime O(n?logn+ m).

We concludethis sectionby presentingalower boundconstructiorof polyhedrahathave
asmary asQ(n*) distinctcastdirections.Thisimpliesthatour algorithmis optimalin the
worstcase.Thekey ideabehindthe constructiorof suchpolyhedrais to force the Q(n?)
greatcircle arcs(formedby verticescrossingedgesyo interactsuchthatthereare Q(n?)
cellsin theresultingarrangement.

Theorem5 Thete exist polyheda for which there are Q(n*) distinctdirectionsin which
thereis a goodcast.

Proof: Figure 3.10shaws a polyhedronwith two horizontal“legs” anda row of small
(resp. large) “teeth” positionedalongthe upperleg (resp. lower leg). We referto this
polyhedronasa comh The schematiadiagramon the left in Figure 3.11 givesthe top
view shawing the interactionof the large and small teethin a singlecomh In the top
view, if we move from left to right, onelargetoothwill appeaiin eachof the gapsamong
the smallteethbeforean adjacentarge tooth appearsn ary gap amongthe smallteeth.
Therefore,if thereareb smallteethandc large teeth,thenthereare Q(bc) distinctand
goodpartingdirectionsfor acomh For onecomb,eachof thesedistinctandgoodparting
directionsliesin adistinctcell in thearrangementA4(Q).

The key to increasingthe numberof distinct and good partingdirectionsis to combine
two combs. The schematiaiagramon theright in Figure 3.11shawvs the top view of a
compositebjectconsistingof two combs:thelower leg of theleft combandtheupperieg

of theright combareatthe sameevel, andthetwo shadedoxesrepresenthe projection
of the two rows of smallteeth. Let eachcombhave arow of n/4 smallandlarge teeth.
Thereforethereis atotal of n teethin thecompositeobject.

Thefirst comb,in the compositeobject,decomposethe sphereof directionsinto Q(n?)
cells. For eachof thesecells, the secondcomb decomposethat cell into Q(n?) cells.
Therefore,the numberof distinct and good parting directionsfor the compositeobject
canbeaslargeasQ(n?).

3.4 Experimental results

We have implementeda simplified versionof the algorithm of Theorem3 (insteadof a
planesweep,we simply testall pairsof shadev edgesfor crossings).Given an object
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Figure 3.10: A component of the polyhedron having Q(n4) distinct cast directions

!

Figure 3.11: A top view of the lower bound construction

to be cast,we testa randomsetof directions,aswell asheuristicallychosendirections
(currentlythedirectionsof all edges) Thisis simpleto implementandseemsgo work fine
in practice.Figure3.12shavs a heart-shapedbject. The sphereepresentshe sphereof
directions.A blackstippleis plottedon the spherefor every directionin which the object
hasbeenfound castable.Two directionshave beenspeciallymarked, one of theseis an
edgedirection, the otherone a randomlychosendirection. The hearthas75 edgesand
7 edgedirectionswerefoundto be feasible. Of the 32,000 randomlychosendirections,
803werefoundto befeasible.Theblackline onthe heartshows the silhouettefor oneof
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Figure 3.12: A heart-shaped object and the sphere of directions depicting the different
casting directions tested

thetwo markeddirections(therandomlychoserone).

Therook from achesggamein Figure3.13had264 edgesandthedirectionsof 8 of them
arefeasible.Of thetested32,000randomdirections 576 arefeasible.Silhouettedor the
two markeddirectionsareshavn ontheobject.

We have alsotestedthe implementatioron mary CAD models. In the implementation,
we usedthe commercialsoftware ACIS? a 3-dimensionamodelingtoolkit andlibrary,
which supportssolid modelingandsurfacemodeling.

Figure 3.14 shows a corvex polyhedronwhich is castabldn ary direction. In theright
figure, silhouettesfor the objectwith respecto the givendirectionareshavn. Notethat
thegivendirectionis notfeasiblein the sandcastingmodel.

The algorithmworks for objectshaving tunnels. The torusin Figure3.15hasa tunnel,
andsilhouettef two closedcurveswerefoundwith respecto the givendirection.

Givenadirection,if thereis areflex edgeor apairof edgeghatcrossin theprojection the
programnotonly stops but providesusefulinformationto thedesigneonthe castability:
Figure 3.16 shows a braclet. The braclet is not castablen the given direction,anda
shortblacksegmentshavn in theright figureis areflex edgein thedirection.Figure3.17
shavs an objectwhosetwo edgescoloredblack, crossin the projectioninto the given
direction.

Figure3.18shaws a bolt. Insteadof samplingdirectionsrandomly we chosedirections
parallelto facesof theobject. Of the64 choserdirections 38 of lighter shadearefeasible.

Clearly, further experimentationis necessanto improve the heuristics. Although the

2ACIS s atrademarkof SpatialTechnologyinc.
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Figure 3.13: A rook and the sphere of directions depicting the different casting directions
tested

Figure 3.14: For a convex polyhedron, in any direction it is castable.

programtakesonly a few second®n theseparts,it would have to be fasterto allow on-
line warningsinsidea CAD system(we imaginea systemthat automaticallywarnsthe
designemssoonastheobjectbecomesincastable).

A naturalextensionwould beto testdirectionsthatareparallelto a pair of facetplanes.
Obviously we could alsotestall O(n*) verticesof the arrangemenon the sphereof di-
rections(seethe previous section),but sofar it seemghatthis would make the program
slower without helpingmuchin practice.
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Figure 3.15: Torus: the algorithm works for objects having tunnels.

.’r:,

Figure 3.16: A reflex edge inside the bracket for the given direction.

Figure 3.17: A pair of edges(dark) cross in the projection into the given direction

Figure 3.18: Directions parallel to faces of the object: lighter(castable)/darker(not castable)
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CHAPTER 4

Directional uncer tainty

4.1 Introduction

The castingalgorithmsthathave beenproposedofar assumeperfectcontrol of the cast-
ing machinery Whena castpartis removed, it is requiredthat the part moves exactly
in the specifieddirection. In practice,however, this will rarely be the case. As in all
applicationsof robotics,we have to dealwith imperfectcontrol of the machineryanda
certainlevel of uncertaintyin its movements Whena facetof the objector of a castpart
is almostparallelto the directionin which the castpartsare beingmoved, thenthe two
touchingsurfacesmay damagesachotherwhenthe cast(mould) is beingopened.This
canmake theresultingobjectworthless,or it may wearaway the surfaceof the castso
thatit cannotbereusedasoftenasdesirable.

In Figure4.1 (a), the castcanbe openedoy moving the two partsin directiond and—d.
If, however, dueto imperfectcontrol, the upperpartis translatedn directiond’, it will
destry the object. The castpartsin (b) are redesignedso that both castpartscanbe
translatedvithout damagen the presencef someuncertainty

In this chapter we considerdirectionaluncertaintyin the castingprocess:given a 3-
dimensionalpolyhedralobject, is therea polyhedralcastsuchthatits two partscanbe
removed in oppositedirectionswith uncertaintya without damageto the objector the
castparts?We call suchanobjectcastablewith uncertaintya.

Directional uncertaintyhas beenwell studiedby researchersn motion planning and

roboticsin general. A motion planningmodelwith directionaluncertaintywasperhaps
first proposedy Lozano-Rrez,MasonandTaylor[36]. An extensvetreatmenbf motion

planningwith directionaluncertaintyis givenin thebookby Latombe[35].
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Figure 4.1: (a) Insufficient angle: the upper part of the cast is stuck, (b) A new removal
direction

We generalizehe characterizatiomf castablgyolyhedrain Chapter3 to incorporateun-
certaintyin thedirectionsin which the castpartsareremoved. A formal definition of our
modelis givenin Sectiond.2. It turnsoutthatoneof the maindifficultiesis to guarantee
thatthe two castpartsare polyhedal—while this is trivial in the exact case,it requires
approximationof a curved surfacein our modelwith uncertainty We give analgorithm
thatverifieswhethera polyhedralobjectof arbitrarygenusis castabldor a givendirec-
tion of castpartremoval andgivenuncertaintya > 0. Therunningtime of thealgorithm
is O(nlogn), wheren is the numberof verticesof the input polyhedron. If the object
is castablethe algorithmalsocomputegwo polyhedralcastpartswith O(n) verticesin
total.

We then considerthe casewherethe removal directionis not specifiedin advance. We
give analgorithmthatfindsall possibleremoval directionsin which the polyhedralobject
is castablavith uncertaintya in time O(n?logn/a?).

4.2 Preliminaries

A polyhedronP is monotonein directiond if every line with directiond intersectshe
interior of P in at mostone connectedcomponent. We saythat P is a-monotonein
directiond for an anglea with 0 < a < 1/2 if P is monotonein direction d’ for all
directionsd’ with /(d,d") < a,

We saythatafacetf of a polyhedronP is a-steepin directiond if the anglef between
anormalof f andd liesin therangemn/2—a < B < 1/2+a. A polyhedronP is called
a-safein directiond if noneof its facetds a-steepfor thatdirection.

We call a polyhedralterraina-safeif the normalvectorof the surfacemakesanangleof
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atmostrt/2 — a with theverticaldirectionwherever it is defined.

A castC with openingdirectioanor apolyhedronP is a pair (C,Cp) of two polyhedra
Cr and(y, suchthatthe interiorsof Cy, Cp, and P are pairwisedisjoint and the union
Cr UP Uy is arectangulabox with anedgeparallelto d that completelycontainsP in
its interior. We call C, andCy, thered castpart andthe blue castpart of C.

A castC with openingdirectiond is a-feasible,if for eachpair of directions(d;,dj)

with Z(d,d;) < o andZ(—d,dp) < a, thered castpartC, canbetranslatedo infinity in

directiond;, without colliding with P or Cp, andthe blue castpartC, canbetranslatedo

infinity in directiond,, without colliding with 7. Notethatthe orderof removing the cast
partsis actuallyirrelevant.

A polyhedronP is a-castablein directiond if ana-feasiblecastwith openingdirection
d exists. For the specialcasea = 0, we saythatP is castablein directiond.

Thefollowing simplelemmacharacterizepolyhedracastablan directionJ[?].

Lemma6 A polyhedon P is castablein directiond if and only if it is monotonein
directiond.

The main resultof the presentchapteris a generalizatiorof this resultto a-castability
We statetheresulthere—itwill take usafew morepagego proveit.

Theorem6 A polyhedon? is a-castablen a directiond if andonlyif P is a-monotone
anda-safein directiond.

Thefollowing lemmaprovesthe necessityof the condition.

Lemma 7 If a polyhedon P is a-castablein direction d, thenP is a-monotoneand
a-safein directiond.

Proof: Assumethat?P is nota-safe,soafacetf is a-steepwith respecto d A point p
in theinterior of f canbeneitherontheboundaryof C; norontheboundaryof Cp,, andso
P is nota-castabléen directiond.

Ontheotherhand,if P is a-castablén directiond, it is castabldn ary directiond” with
Z(d,d") < a. By Lemmas, it follows thatP is monotonen directiond’. It follows that
P is a-monotone.

4.3 Finding a cast

It remainsto prove the sufiiciency of the conditionin Theorem6. We do so by shaw-
ing how to constructan a-feasiblecastfor any a-monotoneanda-safepolyhedron.To
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simplify the presentationwe will assumewithoutlossof generalitythatJ is theupward
verticaldirection(the positive z-direction). We saythat P is a-castablef it is a-castable
in theverticaldirection.

A facetof P is calledanup-facetif its outward normalpointsupwards,anda down-facet
if its outward normal points dowvnwards. Assuming?® is a-safe,thereare no vertical

facets,and so eachfacetis eitheran up-facetor a down-facet. Clearly an up-facetof

P mustbe a facetof the red castpart C;, while a down-facetof P mustbe a facetof

the blue castpartCyp. The difficulty is finding the separatingurfacebetweenC; andc,

“elsewhere”

AssumethatP is a-castableandthat(C,,Cp) is ana-feasiblecastfor P. Againwe denote
by B the axis-parallelbox thatforms the outsideof the cast. We definethe blue parting

surfaceS, asthe commonboundaryof Cy, andC; U P, andthe red parting surfaceS

asthe commonboundaryof C; andCp, U P. Any upwardsdirectedvertical line £ must
intersectCy, P and(; in this order eachin a single connecteccomponenthat canbe
empty It follows thatboth § andS arepolyhedralterrains. The two terrainscoincide
exceptwherethey boundthe polyhedronP. If weletS := § NS, defineS, to be the
unionof all up-facetsandSy to betheunionof all down-facetswe canwrite § = SUS,

andS, = SUSy. The boundaryof S is the setof silhouetteedgesof P (an edgeis a
silhouetteedgeif it separateanup-facetfrom a down-facet).

Constructinga castthereforereducego theconstructiorof theterrainS. In Chapter3, we
consideredhe specialcasea = 0, andgave a triangulationmethodfor constructingS as
follows: Let h beahorizontalplanecuttingthebox B in two roughlyequalhalves.Let R
betherectanglehn B. We project? ontoh andobtaina polygonP, possiblywith holes.
Let 7 beatriangulationof R\ P. Everytrianglein 7 is “lifted” into 3-dimensionaspace
by replacingeachvertex v of P by its original vertex v of P. Theresulting3-dimensional
surfaceis thedesiredterrainS separatingheredandblue castparts.(Thedescriptionn
Chapter3 is morecomplicatedasit handlesverticalfacets.)

Unfortunately this constructiondoesnot necessarilyproducean a-feasiblecast, even

whenthe polyhedronis a-castable Figure4.2 illustratesthis possibility P is the projec-
tion of a polyhedronP thatis a-monotoneanda-safe. The z-coordinatesof verticesa

andb areidentical(andsothe segmentab is horizontal). The z-coordinateof ¢ is chosen
suchthatboth ac andbc make anangleof a with the vertical direction. Any triangula-
tion of R\ P containsthetriangleabc Thisimpliesthatthe midpoint p of ablieson S,

andthereforeon the boundaryof the red castpart. However, translatingp upwardswith

uncertaintya may causeit to collide with the polyhedronat ¢, and so the castis not
o-feasible.

The problemwith this approactis thatevenif the polyhedronis a-monotoneanda-safe,
the constructederrainS is not: thetriangleabcis in facta-steep.We now prove thatit
sufficesto make surethis doesnot happen.
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Figure 4.2: The triangulation method fails: the line segment pcis too steep.

Lemma 8 LetB be an axis-paallel box,andlet S be an a-safeterrain sepaating the
topandbottomfacetsof B. LetC bethepart of B aboveS, andletC’ := B\ C. Letd bethe
upwa vertical direction,andlet d’ besud that Z(d, d’) < a. ThenC canbetranslated
to infinity in directiond” withoutcolliding with C’'.

Proof: Assumethe claim wasfalse,andconsidera point p € C thatwhentranslatedn
directiond’ collideswith a pointq € C’. Theline sgmentpq lies completelyinsideB,
andsoits vertical projectiononto S is apathtt Sincep lies abose one end-pointof 1t
q lies below the otherend-point,andthe slopeof pqis atleastr/2 — a, theremustbea
sggmenton twheretheslopeis atleastr/2— a. Thisis acontradictiorto theassumption
thatS is a-safe.

Lemma9 LetP bean a-safepolyhedon, B an axis-paallel box enclosingP and let
S be an a-safepolyhedal terrain boundedby the silhouetteedgesof P. Thenthe cast
definedby the parting surfacesS :=SUS, andS, :=SUSy is a-feasible

Proof: SinceP is a-safe,bothS, andSy area-safeterrains.SincesS is a-safe,bothS
and$, arethereforea-safe.Lemma8 now impliesthatthe castis a-feasible.

We will now shov how to constructa terrain S asin Lemma9 by forming the lower
envelopeof asetof cones.Givena point p on anup-facetof P, thea-coneD(p) of pis
the solid verticalupwardsorientedconeof anglea with apex p. Formally, if p’ is a point
vertically above p, thenD(p) := {x | Z(xpp') < a}. Let now D1 bethe unionof D(p)
over all pointsp € Sy, andlet £ be the lower ervelopeof D;. Clearly, £1 containsS,,
andsoS := &1\ Sy is boundedoy thesilhouetteedgesof P. Since&; consistof patches
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of a-conesiit is clearly a-safe. It follows that S fulfills the requirement®f Lemmas,
exceptthatit is notapolyhedralterrain.

We will seebelawv thatwe caneasily“approximate”S by a polyhedral,a-safeterrainS’

that containsall the linear edgesof S andlies belown (or coincideswith) S everywhere.
(The readermight alsorightfully askwhy a casthasto be polyhedral—perhapa cast
boundedby the conic patchegesultingfrom our constructiormight work betterin prac-
tice thanthe polyhedralversionwe will constructobelow.)

The constructionof S above appeargo requiretaking the union of aninfinite family of
cones. We now give an alternatve definition of S asthe lower envelopeof h objects,
whereh is thenumberof silhouetteedgeof P.

In fact, let pq be a silhouetteedgeof P. The a-region D(pqg) of pqis the convex hull
of D(p) UD(q). Thelower envelopeof D(pq) consistsof threecomponentstwo conic
surfacessupportedy the a-conesD(p) andD(q), anda connectingareaconsistingof
two planarfacets.

Let now D, be the union of D(pq), over all silhouetteedgespg, andlet £ = & bethe
lower ervelopeof D;,. It is easyto seethat&; is in factthelower ervelopeof Sy and&y,
andso &1 and&; coincide“outside” of P. Thus,if we defineS to bethepartof £ = &
notlying above S, we definethe sameterrainS asabove.

The lower envelope€ consistsof O(h) faces which areeitherplanar or supportedoy a
singlea-coneD(x) for a vertex x of P. An edgeof £ is eithera silhouetteedgeof P,
a straightedgeseparating conic patchsupportedby an a-coneD(x) from an adjacent
planarpatchsupportedby ana-region D(xy), or is anarc supportedy the intersection
curve of two a-conesana-coneanda plane,or two planes.Sucharcsareeitherstraight
segments,arcsof parabolaspr arcsof hyperbolas.In all casesthey arecontainedn a
plane.Figure4.3 shavs the two typesof conicsectionsarising.

parabola hyperbola hyperbola

Figure 4.3: Types of conic sections: parabola and hyperbola
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We canrepresent by its projectionon the xy-plane. The projectionis in facta planar
subdvision, whosefacesaresupportediy a singleplaneor a-cone. If we annotateeach
facewith the vertex or silhouetteedgeof P whosea-coneor a-region supportsit, the
resultingmapis acompleterepresentationf £.

In generalthelower ernvelopeof mwell-behaed, constant-compbdty objectscanhave
compleity ©(n?) [48]. We will shaw in the following that our planarsubdision has
in factlinear compleity. Roughly speaking we interpretthe planarmapasa kind of
Voronoi diagram. Our sitesare the projectionsof silhouetteedgesonto the xy-plane,
additively weightedby the “height” of the edgeabore the xy-plane. (This is, indeed,a
strangenotion of “weight,” asit is notconstanfor a givensite. The concernedeaderis
asledto wait for theformal definitionbelow.) This diagramdoesnotappearto have been
studiedbefore,but it doesfit into Klein’s framework of abstiact Voronoi diagrams[32],
andhis resultson compleity andcomputatiorapply.

Considerasilhouetteedgee of P. Lete betheprojectionof e onthexy-plane.For apoint
P €&, let p, bethe z-coordinateof the point p = (px, py, Pz) € € whoseprojectionon the
xy-planeis P, andlet w(P) be p,tana. We cannow defineadistancaneasuren theplane
asfollows: For x € R? andp € & we define

d(x, ) := [Xp| +W(P) = [Xp| + p.tana.
Thedistanceof a pointx to a segmente is then
d(x,€) :=mind(x,P).
(x,8) := mind(x p)
Lemma 10 Thevertical projection of the lower ervelope& coincideswith the Voronoi

diagramof the projectedsilhouetteedgesandverticesunderthedistancefunctiondefined
above

Proof: Let x bea pointin the plane,andlet e be a silhouetteedgeof P. Let x* bethe
pointwherethe verticalline throughx intersectshe boundaryof the a-region D(e). We
obsenrethatd(x,€) = |xx*|tana. Thelemmafollows.

In thefollowing lemma,we shov somepropertiesof the Voronoidiagram.

Lemma 1l Let P bean a-safeand a-monotonegpolyhedon. Considerthe Voronoi dia-
gramdefinedby the projectionsof a subsetG’ of silhouetteedgesof P with the distance
functionabove It hasthefollowing properties:

e A projectedsilhouetteedge € liesin its ownVoronoi cell.

e Givena pointxin the Voronoi cell of €. Lety € & bethe point one minimizingthe
distancefromx. Thenthe sgmentxy is containedn the Voronoi cell of €.
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e Ead Voronoicellis simplyconnected.

e Theloronoidiagramis anabstiact Voronoi diagramasdefinedoyKlein etal. [33].

Proof: Let G’ beanon-emptysubseof silhouetteedgesandlet £’ bethelower envelope
of thea-regionsof the silhouetteedgesn G'.

(i) Theclaimis identicalto statingthatthe silhouetteedgee appearson the lower erve-
lope&’. If it didn’t, a point p € e would have to lie insidethe a-region D(€) of some
othersilhouetteedge€, in contradictiorto theassumptiorthat P is a-monotone.

(ii) Assumethereis apointz € xy suchthatthe nearessitepointto zist #y. Then

dixt) = [|+w(t) <[xd+|z|+w(t) =[xz +d(zt)
< P +dzy) = 2 + [z + w(y) = [yl +w(y) = d(x,y),

in contradictionto the definitionof y. Sothe nearespointonasiteis y, for all pointson
Xy, andthe sggmentxy is containedn the Voronoicell of &.

(iii) Follows from (i) and(ii).

(iv) The abstractvoronoi diagramframawork by Klein et al. assumes setof (abstract)
objects,eachpair of which definesa bisectorpartitioningthe planeinto two unbounded
regions. Thesystemof bisectordhasto adhereao asetof four axioms. It is straightforvard
to verify that the bisectorsdefinedby pairs of silhouetteedgesdo fulfill theseaxioms,
using(i)-(iii) andelementarycalculations.

Figure4.4 shawvs the bisectorof two projectedsilhouetteedgese and€e’. Note thedrop-
shapedcurves surroundingeachedge: theseare curves of equaldistancefrom the seg-
ment.

Lemma 12 LetP beana-monotoneanda-safepolyhedonwith n verticesandlet £ be
the lower envelopeof the a-regionsof its silhouetteedges. Then& hascompleity O(n)
andcanbe computedn timeO(nlogn).

Proof: FromLemmal0andLemmall (i)-(iii), we canconcludethat€ haslinearcom-
plexity.

We canidentify the h silhouetteedgesof P in O(n) time by inspectingthe normalsof all
facets.By Lemmall (iv), the projectionof £ ontothe xy-planecanbe computedn time
O(hlogh) by therandomizedncrementahlgorithmof Klein etal. [33]. Eachfaceof the
Voronoidiagramcarriesinformationaboutthesite creatingit, andsowe canconstructhe
envelope€ in lineartime O(h).
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We have now seenhow to computean a-safeterrain€ boundedby the silhouetteedges
of P in time O(nlogn). All thatremainsto bedoneto fulfill theassumptionsf Lemma9
is to turn & into a polyhedal terrain.We proceedasfollows.

Theedgeof £ consistaconstanhumberof segmentsof two types:straightline segments
gndconic arcs.Let d = vi\» besucha conicarc,with endEointsvl andvs. Its projection
0 separateswo cellsof the Voronoidiagram,sayof e ande'.

We conceptuallyaddfour straightline segmentsto the graphof the Voronoidiagramby

connectingbothvi andv; to the nearespoint on bothe ande’. We do this for all conic

arcsof £, addinga linearnumberof “spokes”to the Voronoidiagramgraph. The spoles

do not intersect,andso we have increasedhe compleity of the diagramby a constant
factoronly. As aresult,ary conicarcd, is now incidentto two constant-compldty faces
in the diagram. Therearetwo casesgdepictedin Figure4.5 (a), dependingon whether
the spolesmeeton oneor two sides.Without lossof generality we canassumehatthe

spolesalwaysmeeton €.

As we have seerbefore theconicarcd is containedn aplanel’. We now choosealine £
in I tangento & on its corvex side,suchthatits projection? separates frome. (If I is
averticalplane thend is a straightsggment,and? containsd.) Let furthermoref;, and/
bethelinesin I' tangento & in v; andvy. Letx:=£N¢; andy :=£N 4.

We now constructa new terrain€’ by replacingthe conicarc d with the polygonalchain
viXyve, andreplacingthe conic surface patchessupportedby D(€') and D(e) eachby
threetrianglese'vi x, €xy, €yw, (andanalogouslyor eif the spolkesmeeton bothsides).
Figure4.5 (b) shavs the projectionof the new terrain&’.

We canperformthis operationfor all conicarcsof £ simultanouslyresultingin a poly-
hedralterrain&’. Note thatthe triangleslie on planesthataretangentto a-conesD(e)
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Figure 4.5: Approximation of curved surfaces. (a) adding spokes to the diagram: bisector
of a vertex and an edge (left) and bisector of two vertices (right). (b) in the new terrain £’,
conic facets have been replaced by triangles.

or D(¢), andsothey arenot a-steep.This impliesthat€’ is a-safe. By Lemma9, the
terrain€’ definesana-feasiblecast,andwe have thefollowing result.

Lemma 13 If a polyhedpn P is a-monotoneand a-safein directiond, thenP is a-
castablein directiond.

Thisconcludesheproofof Theorenb; thetheorenfollowsimmediatelyfrom Lemmas?
and13.

Our proof of Theorem6 is constructve: Given an a-safeand a-monotonepolyhedron,
we cancomputea feasiblecastwith uncertaintya in time O(nlogn). The construction
usestherandomizedncrementahlgorithmby Klein etal. [33], asin Lemmal2.

Thisproceduraloesnotyetallow usto decidewhetherapolyhedronis indeeda-castable,
aswe canonly guaranteahe correctnes®f the ervelopeconstructionf the envelopeis
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indeedan abstractoronoidiagram.This is not necessarilythe caseif the polyhedronis
not a-monotone Fortunatelyit is notdifficult to adda testto eachstageof thealgorithm
by Klein et al. thatwill detectif P is not a-monotone. This is basedon the following
lemma.

Lemma 14 Let P be a-safeand monotone and let G’ be a non-emptysubsetof the
silhouetteedgesof P. G’ is a-monotonéf andonlyif each edgee € G’ appeascompletely
onthelower ervelopeof thea-regionsof G'.

Proof: Thenecessityf the conditionwasalreadyprovenin Lemmall.

Assumethat G’ is not a-monotone. Thenthereare two silhouetteedgese, € andtwo
points p € e andq € € suchthatthe slopeof pqis greaterthan2m— a. The point p,
therefore,lies inside the a-region D(€¢/), and so e doesnot appearcompletelyon the
lower ervelope.

We cannow augmenthealgorithmby Klein etal. to achieve thefollowing result.

Theorem7 Givena polyhedon P with n verticesand a directiond, we can testthe
a-castabilityof 7 in d in time O(nlogn). If it is a-castable thenwe can constructan
a-feasiblecastin O(nlogn) time TheresultingcasthasO(n) vertices.

Proof: We first examineevery facetof P anddecidewhetherP is a-safe.If so,we test
whetherP is monotonein directiond, for instanceusingthe algorithmin Chapter3. If
eitherstepfails, we reportthat P is not a-castablen directiond.

Otherwisewe now usethealgorithmby Klein etal. [33] to computetheVoronoidiagram
of the projectedsilhouetteedgess. Thealgorithmincrementallyconstructghe diagram,
while addingthe projectingsilhouetteedgesoneby onein randomorder At eachstep,it
maintaingheVoronoidiagramV (G') andaso-callechistorygraph#(G') of thesubse’
of edgesdnsertedsofar. Wheninsertinga new silhouetteedges € {G\ G'}, thealgorithm
first computesthe set Eg of Voronoi edgesthat are intersectedby the Voronoi region
V(s) in V(G U{s}). Thenit constructgsheupdateddiagramV (G’ U {s}) andtheupdated
historygraph# (G’ U{s}) by usingEs. This canbedonein O(Es) time [33].

We know that this procedureworks correctly aslong asthe subsetG’ is a-monotone.
We augmenthe algorithmsuchthatit recognizesassoonasa new silhouetteedges €
G\ G’ is addedwhetherG’ U {s} is nolongera-monotone Thetestrelieson Lemmal4.
G’ U{s} is nota-monotoneif andonly if thereis s’ € G’ suchthateithersnD(s") # 0
or s N'D(s) # P. Thesilhouetteedges’ mustparticipatein the definition of the Voronoi
edgesof Es, andsowe cantestthis in O(Es) time. It now sufficesto verify that Es is
indeedcorrectlycomputeddy thealgorithmevenif G’ U {s} is nota-monotone.
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4.4 Computing feasible directions

We now describeanalgorithmto solve thefollowing problem:GivenapolyhedrorP and
ananglea, decidewhetherthereis adirectiond suchthat? is a-castablén directiond.
In fact,we will solve themoregenerabproblemof finding all directionsd for which P is
a-castable.

We identify the setof directionswith the setof pointson the unit sphereS? centerecat
the origin. A point p on S? correspondso the direction d, from the origin o to p. Our
goalis to identify theregion of §? correspondingo directionsin which P is a-castable.

If we imaginethe directiond changingcontinuously thereare directionswherean up-
facetmaybecomea down-facet,or vice versa.The setof thesedirectionsformsa collec-
tion M of O(n) greatcircleson S2. We notethat P is a-safein adirectiondﬁp if andonly
if p hasdistanceatleasta to all greatcirclesin M.

Let C bea cell of the greatcircle arrangementf M. If d variesinsideC, the silhouette
edgesf P remainthe same but at certaindirectionsthe monotonicityof P changesin
fact,this happensvhenaline parallelto Jthroughasilhouetteverte( crossesasilhouette
edge. The setof directionsfor which this occursforms a collectionN of O(n?) arcsof
greatcircles. We notethat® is a-monotonen directiondﬁp if andonly if P is monotone
in directiond, andp hasdistanceatleasta to all thearcsin N.

Insteadof computingthe completearrangemendf M U N, we canwork with a setS of
0(1/a?) samplingpointson S2. ThesamplingpointsSarechosersuchthatary spherical
discof radiusa onS? containsa pointof S.

Foreachs € S, wefirsttestwhetherP is monotonen directionds in time O(nlogn), using
the algorithmin Chapter3. If it is, we constructthe cell of the arrangemenodf M con-
taining s by computingthe intersectionC; of n hemisphereg time O(nlogn). We then
computethe O(n?) arcsof greatcircleswherethe monotonicityof P changeswithin Cy,

andcomputethesinglecell C, containings in their arrangemerin time O(n?logn) using
therandomizedncrementakonstructioralgorithmby de Berg et al. [18]. By the obser

vationsabove, if p € C, thenP is a-monotoneanda-castablen directiond if andonly

if p hasdistanceatleasta to the boundaryof C,. We cancomputethis setof directions
by takingthe Minkowski-differenceof C, andadiscof radiusa.

It remainsto arguethat all feasiblecastingdirectionsare found this way. Let Jp bea
directionin which P is a-castableThesphericadiscwith centerp andradiusa contains
apoints € S, anddoesnot intersectary greatcircle arcin M or N. Thisimpliesthat p

ands arecontainedn the samecell of thearrangementdf M UN. Furthermore? must
bemonotonen directionds. It followsthat p will befoundby our algorithm.

Finding the dir ection of maximum uncertainty. It is desirablghatthe partingterrain
of a castis as“flat” aspossible.Sowhile arelatively smalluncertaintyas may be given
asa minimum requiremenfor manugcturing,we actually preferto generatecastswith
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uncertaintyaslargeaspossible.

We caneasilyextendthe algorithmdescribedabore to solve this problem. Again we are
givenananglea > 0 andwish to testwhetherP is a-castablelf the answelis positive,
we now alsowantto determinghelargesta* > a for which adirectiond existssuchthat
P is a*-castablén directiond.

We proceedhsabove: We generatea samplingsetS suchthatary sphericadiscof radius
a containsa point of S. We then compute,for eachs € S the cell C; containings.

The direction of largestuncertaintywithin C, is the centerof the maximuminscribed
(spherical)iscfor C,, whichwe computein O(n?logn) time. Thelargestinscribeddisc,
over all cells computed,determineghe largestuncertaintyfor which the objectis still

castable.

Theorem8 Let P bea polyhedonwith n vertices,anda > 0. All directionsin which P

is castablewith uncertaintyor canbecomputedn O(n?logn/a?) time If such a direction
exists,thelargesta* > a for which P is castablewith uncertaintya* canbe computed
within the sametime bound.

A heuristic. If anapproximatve solutionis sufiicient, the following heuristiccanbe
applied.lt runsin time O(nlogn) for constantr.

Leta’ := (1—¢)a, for someapproximatiorparametee > 0. We choosea setS of O(1)
samplingdirectionson 2, sufficiently densesuchthatfor ary sphericaldiscD of radius
a thereis apoints € Ssuchthatthediscof radiusa’ with centersis containedn D.

For eachs € Swe testwhetherP is a-castablaisingthe algorithmof Section4.3. If we
aresuccessfulwe reportP to be a-castable.If not, we testeachdirections € S again,
thistime with uncertaintyo’. If nofeasiblecastingdirectionwith uncertaintya’ is found,
we reportthat P is not castablewith uncertaintya. Thisis true by the choiceof S If a
feasibledirectionfor uncertaintyo’ is found, we reporta “maybe” answer:P is castable
with uncertainty(1— €)a, andmay or may notbe castablewith uncertaintyo.

The sameideacanbe usedto approximatehe largestfeasibleuncertainty We can, for
instanceseta’ := a/2, andkeepdoublinga until P is nolongera-castable.
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CHAPTER S5

Skewed ejection direction

5.1 Introduction

In this chapterwe studythe casewherethe castpartsneednot be removed in opposite
directions. In mostexisting machinerythe retractionand ejectiondirectionsareidenti-
cal, andpreviouswork on this problemhasassumedhis restrictionon casting.Existing
technologyfor injection moulding, however, alreadyhasthe flexibility to accommodate
an ejectiondirection that is different from the retractiondirection of the moving cast
part. Exploiting this possibility allows to castmore parts,or to castpartswith simpler
moulds,andis the subjectof the presentchapter Figure5.1 illustratesthe proceson a
2-dimensionakxample.

Figure 5.1: The casting process

To summarizein our modelof casting thetwo castpartsareto beremovedin two given
directionsand thesedirectionsneednot be opposite. Contraryto the caseof opposite



removal directions the orderingof removal is important.

The castpartsshouldbe removed from the objectwithout destrying eithercastpartsor
the object. This ensureghatthe given objectcanbe massproducedy re-usingthe same
castparts. The castingprocessnayfail in theremoval of the castparts:if the castis not
designedoroperly thenone or more of the castpartsmay be stuckduring the removal
phaseasin Figure5.2. The problemwe addresereconcernghis aspect:Given a 3-
dimensionabbject,is therea castfor it whosetwo partscanbe removed aftertheliquid
hassolidified? An objectfor which thisis the caseis calledcastable

=

Figure 5.2: The top part of the cast is stuck.

Separatinga castin two arbitraryremoval directionsfor 2 dimensiong45] andin some
specialcasedor 3 dimensionshave beenstudiedbefore[13]. While in practicethe two
castpartsareremovedin oppositedirections,coresandinsertscanbe usedto enlagethe
classof objectsmanuficturableby casting[20, 41, 55]. Coresandinsertsareappendages
to thecastpartsthatareremovedin arbitrarydirections.Thus,ourtechniquefor handling
two arbitraryremoval directionsmay shedsomelight on the problemof incorporating
coresandinserts.

In this chapterwe give a completecharacterizatiormf castability underthe assumption
thatthe casthasto consistof two partsthatareto be removedin not necessarilyoppo-
site directions. Our characterizatiorof castabilityappliesto generalobjects@. Thisis
importantsincemary industrial partsare not polyhedral. We also give an algorithmto
verify this conditionfor polyhedralobjects.We do notassumeary specialseparabilityof
thetwo castparts,andallow partsof arbitrarygenus.The runningtime of our algorithm
for determiningthe castabilityof a polyhedralobjectwith a given pair of directionsis
O(n?logn), wheren is the combinatoriacompleity of the polyhedron.

All the resultsfor oppositecastpartsremoval in [7, 30, 34] rely on the propertythat
an objectis castabldf its boundarysurfaceis completelyvisible from the two opposite
removal directions. This is not true whenthe removal directionsarenon-oppositethere
are polyhedrawhosewhole boundaryis visible from the removal directionsbut which
are not castablewith respectto thosedirections[7]. Considerthe polyhedron? and
theremoval directionsdepictedin Figure5.3. The shadedacetsof P togethemwith the
bottomfacetsform the blue castpart of the boundary;the remainingfacetsform thered
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Figure 5.3: The whole boundary is visible from the removal directions but which are not
castable with respect to those directions

castpart. Both the red and the blue castpart are terrainsin their respectie removal
directions.Thereis no goodcast,however, for theseremoval directions:the point p will

intersecthe interior of P bothwhenit is movedin directioan andwhenit is movedin
directionJr, soit canneitherbein thebluenorin theredcastpart. This meanghatthere
is no goodcastfor the directionsd; andch. By pokingtwo thin holesinto the object,as
in Figure5.3, we canensuretherecannotbe a goodcastfor any otherpair of directions
either

For completenessye alsogive an O(n'#logn)-time algorithmfor finding all combinato-
rially distinctfeasiblepairsof removal directions.Thoughtherunningtimeis polynomial,
thealgorithmis clearly of theoreticalinterestonly.

5.2 A characterization of castability

We call anobject@ castablewith respecto a pair of direction(&; , Jb) if we cantranslate
thered castpartC, to infinity in directiond, without collision with @ andint(Cy), and
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thentranslatghebluecastpartCy to infinity in directioan withoutcollisionwith Q. The
orderof removal is important.

Imaginethatwe illuminate @ with two sourcef parallellight. Theredlight sourceis at
infinity in directiond; andthebluelight sourceis atinfinity in directioan. We saythata
point p in spacds illuminatedby redlight if aredrayfrom theredlight sourcecanreach
p without intersecting®. The definitionfor a point p beingilluminatedby bluelight is
similar. Notethatwe assumeahata light ray will notstopwhenit grazeshe boundaryof
Q.

We denoteby B anaxis-paralleboxwhoseboundanyis the outershapeof thecast. There
is a(possiblydisconnecteddubsebf B\ Q notilluminatedby redlight. We callit thered
shadowolumeanddenoteit by V;. Similarly, thereis a subseof B\ Q notilluminated
by bluelight. We call it the blue shadowolumeanddenoteit by V. Notethatthe object
Q is aclosedsetand(C; UCy) is anopenset. If we sweepV, to infinity in directiond;,

thenwe will encounteia setof pointsin B andwe denotethis setof pointsby V. Note
that)}; includes)), itself.

Lemma 15 If Q is castablethen); C C, andV;; C C;.

Proof: By definition,B\ Q is containedn C; UCy andsoboth), and}}, arecontained
in C; UCp. Take ary pointpin V;. If we move p in directiond; to infinity, then p will
be stoppedby Q as p doesnot receive ary redlight. So p cannotbe a pointin thered
castpartC;. Thus,V; C Cy. By similaranalysis,V, C C;. Since@ is castableC, canbe
translatedirst to infinity in d. without colliding with @ andint(Cy). SinceV, C Cy, we
concludethatVy C C;.

We are now readyto prove the necessanand sufficient condition for an objectto be
castable.

Theorem9 Givenan object Q, Q is castableif and only if V; lies in one connected
componenbf B\ (ViU Q).

Proof. First, we prove that the conditionis necessary Since Q is castableV; C C;
and); C Cp by Lemmal5. SinceCp, =B\ (C;U Q), wehave V; CCp, =B\ (C;U Q) C
B\ (Vi U Q). Thereforejf V; doesnotlie in oneconnecteccomponendf B\ (Vi U Q),
thenCy doesnoteither ThisimpliesthatCy, is notconnecteda contradiction.

Secondyve prove thesufficiengy of the condition. Withoutlossof generalitylet d; bethe
positive vertical direction. Let f bethetop facetof B. Let M beathin layerof B below
f andabove Q. ThereexistsalayerM asQ@ lies strictly in theinterior of B. Let R bethe
connecteccomponenbf B\ (Vi U Q) thatcontains);. Definetheblue castpartCy, to be
R\ M. ThendefinetheredcastpartC, tobeB\ (QUCy).
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We first amguethat eachcastpartis connectedSinceR is connectedwe canensurethat
Cp is connecteddy adjustingthe thicknessof M. Sinceboth C; andM are completely
illuminatedby redlight, every connectedomponenbdf C; overlapswith M andhenceC,
is connected.

We now shaw thatthe castpartscanberemovedin order SinceC; is completelyillumi-

natedby redlight, C, canbetranslatedo infinity in directiond; withoutcolliding with Q.

We alsoclaim thatthis translationof C; cannotbe obstructedy Cp,. Otherwisea point p
in C; canseeapointqgin Cp in directiond;. If theline segmentpg containsa pointin Vy,

thenq alsobelongsto V;i. SinceC,NVy; = 0, q doesnotbelongto Cy, a contradiction.If

theline segmentpg doesnot containary pointin V¥, thenpgliesin B\ (V3 U Q). Since
q € Cp, p alsobelongsto the connecteccomponendf B\ (Vi U Q) containing);. Thus,
p € Cy, acontradiction.

After removing G, Cp canberemovedto infinity in dy without colliding with @ because
Cp doesnot containary pointin V, by definition.

Theconditionin Theorem9 alsoimpliesthatV, NV, is empty However, unlike the case
wherethe two removal directionsare oppositesof eachother the emptinesof V; NV,
doesnotguaranteeastability Figure5.4shavs anobjectthatis notcastablegventhough
Vi NV is empty

Dependingon the castingtechnologyused,the constructionusedin Theorem9 may not
resultin usefulcastssinceit generatesvalls betweerC, and(C, thatareparallelto oTr or
Jb. Sometimesheseareunavoidable,but it would be niceto have amethodthatdoesnot
createthemif they arenot necessarylLet V beCy\ V;. Onemighttry to exploit thatV
canalsobetranslatedn d, without colliding with Q. Thus,partsof V may beincluded
in C; to remaove walls parallelto d; or dy. Somewalls parallelto dy, (resp.d;) betweerCy,
(resp.Cy) andthe objectcanalsoberemovedby doingthis.

5.3 Feasibility test for a polyhedron

In this section,we presentan O(n?logn)-time algorithmfor testingthe feasibility of a
pair of removal directions(oTr , Jb) for agivenpolyhedronP. Throughouthis sectionwe
assumehatd; isthe positive verticaldirectionandthatP lies above thexy-plane.We use
£(p) to denotethe verticalline throughapoint p.

Theredshadow denoteddy S;, is thecomplemenbf the setof pointson 0P thatcanbe
illuminatedby red light from infinity in directiond, without beingobscurecby int(P).
Theblueshadowdenotedy Sy, is the complemenbf the setof pointson 0P thatcanbe
illuminatedby blue light from infinity in directiond, without beingobscuredy int(P).
TheirintersectionS, N Sy, is calledthe bladk shadow

For eachpolyhedronedgee, let hy(e) denotethe planethroughe andparallelto dy. Then
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Figure 5.4: An object Q and its shadow volumes. V; intersects two connected components
of B\VUQ.

eis abluesilhouetteedge if it satisfiedwo requirementsThefirst requirements thatthe
two facetsincidentto e lie in aclosedhalfspaceéboundedy hy(e) andthedihedralangle
throughint(P) is lessthant. The secondrequirements thatif a facetincidentto e is
parallelto dy, thene shouldbe behindthatfacetwhenviewing from infinity in direction
do. A lower blue silhouetteedg is a blue silhouetteedgee where P lies above hy(e)

locally ate. Similarly, anupperblue silhouetteedce is a blue silhouetteedgee whereP
lies belowhy(e) locally ate.

For eachlower blue silhouetteedgee, imaginethate is a neontubeshootingblueraysin
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direction—dj,. We tracethe “sheet” of blue raysemanatingrom e until they hit int(P),
or hit anedgeor facetparallelto dy andbelow int(P) locally, or reachinfinity in direction
—dy. The union of theseinterceptedor uninterceptedlue rays definesa subsetof the
planehy(e) calledalower blue curtain. Notethata lower blue curtainmay passthrough
afacetof P parallelto dy. Suchafacetmustthenbelocally abave int(P).

For eachupperbluesilhouetteedgee, we defineanupperbluecurtain symmetrically We
tracethe “sheet” of blue raysemanatingrom e until they hit int(P), or hit an edgeor
facetparallelto dy andabove int(P) locally, or reachinfinity in direction—d,. Theunion
of theseintercepteddr uninterceptedlue raysformsanupperblue curtain. Notethatan
upperblue curtainmay passhrougha facetof P parallelto dy. Suchafacetmustthenbe
locally below int(P).

Given a blue silhouetteedgee, we userl (e) to denotethe blue curtaindefinedby e. If
I'(e) is nonempty thenit is boundedby a silhouetteedgee calledthe head two edges
parallelto dy andincidentto the endpointof e calledthe sideedges edgesparallelto dy
but not incidentto the endpointsof e calledthe finger edgesanda seté(e) of polygonal
chainsoppositeto e calledthetail. Notethatthe headandtail of a bluecurtainlie onoP

We divide castabilitytestinginto threesteps. We first verify thatthe boundaryof P is
completelyilluminatedby red andbluelight. Thatis, S; NSy is empty Oncethis testis
passedwe thencheckwhether); NV, is empty If this testis passedthenwe construct
theredandbluecastpartsandverify thatthey areconnected.

5.3.1 Testing emptiness of the black shadow

Theemptinesof S; NS, canbetestedin O(n?logn) time asfollows. We puta horizon-
tal planeH above P and computethe projectionof P onto H with the hiddenportion
removed. Theresultingarrangemenits known asthe visibility map. We projectthis vis-
ibility mapvertically downward on the boundaryof P. This tells us which part of 0P
is iluminatedby red light. An edgein the visibility mapis the projectionof a polyhe-
dronedge.A verte in thevisibility mapis the projectionof a polyhedronvertex or the
intersectiorbetweerthe projectionsof two polyhedroredges Clearly, the sizeof thevis-
ibility mapis O(n?). It canbecomputedn O(n?logn) time usinga planesweepover the
projectionof all polyhedronedgego remove the hiddenline sggments.Output-sensitie
algorithmsfor visibility mapcomputatiorarealsoknown [1]. Thus,determiningheparts
of @P illuminatedby redlight canbedonein O(n?logn). Similarly, we candeterminehe
partsof dP illuminatedby bluelight in O(n?logn). We canthendecidewhetherS; N Sy,
is emptyby testingthe intersectionseparatelyon every facetof dP, for instancewith a
planesweepalgorithm. In total, this testtakestime O(n?logn).
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5.3.2 Testing emptiness of the black shado w volume

Oncewe know that Sy N Sy is empty we candeterminef the black shadev volumeis
emptyby examiningthe lower envelope,denotedby &, of blue shadev facetsandlower
blue curtains. This is moreefficient thancomputingV; NV, directly. We shov how this
is donein thefollowing.

Lemma 16 Let £* be the setof pointsin B encounteed while we sweepf to infinity
vertically upwad. Then&* = cl(Vy).

Proof: Let pbeapointin £*, andlet g bethepoint{(p) N E. By definition,q is eitheron
ablueshadev facetor alower blue curtain. Thereforeq is in cl(Vy) andpisin cl(V;).

Let g beapointin cl(Vy), andlet p bethelowestpoint of £(q) Ncl(V}}). By definition,
p is on a faceto of cl()},) which boundscl(Vy) from below. Sincecl(),) is bounded
by blue shadaev facetsor blue curtains,o is eithera blue shadaev facetor a lower blue
curtain. Thereforepisin £ andqisin £*.

The emptinesof the black shadev volumeis now determineddy the necessanandsuf-
ficient conditionstatedn Lemmal8. We first needatechnicallemma.

Lemma 17 Supposehat)V, NV, is empty Thenfor anytwo blue silhouetteedgese and
f, andpointsp € e sud that£(p) Nint(F(f)) # 0, pis notabove£(p) NI (f).

Proof: Assumeto thecontrarythatthereis apoint p € e suchthatp is above £(p) NI (f).
We canshift £(p) slightly to anotherverticalline ¢ suchthat? stabsthe interior of I'(f)
andafacetincidentto e. Thus,¢ intersectsnt(P) above NI (f). If [(f) isanupperblue
curtain,thenthisimpliesthatashortsegmenton ¢ belav £NT (f) doesnotreceieredor
bluelight. If ['(f) is alower blue curtain,thena shortseggmentabove £N T (f) doesnot
receveredor bluelight. In eithercase )V, NV}, would benonemptya contradiction.

Lemma 18 Suppos¢hatS, NSy is empty Then); NV, is non-emptyf andonlyif for two
lowerbluesilhouetteedgeseand f , andfor somepoint p € esud that4(p) Nint(I(f)) #
0 or£(p)Nint(§(f)) # 0, pis notbelows(p) NI (f).

Proof: We prove sufiiciengy first. Supposéhatp € eisapointsuchthaté(p)nint(F(f)) #
¢ andp is notbelow £(p)NT(f). By Lemmal7, pis alsonotabove ¢(p) NI (f). Thus,
p=4(p)NT(f). Theinteriorof I'(f) would containthepoint p. By definition,nobound-
arypointof P below int(P) locally canlie in theinterior of abluecurtain,acontradiction.

Theremainingalternatve is that£(p) intersect<,(f) wherep is not below £(p) N T (f).
If we shift £(p) slightly in directiond, to a verticalline ¢, we claim that£ mustintersect
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theinterior of afaceto incidentto e. Otherwise sincee is alower blue silhouetteedge,
a facetincidentto e would facedownward and direction —Jb, and so this facetwould
containapointin blackshadav, a contradiction.Obsere that/ alsointersectsheinterior
of (). By definition,theinterior of o cannotie onint(I"(f)) sinceP is above a locally.

This impliesthatthereis a shortsegmenton £ above int(I (f)) thatdoesreceve neither
rednor bluelight, which contradictgsheemptines®f V; N V.

We now prove necessity SinceS, NSy is empty ary facetof cl(V; N) is parallelto
dr or dy. At leastonefaceta of cl(V; N V) is parallelto d, and boundscl(V; N V)
from below, otherwisecl(V; N Vy) would be unboundedThefaceto cannotreceie ary
redlight asit boundsthe black shadav volume. Thus,o mustreceize someblue light,
otherwiseo would be in black shadev which is supposedo be empty Therefore,o
mustlie on somelower blue curtainl(f). Let zbeapointin int(o). If we shootaray
upward from z, theray hits 9P ata pointv(z). Supposehatwe move z in thedirection
—dy. Theheightof v(z) from I ( f) is monotonicallydecreasingndremainsion-neyative.
Otherwise therewould be a positionsuchthatv(z) becomes pointin the black shadev
whichisimpossiblg(SeeFigure5.5(a).) Beforeor justwhen/(z) stabsanedgeg of &(f),
v(z) reachesn edgee suchthatP lies locally on onesideof a vertical planethroughe.
Otherwise a facetadjacento g would containa point in black shadav, a contradiction
(SeeFigure5.5(b).) Obserethateis alsoalower bluesilhouetteedge,and{(z) Ne does
notlie below £(z) NT(f) (SeeFigure5.5(c).) Clearly, £(v(z)) = £(2) eitherintersectshe
interior of ['(f) or §(f), andv(z) is notbelow theintersectiorpoint.

To testthe conditionin Lemmal8, we identify all lower blue silhouetteedgesandcon-
structthelowerbluecurtains. Thenweidentify all blueshadev facetsandconstruct, the
lower envelopeof all lower blue curtainsandall blue shadev facets.While we construct
& we cancheckwhether); NV, is empty

We shav below thatthe lower ernvelope& formedby all lower blue curtainsandall blue
shadev facetshasO(n?) compleity. We first needa technicallemma.

Lemmal9 If S NSy, is empty thenfor any blue shadowfacets f; and f,, and points
p €int(f1), £(p) Nint(f2) is empty

Proof: Assumeto the contrarythatthereis a point p € int(f1) suchthaté(p) Nint(f;) is
notempty Withoutlossof generality assumethat p is below £(p) N f,. Sincef, C 0P,
all pointsof £(p) lying below £(p) N f2 cannotgetary redlight. Thus,p is ablackpoint
which contradicteemptines®f S; N Sp.

Lemma 20 Suppos¢hatS, NSy is empty Thenthelowerenvelopef formedbyall lower
blue curtainsandall blue shadowfacetshascompleity O(n?).

Proof: We have threedifferentkinds of edges:shadav facetedgesncluding headsand
tails of lower blue curtains,side edgesandfinger edges. The compleity of £ is deter
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Figure 5.5: (a) V(2) in the black shadow, (b) A point p in the black shadow, and (c) A lower
silhouette edge e, where £(Z) N e does not lie below £(z) N T (f)

minedby the numberof theseedgesandnew verticesgeneratedby theseedges.

By Lemmal9, shadev facetedgesdo not crosseachotherin the projection,thatis, they
donotintroduceary new vertex in £.

Now considera finger edgeof a lower blue curtainl (e). It canbe divided into O(n)
segmentsof two types: segymentslying on facetsof P which are parallelto Jb, and
segmentslying on the otherblue curtains. Figure5.6 shavs segmentsof eachtype. The
segmentsof the former type are shadev facetedgesand thereare O(n?) of them. So
we only considerthe sggmentsof the latter type. A segmentof the latter type is the
intersectionof I' (e) andanotherblue curtain,sayl (f). If I'(f) is alower blue curtain,
thenone of two facetso incidentto f is aredshadev facet. Sincea lower blue curtain
I'(e) intersecto, o containsa black point, which contradictsS; NS, = 0. Sol (f) must
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beanupperblue curtain. Sincepointsin theinterior of upperblue curtainsdo notappear
in £, we concludethatfingeredgesdo notintroduceary new vertex in £.

Now we only needto checkhow mary new verticesare generatedy side edgesand
shadav facetedgesl et e beasideedgeof alower blue curtainandh bea verticalplane
containinge. Thenh intersectsaashadev facetf; in aline sgment,denotedby 5. Sincea
shadav facetedgeis eitheranedgeof P or the projectionof anedgeof P ondP in —dbp
direction,h intersect€O(n) shadev facetsin O(n) nonintersectindine sggments.Now it
becomes 2-dimensionaproblemof computinglower ervelopeof 5’s ande onh. The
lower ervelopeof s’s ande haslinear compleity. SinceP hasO(n) sideedges£ has
O(n?) verticesin total.

r(f
s \S\ re

\ e

f

Figure 5.6: A finger edge consisting of two segments : Slying on a facet parallel to Jb, and
s lying on I (f).

Now we shav below how to constructf in O(n?logn) time if Vy NV, is empty In the
processye alsoverify whetherV, NV, is empty Thisimpliesthatwe canconstructhe
sweptvolumeV; in time O(n?logn) by computingthis lower envelope.

Lemma 21 SupposehatS; NSy is empty Thenwe cantestemptines®f V; NV, andif
Vi NV, is emptywe canconstructe in O(n?logn) time,

Proof: To construct€, we first projectall shadav facetsSy, on a horizontalplaneh, and
partitionh into slabsby drawing lines parallelto dy throughall projectedverticesof P.
All blueshadev facetscanbeidentifiedin O(n?logn) time by computingthecomplement
of thepartof P whichisilluminatedby bluelight. Edgesof blueshadev facetsareedges
or partsof edgesof P, or edgesn thetails of blue curtains.Sinceavertical planeparallel
to dy intersectsO(n) edgesof P andO(n) edgesin the tails of blue curtains,the above
constructiorresultsin a subdvision of compleity O(n?).

A slabconsistof two typesof regions: the projectionof blueshadev facetsandtherest
including two unboundedegions. We call regionsof the latter type "empty”. We label
theseregionsin sortedorderin —d, thatis, the region unboundedo infinity in dj is A,

the next is Ay, andso on. We denotethe boundarybetweentwo consecutie regionsA;

andA; 1 by ¢;. Eachd; belongsto a projectedshadaev facetor is empty
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Thelowerbluesilhouetteedgesanbeidentifiedin O(n) time. To construcits lowerblue
curtainwe intersecta planewith P in O(nlogn) time sowe canconstructall lower blue
curtainsin time O(n?logn) time. For eachslab,we traverseeachregion startingfrom A;
andmaintaina dictionary[49] of lower blue curtainsorderedby their heights.

At aregion 4, otherthanA,, wefirstidentify all new lower bluecurtains andthenwe test
theemptinesof V; N Vy,. We pick apoint p in int(¢;). If p liesin the projectionof some
lower bluesilhouetteedgesthenweinsertall thecurtainsof theseedgego thedictionary
andby Lemmal8, we testwhetherV; NV, is emptyasfollows: If ¢; is the projectionof
lower blue silhouetteedgesthenlet e be the lowestoneamongthem. We pick a point g
in e of which vertical projectionis in int(¢;), andshoota ray downwardfrom g. If there
is ary lower blue curtainsbelov g thenV, NV, is notempty Oncewe find V;y NV, is not
empty we stopandreportthat P is not castable Otherwise|f p lies onthe projectionof
edgedn tails of lower blue curtains thenwe deleteall thesecurtainsfrom thedictionary

After updatingthedictionary we shootaray upwardfrom p, andreportthelowestcurtain
hit by theray. This canbe donein O(logn) time by queryingthe dictionary Thenwe
fill the region with the projectionof the lowestcurtain. Figure 5.7 shows part of a slab
consistingof two blue shadev regionsandfour curtainregions. At g; 1, we insertl"(f)
to the dictionary Now the dictionaryhasl(e) and"(f). Thenwe fill Ai_; with the
projectionof '(f). Thenat ¢;, we deletel" (f) from thedictionary At ¢;;1, we shoota
ray upward,find theT (e) asthelowestcurtain,andfill A1 with theprojectionof I'(e).

ThereareO(n) slabs,andeachslabhasO(n) regions. ThereareO(n) lower bluecurtains
andfor eachslab,eachcurtainis insertednto anddeletedrom thedictionaryatmostonce
in O(logn) time. Sothetotal dictionaryupdatetime for all slabsis O(n’logn). At each
region we identify the lowestcurtainandtestthe emptinesf black shadev volumein
O(logn) time. Thuswe cantestthe theemptinesof black shadev volumein O(n?logn)
time in total. If black shadev volumeis empty we have obtainedn O(n?logn) time the
portion of the lowestblue curtainabove eachemptyregion in eachslab They form £
togethemwith theblueshadav facets.

5.3.3 Cast part construction

Finally, we shav how to constructthe red andblue castparts. In the processwe also
verify whetherthe castpartsareconnected.

Pointson blue shadav facetsand points closeto andabove lower blue curtainsare not
illuminated by blue light. So they canonly be removedin directiond;. Other points
encounteredvhile translatingthesepoints towardsinfinity in dr shouldthen belongto
C: too. This is exactly the subset€* of B sweptby the lower ervelope& of lower blue
curtainsand blue shadov facetsin directiond,. £* may be disconnected.Since?P is
strictly containedn B, we cantake a layer of materialM beneaththetop facetof B and
above P anduseM to connectall thecomponentén £*. By Lemma21, we cancompute
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Figure 5.7: (a) A part of a slab, and (b) Content of the dictionary at each region

£ in O(n?logn) time andso £* UM canthenbe computedn the sametime. £*UM is
our potentialred castpart. All the pointsin cl(B\ (£* UM)) areremovablein direction
dp. Socl(B\ (£* UM)) is our potentialblue castpart. However, cI(B\ (£* UM)) maybe
disconnectedThus,wewill try to attachsomecomponentén cl(B\ (£*UM)) to£*UM
instead.

Sucha processds guidedby the conditionin Theorem9. Obsenre thatcl(B\ (£* UM))

is a subsetof B\ (V;; UP). Fromthe above analysis,ary blue castpartandhence);

liesinsidecl(B\ (£* UM)). Thus,we canattachevery componenbf cl(B\ (£* UM))

not containingary pointin V; to £* UM. Thesecomponentsreremovablein direction
dr asthey do not containpointsin V;. In addition,if therearemorethanoneremaining
componenbdf cl(B\ (£* UM)) containingV;, thenwe canabortandreportthatP is not
castableOtherwisewe have the castparts.

It isunnecessarp compute);. Everyfacetbounding), is connectedo someredshadev

facet. Thered shadev facetscanbe computedn O(nlogn) time usingvisibility maps.
Eachred shadaev facetlies on a facetboundingcl(B\ (£* UM)). We identify the set
of facetsboundingcl(B\ (£* UM)) thatcontainthe red shadev. Thenwe testwhether
this setof facetdlie in thesamecomponenbdf cl(B\ (£* UM)) usingalineartime graph
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traversal.

Theorem 10 Let P be a simplepolyhedon with n vertices. Givena pair of directions,
wecandeterminecastabilityandconstructcastparts, if castable of P in O(n?logn) time
andO(n?) space ThecastpartsconstructechaveO(n?) complexity.

(b)

Figure 5.8: (a) A polyhedron with five vertical legs and four small holes, (b) The visibility
map from infinity in direction dy, and (c) The visibility map from infinity in direction d;

The optimality of the boundfollows from the examplein Figure5.8. The polyhedron
shawn in Figure5.8 (a) hasarow of vertical“legs”. Behindtheselegs, thereis a row of

small holessuchthat partsof the castinsidethe holescanonly be removedin direction
dy. The polyhedronhasseven thin rectangularfacetsbelon the holes. Figure 5.8 (b)

shavs thevisibility mapfrom thebluelight source If therearen/8 verticallegsandn/8

horizontallylong retanglesthenthe maphas®(n?) complexity, which shavs thatV, has
O(r?) compleity. It follows thatthe lower ervelope€ of all thelower curtainsandblue
shadev hascompledity Q(n?). This shaws thatthe analysisof the castpart size of our
constructionis tight. Figure 5.8 (¢) shavs a top view of the polyhedronwith the blue
shadav.

Sincepartsof the castinsidethe holesarered shadev volumes,they needto bein the
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blue castpart,which is oneconnectedcomponentlt is clearthatthe blue shadav on 0P
mustbelongto C;. Thus,in ary castconstructionthereexists a pathy(i, j) connecting
ary pair of the red shadev volumesi, j insidethe holesthroughint(Cy). Figure5.8(c)
shavs a pathy(i, j) connectingred shadev volumesi, j insidethe holes. Let y*(i, j) be
the projectionof the pathon P in —d;. Thenall pointsin v*(i, j) belongto theblue cast
part. Otherwise thereis apoint p € C; in y*(i, j) whichimpliesthatthepoint4(p) Ny(i, j)
would belongto C,, acontradiction.For asimilarreasony*(i, j) cannotintersectheblue
shadav of the object. Note thaty*(i, j) intersectsall the thin rectangularfacetsbelow
the holes.Thereforegheredandblue castpartsintersecthe sequencef thin rectangular
facetsalternately which resultsin Q(n?) complexity of the castpart. It follows thatthe
sizeof the castproducedoy our constructioris worst-casbptimal.

5.4 Finding a pair of directions

We have seerhow to testwhethera polyhedrorP is castablén agivenpair of directions
(d#r . Jb). In this sectionwe describeanalgorithmto solve thefollowing problem:Givena
polyhedronP, decidewhetherthereis a pair of directions(&r, Jb) in which P is castable.
In fact,we will solve the moregeneralproblemof finding all pairsof directions(d}, Jb)
for which P canbecast.

The setof all pairsof directionsforms a 4-dimensionaparametespace¥. We choose
anappropriatgparameterizatiothatgivesriseto algebraicsurfacesn W, seefor instance
Latombes book [35]. Our goalis to computethat part of W that correspondgo pairs
of directionsin which P is castable.As we have proven before,castabilitydependson
a numberof simple combinatorialproperties: the emptinessof the black shadav, the
configurationof the curtainprojections,andthe connectednessf the blue castpart. We
will computeanarrangementf algebraicsurfacesn W thatincludesall pairsof directions
whereoneof thesepropertiescould possiblychange.The following lemmaenumerates
all relevantsituations.

Lemma 22 Lety; andy, betwo pairs of directions sud that P is castablein y; but not
in y2. Letttbeany pathin 4-dimensionatonfiguation spaceW connectingy; and ys.

Thenon mtthere is a pair of directions(dy, dy) sud that oneof the following conditions
holds:

(i) Afacetof P is parallel to d; or dp.

(i) Theprojectionin directiond, of a vertex v coincideswith the projectionof an
edce e. Here edgesand verticesare edgesandverticesof P or of the blue shadow
Sp-

(i) Two polyhedon verticeslie in a plane parallel to the planedeterminecby dr
anddp.
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Proof: As we provedbefore,castabilityof P depend®n threefactors:

e Theblackshadav onthesurfaceof P is empty
¢ Theprojectionof the blue curtainsformsalegal arrangement.
e Thebluecastpartis connected.

Let's first considerthe black surfaceshadav: It is emptyif andonly if the blue surface
shadav is completelyvisible from the red direction. The blue surfaceshadev changes
combinatoriallyif andonly if the visibility mapof P in db changes.This canhappen
only whena facetbecomesarallelto dp, or whena vertex or edgeof P passesn front
of anotheredgeor vertex. Thesepossibilitiesareincludedin caseqi) and (ii). We now
arguethatthe combinatorialstructureof the visibility mapof P andthe blue shadaev in
dr canchangeonly if avertex or edgeof P passesn front of anedgeor vertex of either
P or SHy. Againthisis includedin case(ii).

If the black surfaceshadev is empty it remainsto verify whetherthe projectionof the
blue curtainsandthe blue shadev formsa legal configuration.Considerthe arrangement
of all theblue curtains. This arrangementanonly changewhenthe intersectiorpattern
of two curtainchanges.The edgesin thetails of the curtainsareblue shadev edgesso
ary changen their projectiondeadsto a situationasin case(ii) of thelemma.Theonly
remainingpossibility for the intersectionpatternof two curtainsto changeis whenthe
projectionof a polytopevertex passe®ver a polytopeedgedcase(ii) again), or over the
projectionof the sideedgeof a curtain. Sincethe sideedgeof a curtainis determinecby
anothervertex of the polytopeandtheblue directiondy, this leadsto case(iii).

We have now seenthatif noneof caseqi), (ii), (iii) happensthe combinatoriaktructure
of the surfaceshadavs and of the projectionof the curtainscannotchange. Sincethe
red castpartis definedasthe volume above the lower envelopeof the blue shadev and
the blue curtains,it follows that the combinatorialstructureof the red castpart cannot
changewithout leadingto a configurationaspostulatedn the lemma. In particular the
combinatoriaktructure andthereforethetopology of the unionof the objectandthered
castpartcannot change.Sincethe blue castpartis the complemenbf these,it cannot
changefrom beingconnectedo beingdisconnectedvithout a situationasprescribedn

thelemma.

We cannow turn this characterizatiointo analgorithm.

Theorem11 Givena polyhedal object? with n verticesand edges, we canin time
O(n*logn) constructa setof all possiblepairs of directionsin which P is castable

Proof: As mentionedefore we consideta4-dimensionaparametespaceandconstruct
a setof algebraicsurfaces.Thesesurfacescorrespondo the casedistedin the previous
lemma.
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Clearly, thereareO(n) surfacesfor casg(i), andO(n?) surfacesfor case(iii). For casgii),
we obsere thatthereare O(n) verticesandedgesof P, while therecanbe O(n?) edges
andverticesof the blue shadev. We createO(n?) surfaceswherean objectvertex lies
in the planedefinedby anobjectedgeandoneof the directionsdy, d;. We createO(n®)
surfacesdefinedby an objectedge,an objectfacet,and an objectvertex (the setof all
directionpairswherethe projectionof the vertex alongonedirectionon the facetlies in
the projectionof the edgealongthe otherdirection). Finally, we make O(n®) surfaces
definedby threeobjectedges.

We have now arrived at a setof O(n®) algebraicsurfacesin our 4-dimensionatonfigu-
rationspace.All pairsof directionsleadingto a situationasin the lemmalie on oneof
thesurfaces.Consequentlyit is sufficientto sampleoneconfigurationn every cell of the
arrangemensf the surfaces.

The arrangemenbf O(n®) surfaceshas compleity O(n'?), and so there are at most
O(n'?) pairsof directionsthatwe cantestusingthe algorithmfrom the previous section.
Sinceeachcell in the arrangementiakesO(n?logn) time, we concludethatall directions
for which thereis a goodcastcanbe computedn O(n'#logn) time.
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CHAPTER G

The refle x-free hull

6.1 Introduction

Computationalgeometershave identified mary classesof 2D polygons(cornvex, star
shaped|.-convex, externallyvisible, edge-visible| R-visible, streetperson. . [50, 54]),
but few classe®f 3D polyhedra.Perhapghefactthat3D polyhedrasupportrich classes
of topologicalstructurein the form of knotsandlinks hasovershadwed the identifica-
tion of geometricstructure.In applicationssuchasmanugcturingor molecularanalysis,
however, geometricstructuresuchascavities or dockingsitesareimportant.

In the plane,the differencebetweena simple polygonandits corvex hull is a numberof
simple,polygonalbays,from which onecanobtaina naturaldescriptionof a polygonas
atreeof unionsanddifference®of corvex pieceg52]. In spaceijt hasbheensuggestethat
thesameapproactbe usedto definepocketsin a searcHor castingdirections[17], butin
factthe differencebetweenra polyhedronandits corvex hull neednot have a haturalde-
compositionandmay have morecomplicatedopologythanthe original polyhedron7]:
subtractinganobjectfrom its corvex hull in 3D mayleave onecomponentvith comple,
non-manifoldtopology In fact, thereare castablepolyhedrafor which the algorithm of
Chenatal. [17] will notfind afeasibledirection. To our knowledge,we arenot awareof
previouswork in computationajeometryconcerningheidentificationof depressions.

In this chapterwe proposea hull operatorthatallows usto definea 3D analoguedo bays
in polygons. Section6.2 definesthe notion of reflex-free setsand cavities Section6.3
definesthe reflex-freehull, Rfh, and Section6.4 establishesomebasicresultsaboutthe
Rfh of polyhedralsets,includingthefactthatthe Rfh haslinear compleity eventhough
it allows arich setof topologicaltypes.Section6.5 shavs thatthereflex-freehull bounds
thelimit of aprocesf filling cavities, but thatobtainingit computationallyin this man-



nerwould bechallenging Finally, Section6.6 relateghereflex-freehull to otherpossible
hull definitionsthateitherhave high compleities or limited topologies.

6.2 Preliminaries

We begin with basicgeometricandtopologicaldefinitionsandnotation[8, 26] for thesets
thatwe considerin three-dimensionadpace)R>. We classifyboundarypointsgeometri-
cally, anddefinereflex-freesets.

A k-simpleis thecorvex hull of k+ 1 affinely independenpoints. In IR®, we have points,
line segmentstriangles andtetrahedrasthe0-, 1-, 2-, and3-simplicesyespectiely. The
emptysetis considered (—1)-simplex. Notice thatthe boundaryof a simplex is a col-

lectionof lower dimensionakimplices.A simplicial comple is a collectionof simplices
with disjointinteriorsthatis closedundertheoperation®f intersectiorandtakingbound-
aries.

For our purposesn this chapter a polyhedon is the union of the simplicesin a finite
simplical comple. A polyhedal setis homeomorphido a polyhedron.We restrictour
discussiono polyhedralsetsto avoid wild topologicalbeastiedik e the Alexanderhorned
spherg26]. Section6.4 furtherrestrictsthe discussiorto polyhedralsetswhenit investi-
gatescombinatoriabropertiesof reflex-free hulls.

A setis closedif andonly if it containsall of its limit points;the closue of a set,cl(S),
is the union of Swith its setof limit points. The complemenbf a setS= IR® \'S For
ary vectorv € IR®, we definethe v-planehy(p) = {q | (q— p) - v= 0}, andthe closed
v-halfspacéh, (p) = {q]| (q— p) - v < 0}. We may suppressubscriptor agumentsand
write h andh~ whenthey canbe understoodrom contet.

We usethe Euclideammetricin IR?, anddenotethedistancebetweertwo pointsby d(p,q)

andbetweentwo setsby d(A,B) = limsup{d(a,b) | a€ A,b € B}. For € > 0, the open
e-ball is B¢(p) = {q] d(p,q) < €}. Theinterior of asetQ, denotednt(Q), arethe points
of Q for which we canfind an € > 0 suchthat B¢(p) C Q. The boundaryis defined
09 = Q\int(Q).

If every boundarypoint hasa neighborhoodhatis homeomorphico a half-ball, thenQ
is calledathree-manifoldvith boundary We cannotrestrictourselhesto manifolds,since
non-manfoldsetscan ariseasreflex-free hulls in degenerateconfigurations. Examples
of polyhedralsetsthat are not three-manifoldsnclude any pair of tetrahedrgoined at
a vertex or alongan edge,andary finite union of oneandtwo dimensionalsimplices.
Pointsthatdo not have ball or half-ball neighborhoodsrecalledsingular.

We classifyeachboundarypoint of a polyhedralset,p € @, basedntuitively onwhether
Q or Q canbeorientedto holdwaterat p. Non-manifoldsetscomplicatethesedefinitions.
For example,a singularpoint p appearn the boundarymorethanoncewhen 9 is not

80



connectedn the neighborhooaf p. We call a connecteccomponent C Be(p) N Q an
appeaanceof p on Q if p € cl(C), and definethe neighborhoodof an appeaanceas

Be(p) \C.

Forary € > O andvectorv € IR?, we definethehemisphez Hy¢(p) = B:(p) nhy (p) N {p}.
To simplify classificationHy¢(p) doesnot containp or the boundarypoints of B¢(p).
Again, we suppressubscriptor agumentwhenthey canbe understoodrom context.

We classifyan appearancef point p € 0Q basedon the relationof a hemispheréo the
neighborhoodf the appearancayhich we denote\. We saythat p appearasa

o reflex pointif thereis a hemisphereat p inside the neighborhoodV. Thatis, if
thereexistsavectorv ande > 0 suchthatHy¢(p) C int(N).

e convex pointif thereis ahemisphereutside\. Thatis, if thereexistsHy(p) C N

o flat pointif thereexistsane > 0 andv € IR® suchthatHye(p) C A" andH_y¢(p) C
cl(N).

e nearlyreflex pointif pis neitherreflex nor flat andthereexistsHy¢(p) C N.

e nearlyconvex pointif pis neithercorvex nor flat andthereexists Hy¢ (p) C cl(A).

¢ saddlepoint otherwise.Thatis, for every € > 0 andvectorv, hemispheréd, ¢ (p)

intersectdoththeinterior andthe complemenbf N.

nearly conex

nearly refle

reflex ’}

Figure 6.1: Classifying

For anexample,we canclassifypointson the boundaryof a three-manifoldpolyhedron.
Pointson facesareflat, pointson edgesare nearlyreflex or nearlycorvex (or flat in the
degenerateaseof a dihedralangleof 180°), andpointsat verticesare corvex, reflex, or
saddle(exceptin degenerateasef incidentcoplanarfaces/edges)n a coffee mug,the
reflex pointsareat the bottomof the bowl.

Given a closedhalf-spaceh—, we call ary boundedconnecteccomponenbf 9Nh~ a
plane-cavity A plane-caity is maximalif no planeparallelto h definesa plane-caity
thatcontainsit. It is nothardto seethatyou canfill aplane-caity until it spills overata
saddlejn generalpr atcorvex or nearlycorvex pointsin degenerateases.

Lemma 23 A polyhedal setQ hasa plane-cavityQ Nh~ for somehalf-spaceh~ if and
onlyif thereis a reflex pointin 0Q.
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Proof: Assumea point p € 0Q appearsas a reflex point, which meansthat thereis a
neighborhoodV of thisappearancef p andahemisphersuchthatHyg(p) C int(N). In

theplanehy(p) thatdefineghehemisphereghooseacircley centeredat p with radiusless
thane. Becauseevery point of y is in theinterior of A/, and\/ is compactthereis some
d > 0 sothattranslatingy to y+ 6v remainsstrictly inside /. The halfspaceh, (p-+ dv)

thuscutsoff aboundecconnecteccomponenfrom Q.

For theinverse let X be a plane-caity of h~ N Q for somehalf-spaceh—. Take alarge
sphereSthatcontainsX strictly in its interior. Now, mave Suntil Stouchegheboundary
of X; by making S sufiiciently large, the contactbetweenS and X will be a singlepoint
p € 0Q thatis notin theplaneh. Let v beavectorfrom p towardsthe centerof thesphere
S. We maychoosee > 0 and N to betheneighborhoodf theappearancef p on X, and
form ahemispheréd,¢(p) C int(N). Thus,pis areflex pointof Q.

We saythatQ is areflex-freesetiff Q is a polyhedralsetthathasno reflex points.By the
previouslemma,a polyhedralsethasno plane-caitiesif andonly if it is reflex-free. The
reflex-free setsareclosedunderintersectionprovidedthey remainpolyhedral.

Lemma 24 Let{Qq} beafamily of reflex-freesetswhosentersectionis polyhedal. The
intersection) Qq is alsoreflex-free

Proof: Supposehatsomepoint p is in a plane-caity of | Q4 definedby half-spaceh—.
By Lemmaz23, it is sufficientto show thatfor somea, point p is alsoin a plane-caity of
setQq.

Notice thatthe plane-caities of the intersectioncanbe written asa union of individual
planecavities:

(NQa)nh=J(@anh).
Since p is in a boundedconnecteccomponenif the union, point p mustbe in a con-

nectedcomponenbf h— N Qq, for somea. This componenmustbe boundedsincethe
componentn theunionis bounded.

We canuseintersectiongo sculptreflex-free sets.For example,drilling a holethrougha
reflex-free setkeepsthe setreflex-free.

Lemma 25 Let Q bea reflex-freesetand X bea polyhedal set.If noreflex pointof X is
in int(Q), thentheintersectionQ N X is reflex free

Proof: Considera point p ontheboundaryof QN X: eitherp € dQ or p € 0XNint(Q).
In thefirst casewe knaw thatno hemispheréd (p) C int(Q), andin the secondve know
thatnohemispheréi (p) C int(X). Thus,therecanbenohemispherén theirintersection.
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6.3 The refle x-free hull

Define Rfh(Q), the reflex-free hull of a set Q, asthe intersectionof all reflex-free sets
thatcontain@. For example,the reflex-free hull of a torusis itself; the reflex-free hull

of a coffee cupwould fill the cup but presere the handle. The reflex-free hull of a set
of discretepointswould be thesepoints, becauseary union of balls aroundthe points
is reflex free. The motivation for definingthe reflex-free hull is to find a structurethat
surroundsa set,but fills in depressionsr dockingsites.We shaw thatthe reflex-free hull

is idempotent.

Theorem 12 For a closedset Q, the reflex-free hull Rfh(Q) satisfiesRfh(Rfh(Q)) =
Rfh(Q).

Proof: Since@ C Rfh(Q), the setswhoseintersectiordefinesRfh(Rfh(Q)) area subset
of thosethatdefineRfh(Q). Thus,it is clearthat Rfh(Q) C Rfh(Rfh(Q)). We prove the
reverseinclusion. By the definitionof Rfh(Q), if apoint p is notin Rfh(Q), thenthere
is areflex-free setRy thatincludesQ andnot p. SinceR, participatesn theintersection
defining Rfh(Q), we alsoknow that Rfh(Q) C Ry. But thenR,, alsoparticipatesn the
intersectiordefining Rfh(Rfh(Q)). Thus,p is notin Rfh(Rfh(Q)).

We canusesculptingto prove thefollowing technicalemma.Definethe e-tubefor aline
s@mentsasCe(s) = {x | d(x,s) < €}.

Lemma 26 SupposehatY is areflex-freesetandthatY containsa pointq in thecornvex
hull of a finite setof pointsoutsideof Y, namely{ p1, pz,.. ., px} C Y. For somee > 0, the
setY \ Ui<i<kCe(piq) is reflex free

Proof: We may choosee > 0 sothattheballs B¢(p;) do notintersecty. The unionof ¢-
tubes X = ;<< Ce(piq) is anopenset;its complemenk is a closedsetthathasreflex
pointsonly on ball boundariesBe(p;). By Lemma25, the intersectiony NX is reflex
free.

We useLemma26 to shaw that the reflex-free hull Rfh(Q) inheritsits corvex, nearly
cornvex, andsaddlepointsfrom theunderlyingset Q.

Lemma 27 For aclosedsetQ, everyconvex, nearlycorvex, or saddlepoint p of Rfh(Q)
is a point of Q. In particular, corvex pointsof Rfh(Q) are corvex pointsof Q, nearly
convex points of Rfh(Q) are corvex or nearly corvex points of Q, and saddlepoints
of Rfh(Q) are corvex, nearly corvex or saddlepointsof Q.

Proof: BecauseQ C Rfh(Q), thepointsinside Q areclearlyinterior pointsof Rfh(Q).
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Considera point p € Rfh(Q) thatis outsideof Q. We may choosee > 0 suchthatthe
ball B¢(p) doesnot intersectQ. The differenceY = B(p) \ @ mustbe convex, since
otherwisewe couldfind two, three,or four pointsin Y whosecornvex hull containsapoint
g € Rfh(Q) andthenapplyLemma26 to obtainasmallerreflex-freesetthatstill contains
Q. It isreadilychecledthatfor a corvex, nearlycorvex, or saddlepoint p, thedifference
Y is notacorvex set.

Therefore a corvex, nearlyconvex, or saddlepoint p € Rfh(Q) mustcomefrom 0Q. By
checkingthe hemispheresf p with respecto Rfh(Q) and @, we obsene thata cornvex
point of Rfh(Q) is a corvex pointof @, a nearlycorvex pointof Rfh(Q) is a corvex or
nearlycorvex point of Q, anda saddlepoint p of Rfh(Q) is a corvex, nearlyconvex, or
saddlepointof Q.

6.4 The reflex-free hull of a polyhedron

In this section,we considerthe reflex-free hull of a polyhedron.We definethe sizeof a
polyhedronto be the numberof vertices,edgesandfaceson its boundary We shawv that
thereflex-free hull of a polyhedronis a polyhedronof the sameasymptoticsize. We find
this surprisingin light of the high compleity of otherdefinitionsof hulls thatwe sketch
in the next section.

Theorem 13 The reflex-free hull of a polyhedon of sizen is a reflex-free polyhedon
whosesizeis O(n).

We useP asour polyhedrorandestablista sequencef lemmasheforeformally proving

this theorem. We first wish to shav thatthe boundaryof Rfh(P) consistsof flat faces,
straightsegmentedgesand point vertices. Sincethe corvex, nearlycorvex, andsaddle
points of Rfh(P) comefrom P by LemmaZ27, our main taskis to shav in Lemma28

thatthe nearlyreflex pointsform line segments.Next we obsere in Lemma29 thateach
convex edgeof P contributesat mosttwo verticesto Rfh(P). This allows usto establish
that Rfh(P) is a polyhedronin Lemma30. Finally, we establishthe theoremby relating
thesizeto genusandboundingthe genusof Rfh(P).

Lemma 28 For a polyhedal setP, let R bethe setof nearlyreflex pointsof Rfh(P) that
donotlie at verticesor on edgesof P. Theconnectedubset®f R are line sggments.

Proof: Let p € R be a nearlyreflex point of Rfh(P) thatis not a vertex of P. Choose
€ > 0 sufiiciently smallthatthe only facetsof P thatintersecBe(p) arethoseincidenton
p. Leth~ bethe halfspacdahatcontainsthe hemispherehatshaws that (this appearance
of) pis nearlyreflex.

84



Figure 6.2: Sculpt with tetrahedron abcdor rotate h.

Figure 6.2 illustratesthe disk D = hn B¢(p) thatis containedin RfhA(P), dravn with
shadingwhereD intersectghe interior int(Rfh(P)). Notice thatthe pointsRND sene
as the boundarybetweenshadedand unshadedthat is, betweenD N int(Rfh(P)) and
DNARfh(P).

Choosea andb aspointsof RN Bg(p), asin Figure6.2. We obsere thatthe segmentab
cannotintersectthe interior int(Rfh(P)): Constructanopentetrahedrort astheinterior
of thecornvex hull of a, b, andtwo otherpoints,c,d € B¢(p) \ Rfh(P) sothata, b, c, andd

arenotcoplanar Thereflex verticesof T area, b, ¢, andd, whicharenotin theinterior of

Rfh(P). Theopentetrahedrort doesnotintersectP, sincec andd lie outsideanda andb

lie onoroutsidetheonefacetof P in B¢(p). Thus,Rfh(P)NT is reflex freeby Lemma25.
But this sculptingoperationcannotremove pointsfrom Rfh(P), sothe segmentab does
notintersectheinterior int(Rfh(P)).

Now, consideitheconvex hull of thenearlyreflex pointsR within diskD. Thishull cannot
containa point of theinterior, D Nint(Rfh(P)), by the previousparagraphSincep is not
flat, thereare interior pointsin arny neighborhoof p, so p mustbe on the boundary
of the hull. If we rotatethe planeh arounda tangentto the hull at p anddefinea new
hemisphereH (p) asindicatedby the dashedine in Figure 6.2, thenwe canseethat p
mustlie on aline sggmenton this hull, or we would obsenre a reflex pointat p. This
concludegheproof of thelemma.

We next obsere thatan edgefrom P appearsat mostonceasa nearly corvex edgeon
Rfh(P).

Lemma 29 If p andq are nearly corvex pointsof Rfh(P) that comefromthe sameedge
e of P, thenthe sggmentpg consistsentirely of nearly corvex pointsof Rfh(P).

Proof: Let p and g be points satisfyingthe hypothesisof the lemma. Choosee > 0
sufficiently small thatthe e-tube C¢(pqg) doesnot intersectary facetsof P exceptthose
incidenton sggmentpq. At theleft sideof Figure6.3,we draw two € disksaroundp and
g, andshadeheir intersectionsvith P (dark)and Rfh(P) (light).

We may choosepointsa andb outsideof Rfh(P) sothatthesegmentabis parallelto pg:
simply choosea andb in the antipodesf theregionsintersectingP in thetwo disks,as
in themiddle of Figure6.3. We maythenchoosec andd outsideof Rfh(P) sothat Zapc
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Figure 6.3: Sculpting Rfh(P) between two nearly convex points p and g of an edge e of
P.

is obtusein the disk containingp and Zbqgd is obtusein the disk containingg, andc and
d lie on oppositesidesof the planethroughabpa.

Now, form the sculptingregion X asthe closureof the complementf thetwo tetrahedra
acpgandbdpq, asattheright of Figure6.3. Thereflex pointsof X, whicharea, b, ¢, and
d, areall outsideof Rfh(P), soby Lemma25we know that Rfh(P) C X. Sinceall points
of pgareone C Rfh(P), we canfind hemisphereto shav thatthey areall nearlycorvex
pointsof Rfh(P).

We summarizavhatwe know aboutRfh(P) thusfar.

Lemma 30 Thereflex-freehull of a polyhedon of sizen is boundedy a polyhedonwith
O(n) vertices.

Proof: Let P beapolyhedronof sizen, andclassifythe pointsof 0Rfh(P). By Lemmas
27and28,thenearlycorvex andnearlyreflex pointsmaybeorganizednto line sggments.
Thesedline sgmentsmustendat verticesthatarecorvex or saddlepoints,sincethereare
no reflex points. But eachsuchvertex lies on a nearlyconvex edgeof P, andeachedge
cancontribute at mosttwo verticesby LemmaZ29. The remainingpointsareflat points,
which may thereforebe groupedinto polygons. A finite numberof polygonsmay be
formedon n vertices so Rfh(P) is apolyhedron.

We cannow completethe proof of Theorem13, andshow that, for a polyhedronP the
reflex-free hull Rfh(P) is a polyhedronof the sameasymptoticsize.

Proof: FromLemma30 we know that Rfh(P) is a polyhedronwith O(n) verticeswhere
nis thesizeof P. We have only to boundthenumbersf facesandedges.

From the EulerPoincaé formula (due to Poincaé 1899), we know thatV —E +F =
2—2g, whereV, E, F, andg are the numberof vertices,edges,faces,and genusof
Rfh(P). Since3F < 2E, wededucehatV —E/3>2—2gandsoE < 3V 4+ 6g— 6. Since
V € O(n), we have only to boundthe genusg € O(n) to completethe proof.

Curvatureis definedat all pointson a surface, and the sumof curvature over Rfh(P)
equals—4m(g—1). For a polyhedron pointson facesor edgeshave curvaturezero,and
the curvatureof a vertex v equals2it minusthe sumof the anglesof facesincidentonv.
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Thus,4mg equals2m plus the sumof all faceanglesat all verticesof Rfh(P). Sincethe
genusof P is lessthann by the EulerPoincareformula, we boundtheincreaseof genus
by boundingtheincreasen the sumof faceanglesvhenwe go from P to Rfh(P).

Threetypesof changedo verticesoccurwhenwe go from P to Rfh(P):

1. avertex v of P maydisappeamnto theinterior of Rfh(P),
2. anew vertex v maybe createdon Rfh(P), or

3. avertex v of P maybecomencidenton new faces.
We canboundhow eachtype of changdncreaseshe sumof faceangles.

1. Whenavertex v of P disappearst nolongercontributesto the sumof faceangles.

2. A new vertex v is incidenton exactly onecorvex edge,sincev is not reflex andis
notavertex in P. Thesumof anglesof thetwo facesincidentto the corvex edgeis
lessthan2mt, andthe sumof anglesof theremainingfacesincidentto v is lessthan
21t Soanew vertex increaseshe sumof faceanglesby lessthan4rt

3. SinceRfh(P) is a polyhedronwe may organizethe facesincidentto v into oneor
moretopologicaldisks. At mostone of thesedisks may be flat, contrituting an
angleof 21t Any othermusthave atleastonecorvex edge.

Lemma27impliesthatno new corvex edgecanbecreatedncidentto v. Thus,this
changereplaceghefacesbetweertwo corvex edgegpossiblyidentical)by a new
setof facesthatarejoined by reflex edges.This decreasethe sumof faceangles,
exceptpossiblywherea new faceangleof greaterthanttis createdncidentto v.
Thisnew faceadddessthan2r, but alsoconsume®nequarterof theneighborhood
of v. Theincreasén faceanglesatv will belessthan8r.

Hence themaximumincreasen faceangless 8, andtheincreasen genusof Rfh(P)
is thusO(n). This completeghe proof of Theorem13.

6.5 The refle x-free hull and cavities

Recallthatfor a closedpolyhedralsetQ andhalfspacen—, we defineda plane-cavityas
aconnecteccomponenbf @ Nh~. We canenlagea plane-caity by translatingts plane
h unlessh containsa saddlepoint or nearly corvex points. We saythat a plane-caity
is limited if its planecontainsthreesaddlepointsor a closedcurve of corvex andnearly
corvex points.

Lemma 31 Anyplane-cavityis containedn the unionof four limited plane-cavities.
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Proof: Consideraplane-caity C C 9nh~. Wemaytranslaten to enlageC unlessdoing
sowould causeC to be connectedo the unboundeccomponenbf Q. This may happen
if h containsa closedchainof (nearly)corvex pointssatisfyingthelemma.

Otherwiseh containsone or more saddlepoints. If h containstwo saddlepoints,a and
b, thenwe may duplicateh androtatethe two copiesin oppositedirectionsaroundthe
line ab. We stopeachrotationwhenathird saddlepoint or chainof nearlycorvex points
is reached.If thereis a single saddle we again duplicateandrotateh aroundsomeline
throughthesaddleuntil we hit asecondsaddleandreduceo two instance®f theprevious
case.

If we iteratively fill up planecavities for a polyhedronP, thenwe obtaina sequencef
interestingsets.We describethis processpreciselyasfollows. Let Py = P. Givensome
plane-caity Cy of Py, we form the union P UC, to obtaina new polyhedronPy, 1. We
may chooseour plane-caities by always choosingthe onewith largestvolume, or by
alwayschoosingfour limited plane-caities thatenclosehelargestvolume.

We call a connecteccomponenpf Py \ P a cavity. We believe, but have not beenable
to formally prove, thatin the limit we can obtain the reflex-free hull by filling cavi-
ties. Equivalently the cavities of a closedpolyhedron? arethe connecteccomponents
of Rfh(P)\ P.

Theorem 14 For a closedpolyhedon P, the limit of the processof filling cavitiesis a
subsebf thereflex-freehull, Rfh(P).

Proof: We shav by inductionthatthe cavities identifiedby thefilling processareinside
all reflex-free setsthat contain?. Specifically we prove thatary polyhedralset @ that
containsP, but doesnot containPy, hasareflex point.

Thebasecasek = 0, is trivial; no setcontainingP canomit a pointof Po = P.

For the inductive step,we assumehe inductionhypothesisor somek > 0, andprove it
for k+ 1. Thus,assumehat Q is a polyhedralsetthat containsP but doesnot contain
Pr+1- If Q doesnot containPy, thenthe induction hypothesisappliesimmediately so
we assumehat Q containsPyx. The boundaryof Q thereforeintersectghe plane-caity
C« = Pi+1 \ Pk. But sinced@ canonly escapehroughthe planedefiningC, if atall, @
hasa planecavity in C. Lemma23 saysthatQ hasareflex point.

Unfortunately we do not know how to turn this definition into an efficient procedureo
computethereflex-freehull of apolyhedron.Theproces®f filling in onereflex vertex can
createothersat reflex edges.Figure 6.4 illustratesone examplein which filling cavities
mustbetakento thelimit to attainthereflex-free hull.

Startwith the cube[—5, 5] andsubtracthefollowing sets:{(x,,2) | x € [-1,1],z> |y|},
{(x%2) | Ix € [1,3],z> |y| = x| + 1}, {(x,%,2) | x € [3,5],2> y/2+ 1}, and{(x,y,2) |
x € [-3,-5],z> —y/2+ 1}, to obtainanobjectillustratedin Figure6.4. Therearefour
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Figure 6.4: Each filling step creates reflex and saddle points

labeledlines that are relevant in this example. We parameterizéhem by z. Two are
pivots a = {(—3,2z—2,2)} andd = {(3,2— 2z,2)}, andtwo linesendat saddlepoints,
B={(-1,z2)}, andy={(1,—z2)}. With alittle algebrawe obsenre thata planethat
containsd andintersect{3 atz=t intersectsy atz= (t +2)/6. By symmetrytheplane
througha and(1, —t,t) intersectf atz= (t 4 2)/6.

Initially, therearetwo reflex verticeswith coordinateg+3, 0, —3). We caneliminatethe
firstbyfilling thecavity definedby theplanethroughpivot 6 andthesaddlepointatzy =0
on B; this planeintersectsy at z; = 2/6. We eliminatethe secondby filling to the plane
througha andsaddlepoint (1,z,2); this planeintersect{ at z, = 7/18, andcreatesa
new reflex vertex wherethe two filling planesmeet. From now on, we fill from a pivot
linetoasaddleatz = (z_1+2)/6. Thereflex-freehull for this examplehasareflex edge
alongtheline through(—1,2/5,2/5) and(1,—2/5,2/5), which happengo betheunique
line incidentto a, B, y, andd. Thus,we approachbut never reachthe reflex-free hull.

If reflex edgesincidenton four polyhedronedgeswere the worst that could occur we
couldstill hopefor a polynomial-timealgorithmfor the reflex-free hull by inspectingall
4-tuplesof edgesto seeif they supporta commonline. Unfortunately however, reflex
edgeanaybedefinedby linesthathit only two polyhedroredges Figure6.5 shavs such
an example madeof eight sphereswhich could be approximatedoy polyhedra. In it,
we have a sequencef eightgeodesidrianglesthat sharethe thick segments which are
reflex edgesof the hull. The extensionsof reflex edgeqdash-dottedintersectwithin the
incidentgeodesidriangles. The readerwho would like to find an algorithmto compute
reflex-free hullsis advisedto build similar examplesfrom modelingclay.
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Figure 6.5: Part of the reflex hull of an appropriately placed set of eight spheres. The
planes determining the new boundaries of this hull are defined by a sequence of saddles
in such a way that if any saddle is moved then all plane equations change.

6.6 Other hulls

The factthatthe reflex-free hull haslinear compleity may not at first seemsurprising.
In this section,we considersomeother naturaldefinitionsfor hulls that have far worse
compleities.

For a closedsetS, we may obtainthe corvex hull, CH(S), by removing halfspaceghat
do not intersectS or by taking the intersectionof halfspaceghat containsS. We may
obtainthereflex-free hull, Rfh(S), by sculptingaccordingto Lemma25, or by takingthe
intersectionof reflex-free setsthatcontianS. In a similar manney we candefinealine
hull, LH(S), by remaving lines that do not intersectS, or more formally by taking the
intersectiorof setscontainingSthatarethecomplement®f lines.

Lemma 32 For a polyhedrl setS, we haveSC Rfh(S) C LH(S) C CH(S). In geneal,
all inclusionsare strict.

Proof: It follows immediatelyfrom the definitions. The complemenof aline is reflex-
free,anda halfplanecanbe representedstheintersectionof the complement®f lines.

In the plane,theline hull of a connectedsetis the sameasits corvex hull, but theline
hull of adisconnectegolyhedralsetof sizen mayhave ©(n*) complexity, asit is related
to anarrangemenof the ©(n?) linestangento pairsof verticesof S(SeeFigure6.6.) In
IR?, theline hull is boundedby piecesof ruled surfaces,ncluding hyperboloids.Segei
Bespamyatnikhin privatecommunicationdescribedan exampleof a connectegolyhe-
dral setS of sizen whoseline hull has®(n®) complexity. Begin with the six facesof a
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Figure 6.6: Line hull of 18 black segments

large, axis-alignedcube,andcut a small squarehole in the centerof eachface.Nearthe
centerof thiscubewe have threefamiliesof lines,eachroughlyparallelto oneof thethree
axes.Block thelines parallelto the x-axiswith threesquareparallelto theyzplane,and
cutn parallelslits in differentdirectionseachsquaresothatthelinesthatdo passhrough
theseslits form Q(n®) hyperboloidsnearthe centerof the cube.Repeathis for they- and
z-axes,sothatthesehyperboloidshave Q(n®) intersections.

Someother naturalhull definitionssuffer from similar compleities. One could define
the star hull, SH(S), of Sasthe intersectionof all starshapedolyhedrathat containS.
Eachpoint p thatis not in the starhull is excludedfrom somestarshapedpolyhedron,
which saysthat p hasaray to infinity thatdoesnotintersecttheinterior of S Thus,one
coulddefinetheray hull astheintersectiorof setscontainingSthatarethe complements
of openrays. We saythata point p of a closedsetX is externallyvisibleif thereis aray
from p thatdoesnotintersectheinterior of X. A setX is externallyvisibleif every point
onits boundaryis externallyvisible. Thus,onecould definethe externally visible hull of
a closedsetSto betheintersectionof all externally visible setsthat containS. It is not
difficult to seethatthe starhull, ray hull, andexternallyvisible hull areidentical,andthat
SC SH(S) C LH(S), with strictinclusionfor mary setsS. Thereflex-free hull andstar
hull cannotalways be orderedby inclusion: The boundaryof the starhull containsary
reflex verticesfrom Sthatareexternallyvisible. Theboundaryof thereflex-free hull may
containpointsthatarenot externally visible, ascanbe seenin an exampleof nestedori
rotatedabouta commonaxissothey form a sphericakhell.

A minor modificationof Bespamyatnikis constructiorshavs thatthe starhull canagain
beboundedoy hyperboloidsandmayhave Q(n°) complexity.
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CHAPTER 7

Cavities and castability
analysis

7.1 Introduction

Featurerecognitionhasbeenconsideredan importantresearchareain computeraided
designandcomputeraidedmanuficturing[43, 44, 24]. Informally, featuresareproducts

genericshapeor characteristicshat are associatedvith properties attributes,and en-

gineeringknowledgeaboutthe product[46, 47]. Manufacturingfeaturesare geometric
structuresf an object,suchasholesor depressionswhich have engineeringneanings
relatedto manufcturingoperationsA holeof anobject,for example, mayhave anengi-

neeringmeaning‘drilling” or “assemblingsite”.

In applicationssuchasmanufcturingandmolecularanalysis,geometricstructuresuch
ascavities or dockingsitesareimportant. In manufcturing,featuresof a CAD model
imply manugcturinginformation, which facilitatesthe processof analyzingmanufc-
turability [44, 23].

A small hole or a depressioron the boundaryof an object, for example, restrictsthe
setof directionsfor which this objectis castablepecausehe portion of the castin the
hole or in the depressiommustbe removed from the objectwithout breakingthe object.
Mostindustrialpartssuchasenginerooms telephonébodies,andsmall partsfor carand
aircraft have suchfeatures. This suggestsa newv approachto castabilityanalysis: For
given partremoval directions,insteadof examiningthe whole boundaryof anobject,we
identify suchfeatures(holesand depressionsjvhich play key rolesin the preliminary
decisionprocess. If ary suchfeaturescontradictsthe removal directions,we can stop
andconcludethatthesedirectionsarenotfeasible or thatthe objectneedsadditionalcast



parts. Soidentifying featuresnot only facilitatesthe decisionprocessandthe automated
designof a cast,but alsogreatlyreduceshe searchspacefor feasiblecastingdirections.
Whenwe searchfor the setof all feasiblecastingdirections featurescangreatlyreduce
thesearchspace A holewith the shapeof cylinderin anobject,for example,reduceghe
searchspaceo a pair of two oppositedirectionsparallelto the generatoof the cylinder.
Featuresfurthermore,canbe usedto minimize the numberof castingparts(calledside
cores.

Basedon the definitionsof the reflex-free hull and cavities in Chapters, in this chapter
we considerapplicationsusingcavities asa geometricfeaturein castabilityanalysis.We

assumehatthe cast(mould) consistsof two partsandthat thesepartsmustbe removed

in oppositedirectionwithout damaginghe partsor the object.

We presentinalgorithmwhichis usefulfor castinganalysis.Thealgorithmpartitionsthe
facesof P into disjointsubsetssuchthateachsubsetnustbelongto oneof thetwo mould
parts.Furthermorewe prove thattheboundingfacesof a cavity belongto asinglesubset.
By basingthealgorithmonfaceswe obtainafinite processOur algorithmis aneffective
methodto restrictthe searchspacefor feasiblecastingdirections.In fact, we conjecture
thatthisalgorithmcanbeextendedsothat,in theend,for ary two distinctsubsetsthereis
afeasiblecastingdirectionin which the mouldis removed from the correspondindaces
in oppositedirections.

7.2 Definitions and assumptions

Recallthe processf iteratively filling plane-caities of Section6.5. We denotethis pro-

cessby (P, ox), whereoy is ary sequencef k plane-caities. A connecteccomponent
of Py \ P is a cavity of (P,0k). A facef of P boundsa cavity F of (P,0y) if f lies

partially or completelyon the boundaryof F. For therest,we follow the definitionsand

thenotationsin Section6.2.

We make one assumptiorfor robustness:removal directionsparallelto facesof P are
not allowed. Thus,whenthe two partsof a mould for P meetalonga parting surface
this partingsurfacemeetsthe boundaryof P alonga closedcurve calledthe parting line

that consistsof polyhedronedges. This is a practicalconsideratiorin mould designas
well, sincecastingimperfectionson the objectmay occuralongthe partingline, andif

the partingline crossesa facethenadditionaltreatmentand polishingmay be required.
For furtherinformation,seeSection4.1.
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Figure 7.1: Cavities. (a) A container object, and (b) Filling process.

7.3 Theorems for coloring faces

In this sectionwe shav how to color the facesof P suchthatfaceswith the samecolor
mustappeaiin the samepartof atwo-partmould.

Thisalgorithmis basedntwo geometricobsenations:Every polyhedrorfacebelongso
oneof thetwo mould partsof ary cast,andthetwo polyhedronfacesincidentto a reflex
edgemustbelongto the samemouldpartof ary cast.

Lemma 33 Theboundingfacesof a cavityof (P, ok) for anyox mustbelongto the same
mouldpart of anycast.

Proof: Givenacavity F of (P, o), theboundaryof cl(F) canbedividedinto two parts:

onesharedwith P andonenot sharedwvith P. We call the partnot sharedwith P thelid
of F. It sufficesto prove thatno two pointsat the boundarybetweernP anda cavity can
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beremovedin oppositedirections.

Assumethat two distinct points on the boundingfacesof F are removed in opposite
directions. Insidethe cavity thetwo castpartsmeetalonga commonboundarysurface.
Thenary line ¢ throughthe interior of the surfaceand parallelto the removal direction
doesnotintersectP. Sincethereflex-freehull of P doesnotcontaintheintersectiorpoint
betweer? andthesurface, Py is notasubsebf thereflex-freehull of P, which contradicts
Theoreml4.

We needa few definitionsin orderto describeour algorithm. Let S be the sphereof
directions. Given a face f, we denoteby coné f) the setof directionson § that have
positive projectionon the normalof f. Note thatif we translatef suchthat f passes
throughthe centerof S, thenconé f) is an openhemispheralefinedby a planethrough
f. Symmetrically we definecond f) to be the setof directionson S that have negative
projectiononthenormalof f. We denotethedoubleconeconé f) Uconé f) by dconé f).
We generalizethe notationto reflex edges.Given a reflex edgee with incidentfacesf
andg, defineconde) = cond f) N condg), conde) = coné f ) Ncondg), anddconée) =
conde) Utonde). Notethatconéde) is the setof removal directionsfor f andg. (Recall
that f andg mustbelongto the samemould partby assumption.)

Our algorithmworks by assigninga color and a positive or negative signto eachface.
Facesof the samecolor (regardlessof the sign) form a color group. Givena color group
G, we defineits coneof directions conéG), to be the commonintersectionof coné f)
for all positive facesf € G andtonég) for all negative facesg € G. Symmetrically
conédQ) is the setof directionsoppositeto thosein conéG). The doubleconedconéG)
is condG) UTONEG).

Thealgorithmconsistof two phasesinitially, eachfaceis assigned positive signanda
distinctcolor, andthereforeformsacolorgroupby itself. In thefirst phasewe repeatedly
recolortwo groupsG; andG; of facesby onecommoncolor if G; andG,; meetalong
somereflex edge. In the secondphasewe repeatedlyrecolortwo groupsG; andG; of
facesby onecommoncolorif dconéG;) N dconéG,) consistof exactly two connected
componentsWe may alsoupdatethe signsof facesin G; U G, andtherearetwo cases:
(1) condG1) N condG,) # @ andcondG1) NcondGy) =0, (2) condG1) NcondGy) =0
andcondG;) NTondGy) # 0. In case(1), we presere the signsof all facesin G1 U Gy.
In case(2), weflip thesignof eachfacein Go.

Lemma 34 For anycolor groupG, all positivefacesin G mustberemosedin acommon
directionin condG), andall negativefacesin G in a commordirectionin congG), with
respecto anymould.

Proof: We prove this by induction. In thefirst phasetwo facesf andgincidentto areflex
edgemustberemovedin the samedirectionby our assumptiorthatno faceis parallelto
acastingdirection.In the secondohase supposeave decideto combinetwo color groups
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G1 andGy. By inductionassumptionall positive (resp. negative) facesin G; mustbe
removedin a commondirectionin conéG;) (resp. congGs )) with respecto ary cast,
andthe sameholdsfor G,.

SupposehatcondG;) NTonéG,) = (. Thenpositive facesn G; cannotberemovedin a
directionin congGy) andvice versa.Thus,positive facesn G; U Gz mustberemovedin
acommondirectionwith respecto ary cast,andthis setof commondirectionsis clearly
condGi) N condGy). A symmetricstatemenholdsfor negative facesin G U G, and
We(Gl) N WE(GZ).

Supposehat conéG1) N conéGy) = (). Thenpositive facesin G; cannotbe removedin
adirectionin conéG,) andvice versa. Thus,positive facesin G; andnegative facesin
G mustberemovedin acommondirectionin conéG;) NTonéG,). Sincesignsof faces
in Gy areflippedin memging, the lemmais satisfied. A symmetricstatemenholds for
negative facesn G; andpositive facesn G,.

Lemma 35 Let P be a castablepolyhedon. Let f and g be two boundingfacesof a
cavity of (P, o) for someoy. Supposehat f andg belongto two differentcolor groups
G1 and G, at somepoint during the coloring algorithm. If f andg haveidenticalsigns,
thencondG1) N condG,) is nonemptyOtherwise condG;) N conéGy) is nonempty

Proof: Let C be a two-partmould for 7. By Lemma33, f andg belongto the same
partof C. If f andg haveidenticalsign,thenLemma34impliesthatfacesin G; U G of
the samesign belongto the samepartof C. Thus,the removal directionof the positive
facesn G; UG, belongsto condG;) N condG;) which mustthenbenonempty|f f and
g have oppositesigns,thenLemma34 implies that positive (resp. negative) facesin Gy
andnegative (resp.positive) facesin G, belongto the samepartof C. Thus,theremoval
directionof positive facesn G; andnegative facesn G; belongsto conéG;) N TonéG,)
which mustthennonempty

We will prove thatthe boundingfacesof a cavity of (P,ay) for ary k will receve the
samecolor. The proofis by inductiononk. Sinceafacef will residein differentcolor
groupsG duringthe coloringalgorithm,the setof removal directionsfor f changesasG
changes.For easeof exposition,we disrggard the groupthat f belongsto. Instead,we
saythatdifferentconesof directionsD areassociatedvith f atdifferenttimesduringthe
coloringalgorithm.

Furthermorejn makingtheinductive agument,we needto work with plane-caity with
respecto a nearlyreflex vertex insteadof areflex vertex. Recallthatv is a nearlyreflex
vertex if vis neitherreflex norflat, andall facesincidentto v lie within a closedhalfspace
whoseboundingplanepasseshroughv andlies locally insideP atv.

Definethestar of avertex v, S{v), to betheunionof v andtheinterior of facesandedges
incidentto v. We useSt(v) to denotethe closureof Stv). Thelink of v, denotedby Lk(v),
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Figurg 7.2: The closure, §l(v), of the star of a reflex vertex v and the spherical polygon
T, 4(SH(v)) on the sphere, where d is the upward vertial direction.

is definedto be S{v) \ Stv). Letv beareflex or nearlyreflex vertex. Let d be ary
feasiblecastingdirectionfrom which v is visible. Note thatall facesincidenton v are
visible from directiond. Putv at the centerof the sphereof direction. First, we stretch
St(v) radially avay from v sothatthe stretchedink of v lies on the sphere.This yields
a polygonwith curved boundaryinsidethe sphere.Secondwe projectv in directiond
ontothe sphere We useTt, 4 to denotethe compositemappingfrom Stv) to the spherical
polygonon the sphere NotethatTt,q(Vv) is in the kernelof 15,4(S{(V)). Thus,T,q(S(V))
canbetriangulatednto sphericakrianglesby drawving greatcirculararcsfrom 1g,4(Vv) to
verticesof T,4(S{v)). Clearly 1,4 mapsthe circular arcsincidentto ,4(v) to edges
incidentto v, andthe sphericatrianglesto triangles.Also, theangleata vertex 1, 4(x) of
T,4(SHVv)) is exactly the exterior dihedralangleat the edgevx.

Lemma 36 Letv bea reflex or nearlyreflex vertex. Letvaandvb betwo reflex edgesin-
cidenttov. LetDy, C condva) andD,, C condvb) betwo conesof directionsassociated
with thetwo facesincidentto vaandvb, respectivelylf condva) and condvb) lie onthe
samesideof a greatcircle throughy,g(a) and,q(b), thenDyaN Dy, is empty

Proof: Figure 7.3 illustratesthe situation. It follows from the fact that condvx) and
condvx) for ary reflex edgevx lie on oppositesidesof ary greatcircle that doesnot
intersectcondvx) (suchagreatcircle mustpassthroughri,q(x)).

Lemma 37 Letvbeareflex or nearlyreflex vertex. Letd bea feasibleremwal direction
fromwhich vis visible Letva, vb, andvx bethreereflex edgessud that 14, 4(vx) liesin
thesmalleranglebetweent, y(va) andy,4(vb). Supposehat congva) doesnotcontain
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Figure 7.3: The bold curves are parts of great circles. The left picture shows the case
where vaand vbare incident to the same face. The right picture shows the case where they
are not. The area of darker shade represents condva) and conévb). The area of lighter
shade represents Tongva) and congvb). Since condva) and TONgvb) lie opposite sides
of the great circle, they cannot intersect. The same is true for congva) and conévb).

Figure 7.4: The dotted curves are great circles through T4,q(a) and Tgq(X), and Tg,q4(b)
and Ti,q(X).

T,q(B) for all a,B € {a,b,x}. ThenDN Dy is emptywhele D C condva) N condvb) is a
commorconeof directionsassociatedvith the facesincidentto vaandvb, and Dy is the
coneof directionsassociatedvith the facesincidentto vx.

Proof: Sincery,4(v) liesin thekernelof 15,4(StVv)), condvx) andcondva) cannotie on
oppositesidesof thegreatcircle throughrs, 4 (a) andry, g(x). Thesameholdsfor congvx)
andconédvb). If condvx) andcondva) lies on the samesideof the greatcircle through
Tyq(a) andm,q(x), thenLemma36impliesthatD N Dy is empty We obtainthesamecon-
clusionif condvx) andconévb) lies onthe samesideof the greatcircle throughrty,g(b)
and 1y,q(x). The remainingpossibility is that congvx) containscondva) N congvb)
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which is a supersebf D. SeeFigure 7.4. Thus,D cannotintersectconégvx) which is
asupersebf Dy.

We arereadyto prove thatthe boundingfacesof a cavity of (P, o) for ary oy receve
the samecolor and sign. We will restrict gx to simplify the analysiswithout loss of
generality Specifically we wantto refinecy to a sequencef specialplane-caities such
thatthefilling of eachspecialplane-caity correspondso sweepingaplanefrom areflex

or nearlyreflex vertex until avertex in the cavity is encounteredGivenay, we canrefine
it asfollows: Whenwe fill the plane-caity oy \ ox_1 of Px_1 to producePy, the plane-
cavity canbe decomposethto several steps.Take the planeHg definingthe plane-caity

ok \ Ok_1. SweepHy towardsthe interior of oy \ ox_1 until it hits a vertex w of the
plane-caity. Recordthe volume sweptover asone specialplane-caity. Continuethe
sweepingto the next vertex in the planecavity anddefineanotherspecialplane-caity.

During the sweepingwe may needto split at the vertex encountered.In this case,we
continuethe sweepingf the differentpartsindependentlyFigure7.5 shovs anexample.
We repeathe above sweepinguntil noverte in ok \ ok_1 remains.Now, we canthink of

thegrowing of Py_1 to Py asfilling thespecialplane-caities obtainedn reverseorder

specialplane-caities

Figure 7.5: The topmost patch of lightest shade bounds a plane-cavity. This plane-cavity
can be refined into a sequence of three special plane-cavities. The first two are the volume
swept from U and V to W respectively. The third is the volume swept from the nearly reflex
vertex W.

Theorem 15 LetP bea castablepolyhedon. Theboundingfacesof a cavity of (P, oy),
for anysequencey of specialplane-cavitiesreceivethe samecolor andsign.

Proof: We prove this by inductionon k. The basisstepinvolvessweepinga planefrom
areflex vertex v of P until a new vertex in the cavity is encounteredWe show thatthe
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facesincidentto v (i.e., facessweptover) will receve the samecolorandsign. Letd be
afeasibleremoval directionfrom which v is visible. Without lossof generality we can
assumehateachfacef is assigned positive signif cond f) containsd.

Eachextremevertex of the sphericalcorvex hull of T,4(S{(V)) is Tq(X) for somereflex
edgevx. Considertwo neighbouringextremeverticesTy, g(a) andTy,q(b). Let Dya and
Dyn be the conesof directionsfor the color groupscontainingthe facesincidentto va
andvb, respectiely. By Lemma35, Dy, N Dy is nonempty By Lemma36, DyaN Dy is
empty Thus,thetwo color groupscontainingthefacesincidentto va andvb areeligible
for memging. By applyingthisamgumentto every pair of neighbouringextremeverticesof
the corvex hull, we concludethatthe facesincidentto vx for all extremeverticesrs, 4(X)
will receie thesamecolor.

Next, we arguethatthe facesthatareincidentto reflex edgesbetweemeighbouringex-
tremeverticesty, g(a) and,g(b) will alsoreceie the samecolor. The portionof Lk(v)
betweenva andvb projectsto a bay of 1i,4(SfV)). Let D bethe commonconeof direc-
tionsassociateavith thefacesincidentto vaandvb.

First, pick outall reflex edges/x betweerva andvb suchthat condvx) doesnot contain
T,q4(a) andy,q(b), andneithercondva) nor condvb) containsry,q(x). By Lemma37,
D N Dy is emptywhereDy is the coneof directionsassociatedvith the facesincidentto
vx. By Lemma35, D N Dy is nonempty Thus, the coloring algorithmwill eventually
assignthe samecolor for facesincidentto va, vb, andall suchreflex edges/x.

Therearefour kinds of remainingreflex edgesunaccountedor. Thefirst two kindsin-
cludereflex edgesvx suchthat 1, 4(x) lies outsidecongva) U conédvb), and congvx)
containseitherty,q(a) or 1,4(b). The othertwo kindsincludereflex edgesvx suchthat
T, 4(X) liesinsidecondva) U congvb).

Figure 7.6: congvx,) does not contain T4 (b)

SupposehatTy,q(x) lies outsidecondva) U condvb) andcongvx) containsry,q(b). Then
examinethereflex edgevx; aftervx. NotethatTs,q(x1) lies outsidecondva) U congvb),
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andcondvx;) doesnotcontainr,q(a). If condvx;) alsocontainsr,q(b), thenwe exam-
ine the next reflex edgevx, andsoon. Thus,we obtaina sequencex,vxi,--- , VX such
that condvx,) doesnot containT,q(b) in its interior asin Figure7.6. Sothe facesinci-
dentto vx, arein thesamegroupfor vaandvb. By constructionLemma37 is applicable
tova, vx_1, andvx,. Thus,togethemwith Lemma35, we concludethatthefacesncident
to vx_1 will receive the samecolor asthoseincidentto va. Now, repeatheargumentfor
va, VX_», andvxc_1, andsoon. Eventually the facesincidentto vx,vxg, - - -, vxc_1 Will
recevvethesamecolorasthoseincidentto vaandvb. Similarargumentworksfor thecase
whereTy,4(x) lies outsidecondva) U condvb) andconévx) containsr,g(a). This takes
careof thefirst two kindsof remainingreflex edges.

Take a successie pair of reflex edgesvy; andvy, thatwe have alreadyput in the same
groupfor va andvb. Note that condgvy;) doesnot containy,q(y2) and congvy,) does
notcontaintg,q(y1). We canapplythe previousreasoningo color facesincidentto each
reflex edgevx betweervy; andvy, suchthattg,y(X) lies outsidecondvy) U congvys).

By repeatingthis overall agument,we will assignthe samecolor to facesincidentto

reflex edgesetweenva andvb asthoseincidentto va andvb.

Now, all the edgeshetweenra successie pair of reflex edgesvx andvy arecorvex. Thus,
if fisafaceincidentto sucha corvex edgethenconé f) containscondvx) N condvy)
andhenceconé f) containsthe commonconeof directions,sayD, for all reflex edges
betweerva andvb. Thus,DNconéf) is empty SeeFigure7.7. Soif Dy is the cone
of directionsassociateavith f, DN Dy is alsoemptyasD; C coné f). By Lemmag35,
DnND; is nonemptyandso f will alsoreceie the samecolor asthosefacesincidentto
vaandvb.

4%

T,,q(%)
cone(f)

Figure 7.7: The bold polygonal chain is the projection of the link of v between vxand vy.

The above establisheshe basiscaseof the induction. To proceedo theinductionstep,
we needto associateonesof directionsto the new facesintroducedafterfilling a special
plane-caity from a reflex or nearlyreflex vertex v. Thesenew facesare not original
polyhedronfacesandwe call themartificial faces.Let D bethe intersectionof conesof
directionsassociatedvith (artificial or original) facesincidentto v. We make D thecone
of directionsfor all artificial facesintroducedafterfilling this specialplane-caity. Then
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in theinductionstep,we will sweepa planefrom a nearlyreflex vertex w to fill another
specialplane-caity. We canusethe sameargumentfor the basiscaseto showv thatthe
conesof directionsassociatewvith the(artificial or original) facesncidentto w satisfythe
conditionsfor receving the samecolor. Sincethe conesof directionsfor artificial faces
arederivedinductively from intersectiorof conesof directionsfor original facessweptin

the past,we concludethat the original facesincidentto w will receive the samecolor as
otheroriginal facessweptin the past.

7.4 An implementation for coloring faces

The first phaseof the algorithmmemgescolor groupsat reflex edges.This canbe easily
donein O(n) time by traversingtheboundaryof P.

In phase2, we melgegroupsG; andG; whenever dcong¢Gs) N dconéGy) consistof ex-
actly two connectedcomponentsTherearetwo cases{1) condG;) N condG,) # () and
condG;) NTondG,) = 0, (2) condGy) N condG,) = P and condG;) NTONEGy) # (.
Recallthat the coneof a groupis the intersectionof conesfor eachfacein the group.
In case(1), the conditioncould alsobe statedthat thereexists a directionwith positive
projectionon all facenormalsin G; and G, andthereis no directionwith positive pro-
jectiononthenormalsin G; thathasnegative projectiononthenormalsin G,. Similarly,
the conditionin case(2) could also be statedthat thereexists a directionwith positive
projectionon the normalsin G; that hasnegative projectionon the normalsin G, and
thereis no directionwith positive projectionon all facenormalsin G; andG..

To identify a meigeablepair, we build the arrangementf conesandtheir complements
by building anarrangemenof then greatcirclesthatcontribtuteto thecurrentsetof cones
andtheir complementsTwo sphericakorvex polygonsA andB representingoneshave
one of four relationships:eithertheir boundariegntersectA is insideB, B is inside A,
or they aredisjoint. For a given coneA, all boundaryintersectionsan be detectedby
walking theboundaryof A in thearrangementAll conesincludingA canbefoundwhile
building the arrangemenby determiningwhich conesincludeary chosenvertex of the
boundaryof A. Onceall conesincluding conesareknown, thenthe reverserelationship
is alsoknown, andthe disjoint pairsarethosethatremain. If thereare pairsthatcanbe
meiged,at leastone pair will be identifiedafter O(n?) steps.Given a meigeablepair, it
is not difficult to meige themin time O(n?). Thus,in O(n®) time we cancolor all faces.
Sincemuchof the abore computatiorcanbereusedn subsequerdtepswe suspecthat
this canbeimproved.

Theorem 16 Givena castablepolyhedon P of sizen, the coloring algorithm assigns
color and signsto facesof P in O(n®) time so that facesof the samecolor and sign
belongto samemould part. Moreover, boundaryfacesof a cavity of (P, ay), for any
sequencey of plane-cavitiesreceivethe samecolor andsign.
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Upon completion,the coloring algorithmwill returnseveral doubleconesof directions,
andary feasiblepair of oppositeremoval directionsbelongso sucha doublecone.After-
wards,aneminentlypracticalapproacho identify afeasibleremoval directionis to select
arandomsampleof directionsfrom eachconeandtestthe feasibility of theseselected
directionsusingthe O(nlogn)-time algorithmof Chapter3

7.5 Further applications to casting

Objectsto be manukcturedmay alsobe non-castable For example,a cubewith a de-

pressionon eachfaceis not castableusingtwo mould parts. Sucha problemis usually

resohedby usingside-coes A side-cords anadditionalpart. For theexampleof acube

with adepressiomn eachface,we canintroducefour side-coreso occupy thedepression
on eachverticalface. Thetwo mainmould partsarein contactwith the restof the cube.

During objectejection, the four side-coresare removed first, and the two main mould

partscanthenberemovedwithout blockage.

Thereis an alternatve way to defineplane-caities that facilitatesthe handlingof side-
cores. Sweepa planefrom a reflex vertex of P until a saddlevertex (with respectto
the sweepingdirection) is encountered.We call the volume swepta restrictedplane-
cavity of P. Considerthe union of restrictedplane-c&ities of P. Ourtechniquesanbe
carriedover to shav thatboundingfacesof a connectecomponentn the unionmustbe
removedin the samedirection. Furthermoreopur coloringalgorithmwill assignthesame
color andsignto suchboundingfaces.lt is naturalto asserthatboundingfacesof one
suchconnecteaomponenshouldbeoccupiedoy aside-coreor amainmouldpart. Thus,
this helpsusto identify whereto useside-coresaswell astheir retractiondirections.
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Concluding remarks

We have studiedthe problemof determiningwhetherthereis a two-partcastfor a given
objectsuchthatthe two castpartscanbe removed without collision. We consideredhe
casewherethe removal directionsmustbe opposite,and gave necessanand suficient
conditionsunderwhich a castexists. We alsodevelopedanalgorithmto computethe cast
for polyhedralobjects,andthe variantof this algorithmthat we implementedperforms
fairly well in practice.

We have alsostudiedtwo variantsof thetwo-partcastproblem:Oneof themis identicalto
thetwo-partcastproblem exceptthatthecastmachineryhasa certainlevel of uncertainty
in its directionalmovement. In the otherone, two castpartsareto be removedin two
givendirectionsandthesedirectionsneednot be opposite. For both problems,we gave
completecharacterizationsnderwhich a castexists,andobtainalgorithmsto verify these
conditionsfor polyhedralparts.

We defineda geometricfeature,the cavity, which facilitatesthe processof analyzing
manugcturability and the automateddesignof a castfor the object. We also provide
algorithmsto extractit from objects.

Thereareseveralinterestingdirectionsfor furtherresearch.

While ourimplementatiorperformswell on mediumsizemodels,moreexperimentation
is necessaryo develop a robust, practically useful, efficient heuristicimplementation.
Many objectsin reallife arenotpolyhedral sothealgorithmshouldbeextendedo handle
moregenerabbjectboundariessuchascubic B-splinepatches.

In Section5.4, we provided analgorithmto constructa setof all possiblepairsof direc-



tionsin which the given polyhedralobjectis castablén time O(n'4logn). We considera
4-dimensionaparametespaceandconstructa setof O(n?) algebraicsurfacesvhosear-
rangemenhascompleity O(n'?). CurrentalgorithmtakesO(n?logn) time for eachcell
in the arrangemento testthe castability It would be a challengeto exploit the potential

coherencédetweemeighboringeellsin orderto reducethe compleity ratherthanpaying
O(r?logn) percell.

Anotherinterestingissueis to studythe extra possibilitiesthat coresandinsertsgive.

Finally, it is desirableto maximizethe “flatness” of the partingsurfacebetweenthe two

castparts.Majhi etal. [37] consideredhis problemfor corvex polyhedralobjects.They

proposeda “flatness” measureand gave an O(n?) time algorithmto find a castthat op-
timizesthis measurewheren is the numberof vertices. It would be interestingto see
whetherour algorithmfor computingall directionsof castabilitycanbe adaptedsothatit

reportsthe directionallowing theflattestpartingsurface.

106



(1]

(2]

(3]

[4]

(5]

(6]

[7]

(8]
9]

Bib liograph y

P. K. Agarwal andJ. Matousek. Ray shootingandparametricsearch.In Proc. 24th
Annu.ACM SymposTheoryComput, pagess17-526,1992.

H.-K. Ahn, S.-W. Cheng,andO. Cheong. Castingwith skewed ejectiondirection.
In Proc. 9th Annu.Internat. SymposAlgorithmsComput, volume 15330of Lectuie
NotesComput.Sci, pagesl39-148SpringerVerlag,1998.

H.-K. Ahn, S.-W. Cheng,O. Cheong,and J. Snogink. Cavities and castability
ananlysis. Tech.report, Institute of Informationand ComputingSciencesUtrecht
University 2001.

H.-K. Ahn, S.-W. Cheng,0. CheongandJ. Snogink. Thereflex-freehull. In Proc.
13th CanadianConfeenceon ComputationalGeometrypage$9-12,2001.

H.-K. Ahn, S.-W. Cheng,0. Cheong,andJ. Snosgink. Thereflex-free hull. Tech.
report,Instituteof InformationandComputingSciencesUtrechtUniversity, 2001.

H.-K. Ahn, O. Cheong,andR. van Oostrum. Castingwith directionaluncertainty
Tech.report, Institute of Informationand ComputingSciencesUtrechtUniversity,
2001.

H.-K. Ahn, M. de Berg, P. Bose, S.-W. Cheng, D. Halperin, J. Matousek, and
O. Schvarzkopf. Separatingan objectfrom its cast. In Proc. 13th Annu. ACM
SymposComput.Geom, pages221-230,1997.

M. A. Armstrong.BasicTopolagy. McGraw-Hill, London,UK, 1979.

B. Asbeg, G. Blanco,P. Bose,J. Garcia-LopezM. OvermarsG. ToussaintG. Wil-

fong, andB. Zhu. Feasibility of designin stereolithograpi In Proc. 13th Cont

Found. Softw Tech. Theoet. Comput.Sci, volume 761 of Lectue NotesComput.
Sci, pages228-237 SpringerVerlag,1993.



[10] B. Asbeng, G.Blanco,P. Bose,J. Garcia-LopezM. OvermarsG. ToussaintG. Wil-
fong, andB. Zhu. Feasibilityof designin stereolithograph Algorithmica 19(1—
2):61-83,Sept.1997.

[11] P. Bose. Geometricand ComputationalAspectof ManufacturingProcessesPhD
thesis,McGill University, 1994. Also availableasUBC TechRep95-02,Dept. of
Comp.Sci, Univ. of British Columbia,1995.

[12] P. Bose,D. Bremner and M. van Kreveld. Determiningthe castabilityof simple
polyhedra. In Proc. 10th Annu. ACM SymposComput.Geom, pages123-131,
1994,

[13] P. Bose,D. Bremner andM. van Kreveld. Determiningthe castabilityof simple
polyhedra.Algorithmicg 19(1-2):84-113Sept.1997.

[14] P. BoseandG. Toussaint. Geometricand computationabspectof manufcturing
processesComput.& Graphics 18:487-4971994.

[15] P. Bose, M. van Kreveld, and G. Toussaint. Filling polyhedralmolds. In Proc.
3rd WorkshopAlgorithmsData Struct, volume 709 of Lectuie NotesComput.Sci,
page210-221 SpringefrVerlag,1993.

[16] B.ChazelleTriangulatingasimplepolygonin lineartime. DiscreteComputGeom,
6(5):485-5241991.

[17] L. Chen,S.Chou,andT. Woo. Partingdirectionsfor mouldanddie design.Comput.
AidedDesign 25:762—7681993.

[18] M. de Ber, K. Dobrindt,and O. Schvarzlopf. On lazy randomizedncremental
construction.DiscreteComput.Geom, 14:261-2861995.

[19] M. deBem, M. vanKreveld, M. Overmars,andO. Schvwarzlopf. Computational
Geometry:Algorithmsand Applications SpringerVerlag,Berlin, 1997.

[20] R.Elliott. Castirontecnolagy. Butterworths,London,UK, 1988.

[21] S.P FeketeandJ.S.B. Mitchell. Geometriaspect®f injectionmolding. Workshop
on Geometricand ComputationalAspectsof Injection Molding, Bellairs Research
Institute,February5-12,1993.

[22] L. J. GuibasandJ. Stolfi. Primitivesfor the manipulationof generalsubdvisions
andthe computationof Voronoidiagrams.ACM Trans.Graph, 4(2):74-123 Apr.
1985.

[23] S.Gupta,D. Das,W. Regli, andD. Nau. Automatedmanufcturabilityanalysis:A
suney. Reseath in EngineeringDesign 9(3),1997.

108



[24] J. Han and A. Requicha. Featurerecognitionfrom cad models. IEEE Computer
Graphicsand Applications 18(2):80-94,1998.

[25] M. Held. On the ComputationalGeometryof Pocket Machining, volume 500 of
Lecture NotesComput.Sci. SpringefVerlag,Junel991.

[26] J.G.HockingandG. S. Young. Topolagy. Addison-W\eslg/, ReadingMA, 1961.
[27] C.M. Hoffmann. Parametricnodeling.to be published.

[28] C. M. Hoffmann. Solid modeling. In J. E. Goodmanand J. O’Rourke, editors,
Handbookof Discrete and ComputationalGeometry chapter47, pagesd63—-880.
CRCPresd.LC, BocaRaton,FL, 1997.

[29] K. Hui. Geometricaspect®f mouldabilityof parts.Comput AidedDesign 29:107—
208,1997.

[30] K. Hui andS. Tan. Mould designwith sweepoperations a heuristicsearchap-
proach.Comput AidedDesign 24:81-91,1992.

[31] e.JamedH. Marsh. The CanadianEncyclopedia McClelland and Stevart, 2000.
(online) http://mwww thecanadianegclopedia.com.

[32] R.Klein. Conceteand Abstract Voronoi Diagrams volume 400 of Lecture Notes
Comput.Sci. SpringefVerlag,1989.

[33] R. Klein, K. Mehlhorn,andS. Meiser Randomizedncrementalconstructionof
abstracMoronoidiagrams.Comput.Geom.TheoryAppl, 3(3):157-1841993.

[34] K. K.Kwong.Computeraidedpartingline andparting surfacegeneationin mould
design PhDthesis,University of HongKong,HongKong,1992.

[35] J.-C. Latombe. RobotMotion Planning Kluwer AcademicPublishersBoston,
1991.

[36] T.Lozano-Rrez,M. T. Mason,andR. Taylor. Automaticsynthesisof fine-motion
stratgjiesfor robots. Internat.J. Robot.Res, 3(1),1984.

[37] J. Majhi, P. Gupta,and R. Janardan. Computinga flattest, undercut-fregparting
line for a corvex polyhedron,with applicationto mold design. In Proc. 1stACM
Workshopon Appl. Comput.Geom, volume 1148 of Lectue NotesComput.Sci,
pages39-47.SpringefVerlag,1996.

[38] J.Matowsek. Efficient partitiontrees.DiscreteComput.Geom, 8:315-334,1992.

[39] K. Mulmuley. ComputationalGeometry: An Introduction Through Randomized
Algorithms PrenticeHall, Englevood Cliffs, NJ, 1993.

109



[40] F. P. Preparateand M. |. Shamos. ComputationalGeometry: An Introduction
SpringerVerlag,New York, NY, 1985.

[41] W. I. Pribble. Molds for reactioninjection, structuralfoam andexpandablestyrene
molding. In J. H. DuBois and W. |. Pribble, editors, Plastics mold engineering
handbookVanNostrandReinholdCompaiy Inc., New York, NY, 1987.

[42] D.RappaporandA. RosenbloomMoldableandcastablgolygons.ComputGeom.
TheoryAppl, 4:219-2331994.

[43] W. Regli. GeometricAlgorithmsfor Recanition of Featuies from Solid Models
PhDthesis,University of Maryland,1995.

[44] W. C.Ralli, S.K. Gupta,andD. S. Nau. Featurerecognitionfor manufcturability
analysis. In K. Ishii, editor, Proc. 1994 ASMEComputes in EngineeringConfer
ence pages93—-104.AmericanSocietyof MechanicalEngineersNew York, NY,
Sept.1994.,

[45] A. RosenbloonmandD. Rappaport.Moldable and castablepolygons. In Proc. 4th
Canad.Conf Comput.Geom, pages322—-327,1992.

[46] J.J.Shah.Conceptuatlevelopmentof form featuresandfeaturemodels.Reseath
in EngineeringDesign 2:93-108,1991.

[47] J.J.ShahandM. Mantyla. Parametricand Featue-BasedCAD/CAM JohnWiley
andSons,New York, 1995.

[48] M. Sharit Almost tight upperboundsfor lower ervelopesin higherdimensions.
DiscreteComput.Geom, 12:327-3451994.

[49] S.S. Skiena. The Algorithm DesignManual Telos/SpringeiVerlag, New York,
1998.

[50] M. SossandG. Toussaint.A hierarcly of polygons:a studyof polygonproperties.
presentatiomt Canada-CubsVorkshopon Algorithms, May 2000.

[51] I. E. SutherlandSletchpad: A man-mabinegraphicalcommunicatiorsystemPhD
thesis Massachusettsist. Tech.,CambridgeMA, Jan.1963.

[52] S.B. TorandA. E. Middleditch. Corvex decompositiorof simplepolygons.ACM
Trans.Graph, 3:244-265,1984.

[53] G.T. Toussaint.Movableseparabilityof sets.In G. T. Toussainteditor, Computa-
tional Geometrypages335-375North-Holland,AmsterdamNetherlands1985.

[54] M. vanKreveld. Personpolygons: Why not? Snapshot®f Computationaland
DiscreteGeometry3, 1995.Tech.Rep.SOCS-94.50McGill Schoolof Comp.Sci.,
http://www.cs.uu.nl/people/marc/personpqly.gz.

110



[55] C.F WaltonandT. J.Opar editors. Iron castingshandbook Iron CastingSociety
Inc.,1981.

111



Index

a-feasible 47

a-steepA6

k-simplex, 80

a-safe,46
2-dimensionaprojections 10

appearancegl
arrangemeni22
combinatoriakompleity, 22

blackshadev, 63
blueshadwv, 63

castabilityproblem,13

castablel13

casting,6
die casting9
injectionmoulding,8
sandcasting 8

cavity, 94

colorgroup,96

combinatoriallydistinct,37

computeraideddesign 3,9
modeling,10
simulation,12
Sketchpad,10
verification,12

computeraidedmanufcturing,3

coneof directions,96

corvex hull, 90

convex point, 81

die casting9
direction,19,21
opposite21

112

partingdirections,19
removal directions
blue,20
removal directions,19
red,20
directionaluncertainty 15, 45
down-facet,28,48

feature 93
cavity, 13
featurerecognition,93
geometricdfeature,13

features13

flat point, 81

generabosition,37
hemisphere31
injectionmoulding,8

lid, 95

line hull, 90

link, 97

lower envelope,49

manufcturing,4
casting4
extrusion,5
stereolithograpp 4
modeling,10
2-dimensionaprojections,10
solidmodeling,11
surfacemodeling,10
wire-frame,10



nearlycorvex point, 81
nearlyreflex point, 81
neighborhooaf anappearanced1

oppositecastremoval, 14,25

plane-caity, 81,87
polyhedralset,80
polyhedralterrain,22
polyhedron20
corvex edge,21
exterior, 20
interior, 20
reflex edge,21

redshadwv, 63

reflex point, 81
reflex-freehull, 17,79,83
reflex-freeset,82
restrictedplane-caity, 104

saddlepoint, 81

sandcasting,8

separability13

shadaev curves,33

side-core 104

silhouette 32
bluesilhouetteedge 63
cornvex silhouette 32
corvex silhouetteinterval, 32
lower blue curtain,65
lower bluessilhouetteedge 64
reflex silhouette 32
reflex silhouetteinterval, 32
shadev cunes,33
silhouettecurves,33
silhouetteedges32
upperbluecurtain,65
upperbluesilhouetteedge 64

simplicial comple, 80

singulay 80

skewed ejectiondirection, 16,59

solidmodeling,11

113

star 97
starhull, 91
surfacemodeling,10

terrain,46
three-manifoldwith boundary80

up-facet,28,48

wire-frame,10






Acknowledg ements

Somary peoplehave madea significantcontribution to this thesisin variousways. Al-
thoughall of them provided me with valuableinformation, a few playeda moredirect
role in the preparatiorof this thesis.

Firstof all, | extendmy gratitudeto my promotor Mark Overmarsandmy co-promotoy
Otfried Cheondor their perfectsupervision During thewriting of my Ph.D.thesis Mark

Overmarsprovidedmary correctionsandsuggestionfor improvementof themanuscript,
for which I'm grateful. | am deeplyindebtedto Otfried Cheong: Whenl wasa M.Sc.

studenatPOSTECHnN Korea hemotivatedmeto doaPh.D.in ComputationalGeometry
and provided me an offer of being his first Ph.D. student. With unfailing courtesyand

monumentabpatience he have supervisedme in a perfectway, in Hong Kong andthe

Netherlands.

I would alsolike to thank Siu-Wing Chengand MordecaiGolin. Siu-Wing Chenghad
advisedmein variousways,andwe hadworkedtogetheron several problems.Mordecai
Golin hadshaved meinterestinggeometryproblemsthat! challengedo solve.

| shouldalsothankRere vanOostrum.Whenwe werein HongKong, | learnedrom him
how to developefilms andprint photographsHe alsohelpedmealot whenl settleddovn
to thelife in the Netherlandsandtranslated Summary”into Dutchfor thisthesis.

I mustacknavledgemy debtto the co-authorof the papersof which this thesisis com-
posed: apartfrom Otfried Cheong,Siu-Wing Chengand Reré van Oostrum,theseare
Mark de Bemg, ProsenijitBose,DanHalperin,Jifi Matousek,andJackSnosyink.

I am no lessgratefulto ProsenjitBose, Siu-Wing Cheng,Janvan Leeuwenand Peter
van EmdeBoas, for taking placein the reviewing committee. ProsenjitBoseand Jan
van Leeuwenmadedetailedcommentson the manuscriptwhich have helpedme very
substantiallywith the preparatiorof this thesis.

It is with particularpleasurethat | expressmy deeply-feltgratitudeto Henk and Suze



Kroon. They provided usa comfortableandgreatplaceto staywhile | andmy wife were
stayingin the Netherlands.

Thereis not enoughspaceto mentionall my friendswho indirectly contributedto this
thesis,evenif | hada completerecordof their contributions.

Finally, my thanksto my wife, Yu-Jin Yi, and our unbornchild for their supportand
toleranceduringthewriting of this thesis.

116



|l
ol

~O

e ZAE SR

5

=2l Zd ¥ =

£ 0f Zox|

Of LI27|MA| ofef JHX|2

=]
(L

=
[

ol

ol
aa

=

= -
=X

dE SAEN ZAE =2iUoh &t

A0 JIEXAD

(=}

AA

#32

t

5
t AE SEE(

2| UZHENA A

I

QM)A ZAIE =&

S
er

o

Ngs

oll A

3
of

o

U= A 142748 of

A ShobFAl o|ME At 2|7 gt

HH= CC =|
SR8 0X%s

f2

k=
=

ZEM ZA=EULL Me|7tE2

KO

Bl
ol

[A

(o]
S

|2
Ol A ZtA} =ZIL|Ch. Utrecht ofAf

ST ZAE =-HCh

2@z
?.

Hl 7t

A5
—

HA|

S
=

A=
=

L
W) 7t

X
S

=
=

o

off FAIL Ze{ot AtS OPIR| ol oL FFEL O

423

[ %2

A
=]

b

=1

2| A
LICH HEZ=0A 2

a2
=

X
(<]

H Fed2 offet Xa| FFRA 2 7|

& B

Folojz

ANE AFAE

AR

b

LIC} A}

+

AE HE

LA =Lt

—
4



118



Samenvatting

Bij hetindustrieelvervaardigenvanallerlei gebruiksworwerpenyariérendvankookpot-
tentot telefoonsenvanmachinezoalslocomotiezenenvliegtuigenof onderdelerdaar

van,wordenverschillendeechnielengebruikt. Gietenis daaréénvan,endezetechniek
wordt met nametoegepastwanneerde te maken objectenvan metaalof kunststofzijn.

Het gietprocedestaauit twee stappen.Eerstwordt vioeibaarmateriaalin eenuit twee
delenbestaandenal gegoten. Daarna,wanneerhet materiaalgestoldis, wordt éen van
detweedelenvande mal verwijderd,waarbijhet objectwordt meggenomerentenslotte
uit het verwijderdedeel van de mal wordt gehaald. Zowel bij het verwijderenvan de
mal met daarinhet object als bij het uithemenvan het object uit de mal moet ervoor
gezogd wordendatnochhetobject,nochde delenvan de mal beschadigdaken, zodat
de kwaliteit van het objectgegarandeerds en de mal opnieuwgebruiktkanworden. Er

zZijn verschillendevormenvan het gietprocesondermeerafhanlelijk van de gebruikte
materialen(ijzer, aluminium,polymeren zink, enzo/oorts),de productievande mal zelf

(metde handof in massaproductiegn de maniervanvullen van de mal (onderinvioed
vanzwaartekrachof onderdruk).

Het onderzoeksgebiedan de geometrischalgoritmenis ontstaarals eenonderdeel/an
de theoretischa@nformaticaen heeftzich ontwikkeld tot eenzelfstandigediscipline die
zich bezighoudtmet algoritmenen datastructurewoor geometrischebjecten. Daarbij
ligt de nadrukop algoritmendie exact zijn en eenasymptotisctsnellelooptijd hebben.
Het gebiedheeftzichin deloop dertijd in verschillendeichtingenontwikkeld, en heeft
raakvlaklenmetgebiederalscomputegraphicswetenschappeligvisualisatiegeografis-
cheinformatiesysteme(GIS), geometrischenodelleringencomputerondersteundeer
vaardiging(CAD/CAM), robotica virtual reality, enzavoorts. De geometrischgraagstukien
uit deverschillendeoepassingsgebiederreiserzorgvuldig ontwikkeldealgoritmenom
tot goedeenefficiénteoplossingerie komen.

Computerondersteunantwerp(CAD) is eenvorm van automatiseringlie ontwerpers
ondersteunbij het vervaardigenvan tekeningen,specificaties]ijsten van onderdelen,
en anderemet het ontwerp-procesamenhangendeken, met behulpvan grafischeen
rekenintensige computerprogrammsa. CAD-systemerebberhetmakenvaneenindus-
trieelontwerp,deeerstefasein hetontstaarvaneennieuwproduct,aanmerklijk vereen-



voudigd.De producterkunnenvarierenvanprintplaten,machine-onderdeleen meubels
tot completegebouwen.In alle gevallenis het resulterendgroductte beschouwerals
eengeometrisciobject, en hetis te verwachtendat zich allerlei vraagstuklen van ge-
ometrischeaardvoordoen.

Door de geometrischeaard van het industriéle gietprocesrijzen er veel geometrische
vraagstukknbij de automatiseringrvan. CAD-systemerkunneneenonwerpernvaneen
onderdeehelpenom al in de ontwerphsete verifierenof hetonderdeetiaadwerklijk te
makenis metbehulpvanhetgietproceszonderdathetnodigis omvoordie verificatieeen
prototypete maken. Aan de basisvande verificatieligt eengeometrisctbeslissingsprob-
leem: is het mogelijk om eenmal te construerervoor hette maken onderdeelzodanig
dat de twee delenvan de mal verwijderd kunnenwordenzonderschadeoe te brengen
aanhetonderdeebf aanelkaar? De geometrievan het onderdeekpeelt,samenmetde
door het gietprocesopgelgyde beperkingenen belangrijle rol in hetbeantvoordenvan
dezevraag. Het zou kunnenzijn dat, wanneere mal niet zorgvuldig is ontworpen,één
of beidedelenvandemal nietverwijderdkunnenworden.De vraagstukknwaarwe naar
kijkenhoudenzich hiermeebezig: gegeven eendrie-dimensionaabbject,bestaaer een
malwaanandedelenverwijderdkunnerwordennadathetgegotenobjectis gestold.Een
objectwaanoor dit hetgeval is noemenwe castable(gietbaar).

In dit proefschriftbestudereme hetcastabilityproblem(gietbaarheids-vraagstukj drie
verschillendemodellenvoor gietenmet gebruik van eenuit twee delenbestaandenal.
In heteerstemodelmoetende tweedelenvande mal in tegenorergesteldeaichting wor-

denverwijderd. We onderscheideitwee gevallen, afhanlelijk van het al dan niet van
tevoren gespecificeerdijn van de richting van verwijdering. Het tweedemodelis vri-

jwel identiekaanhet eerste,maarheeftals verschildat er zekere matevan spelingzit
in derichting waarinde delenvan de mal wordenverwijderd. Ook nu maken we weer
het onderscheidussende gevallen waarinde richting van verwijdering al danniet van
tevorenis opgaeven. In hetderdemodelhoeven de richtingenwaarinde delenvan de
malwordenverwijderdniettegenaergestelde zijn. Voor alledriedemodellengevenwe
voorwaardenvoor castability en ontwikkelenwe algoritmenom polyhedraleobjectente
testenop hetvoldoenaandezevoorwaarden.

Bepaaldecigenschappewan eente vervaardigenobjectkunnenvan invioed zijn op de

analysevande castablilityervan, en op hetautomatisclontwerpervan eenmal voor het

object. Zo beperkteengat of deukin het oppervlakvan het objectde verzamelingvan

richtingenwaarinde delenvan de mal verwijderdkunnenworden. Immers,hetgedeelte
vandemaldatin hetgat of dedeuksteekimoetverwijderdkunnenwordenzonderetob-

jectte beschadigenHet herkennernvan degelijke eigenschappekan de zoekruimtevan

richtingenwaarinde delenvande mal verwijderdkunnenwordenaanzienlijkverkleinen,
enopdezemanierhetautomatisclontwerpernvaneenmalvereeroudigen.We definieren
eengeometrischeigenschapde cavity (holte), die gerelateerds aande castabilityvan

objectenenwe gevenalgoritmenom cavities in objecterte herkennen.
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