Chapter 2

Indefinite J-functions

2.1 Introduction

The classical theta series associated to a positive definite quadratic form @) : R™ — R
and B : R" xR" — R, the associated bilinear form B(z,y) = Q(z+y) —Q(z) — Q(y),
is the series
@(Z;T) — Z eQm’Q(n)‘r+27riB(n,z). (2.1)
nezr

These theta series have well-known transformation properties. In particular ©(0; 7) is
a modular form of weight r/2.

In [11] Géttsche and Zagier define a theta function for the case when the type of
Q@ is (r — 1,1). The definition of these functions is almost the same as in (2.1), only
here the sum doesn’t run over Z", but some appropriate subset. However, in general,
these functions do not have nice modular transformation properties.

In this chapter we give a modified definition. We find elliptic and modular trans-
formation properties for these functions. The theta functions we define depend not
only on @, but also on two vectors c1,ca € R” with Q(¢;) < 0, 4 = 1,2. The case
Q(c1) = Q(c2) = 0 gives the same functions as in [11].

There is a connection between the indefinite ¥-functions from this chapter and cer-
tain Y¥-functions considered by Siegel (see [25]). However, I will not give this connection
here.

2.2 Definition of ¢

Let A be a symmetric r X r-matrix with integer coefficients, which is non-degenerate.
We consider the quadratic form Q : C" — C, Q(z) = % (x, Az) and the associated
bilinear form B(z,y) = (z, Ay) = Q(z +y) — Q(z) — Q(y).

The type of Q is the pair (r — s,s), where s is the largest dimension of a linear
subspace of R” on which @) is negative definite. The signature of () is the number
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r—2s.

From now on we assume that s = 1, i.e., that @ has type (r — 1,1). Then the
set of vectors ¢ € R” with Q(c¢) < 0 has two components. If B(cy,c2) < 0 then ¢
and cg belong to the same component, while if B(eq,c2) > 0 then ¢; and ¢z belong to
opposite components. Let C'g be one of the two components. If ¢y is a vector in that
component, then Cq is given by:

Co:={ceR"|Q(c) <0, B(c,co) < 0}.
We further set
Sg :={c € Z" | ¢ primitive, Q(c) =0, B(c,cp) < 0}.

(¢ primitive means that the greatest common divisor of the components of ¢ is 1).
The (r — 1)-dimensional hyperbolic space Cq /Ry is the natural domain of definition
of automorphic forms with respect to O (Z) (see section 2.4 for the definition), and
Sq is a set of representatives for the corresponding set of cusps

{ce Q" Q(c) =0, B(c,co) <0}/Qs4.
Note that Sg is empty in some cases, for example if A = ((1) ,03). Further we put
Cgq := Cg U Sg. This is a generalisation of the usual construction H = HUPY(Q),
which is the special cone Cg = CqoUSq for the quadratic form Q(a, b, ¢) = %(b2 —4ac).
For ¢ € C put

o) R’ if c € Cg
" l{a€R"|B(c,a) ¢Z} ifce Sq

and
D(c):={(z,7) € C" x H | Im(z)/ Im(7) € R(c)}.

Definition 2.1 Let c¢1,c € UQ. We define the theta function of Q@ with characteris-
tics a € R(c1) N R(ez) and b € R", with respect to (c1,c2) by

Vap(r) =052 (1) = D plusm)e2miQUITHmiBOD),
vea+Zr

where p(v; 7) is defined by

C1,C2

p(viT) = pa 2 (vim) o= p™ (v;7) = p=(vi7),
with

E( Bl 12 ifcec,
pe(v;T) = (\/Q@y ) resre
sgn(B(e,v)) if c € Sg,
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with y = Im(7) and E as in Definition 1.6.
For (z,7) € D(c1)ND(cz), we define the theta function of @ with respect to (c1, c2)
by
19(2;7_) _ QgcAhcz (Z;T) — e—2m’Q(a)r—2m‘B(a,b)19a,b(T)

_ Z p(n+a;7_)eQTriQ(71)7’—}-271'1’3(n,z)7
nezr

with a,b € R” defined by z = ar +b, so a = %28, b= %

Remark 2.2 The definition doesn’t change if we replace ¢; by A¢;, with A € R.
Hence we could replace the condition Q(¢;) < 0 by Q(¢;) = —1. This would simplify
the definition of p.

Remark 2.3 In some special cases ¥, is holomorphic: if ¢1,c2 € Sg and, as we will
see in section 2.5, also for some special values of ¢, c2, a and b. In general however,
the functions ¥ and ¥, are not holomorphic.

Because Q is indefinite, ™97 isn’t bounded. Therefore it’s not immediately
clear that the series defining ¥(z; T) converges absolutely. However, using an estimate
for the growth of p we shall find:

Proposition 2.4 The series defining ¥(z;T) converges absolutely.

For the proof of this proposition, we need two lemmas

Lemma 2.5 Let c € Cg. The quadratic form Q.: R™ — R, Q.(v) := Q(v) — 32(5('32
1s positive definite, and we have

QC(V) > )\c,ccho (V) Vv € RT;

with

B(e,c0)? —2Q(c)Q(co) — | B(e, co)|\/B(c, ¢0)? — 4Q(c)Q(co)
2Q(c)Q(co)

Proof: If v € R" is linearly independent of ¢, the quadratic form @ has type (1,1) on
span{c, v}; hence the matrix

> 0.

)\c,co =

(ég(i)) §é§(’j)))

has determinant < 0, so 4Q(v)Q(c) — B(c,v)? < 0. Rewriting gives

B(e,v)* _ Ble,)?
)= 500 ~ " aee -
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If v = Ae, with A #£ 0, we get Q(v) — 32(63(32 = —Q(c)A? > 0, which proves that Q. is
positive definite.

For the second part we consider the restriction of Q. to the ellipsoid S = {v €
R"|Qc, (v) = 1}. Since S is compact, Q.|s assumes its absolute minimum at some
point v9. We compute that minimum with the method of Lagrange multipliers: There

is a real number A, such that

vQc(VO) = )\vQco (VO);

or equivalently

A PO0) (- Bl ) ”

Taking the inner product with ¢ on both sides of (2.2) we find

~Bln.) = ) (Blw, o) - FGIBE)) (23)
Taking the inner product with ¢y on both sides of (2.2) we find
B(vo, co) — W — ~AB(vo, o). (2.4)
Combining (2.3) and (2.4) we find
Q(c)Q(co)(A +1)* = AB(c, co)? (2.5)

or
B(vy,c¢) = B(vg, o) = 0.
If B(vg,c) = B(vo,co) = 0, then (2.2) reduces to Avy = AAvg, from which we find
A=1.
The roots of (2.5) are
B(e, c0)® = 2Q(c)Q(co) % | B(c, co)|v/Ble, c0)? — 4Q(€)Q(co)
2Q(c)Q(co)
Taking the inner product with vy on both sides of (2.2) and dividing by 2, we find

QC(VO) = AQCO (1/0) = A

Hence the absolute minimum of Q.|s is the minimum of {1, A=, AT} which is A~ =
Ac,co- D0 we have

A=

QC(V) > )\c,c[) Yv e S.

Let v € R", v # 0, then L €S, so
Qoo (V)

Aoy < Qe v = QC(V).
o QCQ(V) Qco (V)
Multiplying both sides by Q.,(v) we get the desired result. O




2.2 Definition of ¥ 29

Lemma 2.6 Letcy,co € Cq be linearly independent. The quadratic form Q* : R" —

R, QT (v) =Q(v) + 4Q(01)Q]3(£3f2B)(01702)2B(Cl,I/)B(CQ,I/) is positive definite.

Proof: If v € R” is not a linear combination of ¢; and ¢z, the quadratic form @ has
type (2,1) on span{ci, c2,v}; so the matrix

2Q(c1) Blei,c2) B(e,v)
B(e,ea)  2Q(c2)  Blea,v) (2.6)
B(ci,v) Blea,v)  2Q(v)

has determinant < 0. Rewriting gives

Q(e2)Bler,v)* + Qler) Blez, v)?
4Q(c1)Q(c2) — B(c, c2)? o

If v € R" is a linear combination of ¢; and ¢z the determinant of the matrix in (2.6)

is zero. Hence ) )
Q+(l/) _ Q(CQ)B(CD V) + Q(cl)B(CQa V)
4Q(c1)Q(c2) — Bler, e2)®
So if Q1 (v) = 0, we have B(c1,v) = B(ca,v) = 0, which implies v = 0. Thus if v # 0
then QT (v) is strictly positive, so Q7 is positive definite.
Proof of Proposition 2.4: If ¢i,cs € Cg, we write p(v;7), using Lemma 1.7, as the
sum of the three expressions

Q" (v) >

—sgn(Ble1.v)) B <Bg(1761”))2y> , (2.7)
sen(Blez,v) ) 8 <Bg(2762”))2y> (2.8)

and
sgn(B(cl, y)) - sgn(B(CQ, u)), (2.9)

with 3 as in Lemma 1.7. If ¢; € Cg and c; € Sg we get only the sum of the first and
the last expression. If ¢; € Sg and c; € Cg we get the sum of the last two expressions.
If c1,co € Sg we have only the last expression. Hence the proof is reduced to showing
that the series

Z sgn(B(c, V))ﬁ (_B(C, v)? y) o2miQ(V)T+2miB(v,b) (2.10)

vea+2Z" Q (C)

converges absolutely for all ¢ with Q(c) < 0, and that the series

Z {Sgn(B(cl, V)) — sgn (B(CQ, V)) }62”iQ(”)T+2”iB(”’b) (2.11)

vea+2Zr
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converges absolutely for all ¢1,co € UQ.
We will first show that the series (2.10) converges absolutely for all ¢ with Q(c) < 0:
We can easily see that 0 < 8(z) < e™™ for all x € R>¢; hence if Q(c) <0

B GV 5 TiQ(V)T+2miB(v
sgn(B(c, y))g (_%y) 2IQ)T+2riB(1b)
B(c,v)?

< "0t y‘ewcz(u)w%m(mb)‘ (2.12)

Cc,V 2
— e_%(Q(”)_ 555 >y
Using Lemma 2.5, we see that the series

Z 672W<Q(V)* B > Y

vea+Zr

converges, and so the series (2.10) converges absolutely if Q(c) < 0.

We will now show that the series (2.11) converges absolutely for all ¢1,ca € Co:
If ¢; and ¢y are linearly dependent, we have p+“2 = (. Hence we can assume that
they are linearly independent.
Case 1: c1,c € Cg.

If we have B(cy,v)B(c2,v) > 0, then sgn(B(c1,v)) —sgn(B(ce,v)) = 0. If we have
B(c1,v)B(ca,v) <0, then (note that 4Q(c1)Q(c2) — B(c1,c2)? < 0, as we saw before)

Qv) = Q7 (v),

with Q7 as in Lemma 2.6. Hence we find

Hsgn (B(cl, 1/)) — sgn (B(c% 1/)) }GQWiQ(V)THmB(V:b)

= ‘sgn(B(cl, V)) — Sgn(B(CQ,V))‘ e QWY (2.13)
< 9—2mQT (V)Y

Using Lemma 2.6, we see that the series
Z e 2mQ T (v)y
vea+Zr

converges, and so the series (2.11) converges absolutely.
Case 2: ¢; € Cg and ¢ € Sg.
We can assume that ¢; € Cg NZ", since otherwise we pick any ¢j € CoNZ", write

Z {Sgn(B(ClvV)) - Sgn<B(CQ,V))} e2miQ(v)T+2miB(v,b)

vea+Zr

- Z {Sgn<B(Cla V)) - Sgn(B(cﬁ,l/))} £2miQ(W) T +2miB(v,b)

vEa+Zr

b Y (B ) —san(Blerw) } crmeersaminen

vEa+Zr
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and use that
Z {sgn(B(cl,l/)) — sgn(B(c’l, 1/))} e2miQW)T+2miB(v,b)
vea+Zr
converges absolutely.
We write v = p + ney with g € a + Z" and n € Z, such that g((fll’c?) € [0,1)
(we see n = [M]) Then sgn(B(cg,v)) = sgn(B(ce, 1)) (use B(cz,c2) = 0) and

B(ci,c2)
sgn(B(c1,v)) = —sgn(n + g((;l”c‘;))). Hence

Z {sgn (B(c17 l/)) _ Sgn(B(Cg, V)) } eQTriQ(l/)T—i—%riB(l/,b)

vea+Zr
B(c
=— Z Z{sgn(B(cz,u)) +sgn<n+ %)} .
nE€a+Zr neZ €1, €2
et €l0.D)
.e27riQ(;¢)T—i—27riB(C2,u)n7—+27riB(u,b)+27riB(02,b)n

Using

I DY if 2] < 1
= ) _

-z =Yoot if |z > 1,

we see

B ) )
Z {sgn (3(627 M)) + Sgn<n + 7(017 ) ) } e2miB(e2,p)nT+2miB(c2,0)n
nez B(Ch 02)

2
- 1 — e2miB(c2,u)T+2miB(c2,b) o 5(B(Cl’ ‘LL))

Here we used that
B(CQ,M) > B(Cg,ﬂ) > 0, (2.14)
for all p € a+ Z", and for some 1 € a + Z". This is guaranteed by the fact that
(z,7) € D(c2).
Since ¢1,co € Z" we have

ygmﬂ)} U (uo+<01>é)a

{u €Ea+7Z"
(Cl’ 02) o€ Po

for a suitable finite set Py, with <01>Jz_ ={¢£€Z" | B(cy, &) =0}. So
Z {sgn(B(cl,y)) — Sgn<3(02,y))} 2miQ(v)T+2mi B(v,b)

vea+Zr

2
= Z Z {1 — e2miB(c2,§+po)T+2miB(c2,b) o 6(3(01’ ’U’O))} ’

Ho€Py £€(cy )t

£2miQ(E+p0)T+2miB(§+10,b)
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This series converges absolutely, since () is positive definite on (cﬁé, and the term

2
1 — e2miB(c2,&+uo)T+2miB(c2,b) o 6(3(01’ MO))

is bounded (use (2.14)).
Case 3: ¢; € Sg and ¢ € Cg.
Since 912 = —°21_ this follows directly from the previous case.
Case 4: c1,c2 € Sq.
Since ¥°1¢2 = 1% 4 932 for arbitrary cs € Cg, this follows directly from case
2 and 3. O

2.3 Properties of the ¥-functions

The theta functions in Definition 2.1 have some nice elliptic and modular transforma-
tion properties, similar to those of the theta functions associated to positive definite
quadratic forms.

Proposition 2.7 The function ¥ satisfies:

(1) For c1,ca,c5 € Cq and (z,7) € D(c1) N D(c2) N D(c3) we have the cocycle
conditions V% + 924 = 0 and Y + 9B £ 9% = (.

(2) 9z + A+ p;7) = e 2mRQNT=2miB(= Ny (20 1) for all \ € Z" and p € A~'Z".
(3) U(=27) = =0(z7).
(4) The function (c1,cz) — 902 4s continuous on Cg x Cq.

(5) Let c1,c3 € Cg, ca € Sg and (z,7) € D(cz). Set c(t) = ca+tcs. Then c(t) € Cg
for all t € (0,00) and lim; o 91 (25 7) = 9°1:2 (25 7).

(6) Iz +1) = I(z+ $A LAY 7) with A* = (A1 ... Ay)T € 27, the vector of
diagonal elements of A. In particular, 9(z;7 + 2) = ¥(z;7) and d(z;7+ 1) =
Hz; 7) if the matriz A is even.

(7) Let D'(c) == {(2,7) € D(c) | (£,-1) € D(¢)} = {(ar +b,7) | T € H, a,b €
R", B(c,a) ¢ Z, B(cb)%Z} If(z T)ED'(C) D’(cq) then
o[ _%) = (i Y @TRERIT i),

v—det A peATzr Z"

Proof: (1) follows from the corresponding relations for p©:°2.
(2) The identity ¥(z +pu;7) = 9(2;7) for u € A1Z" is easy, and we find 9(z+ A7;7) =
e 2mQNT=2miB(2.0) (2 1) for A € Z" when we replace n by n + A in the definition.
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For (3), replace n by —n in the definition and use that E and sgn are odd functions.
(4) We show that ¢; +— 9?2 is continuous on Cg. The result then follows from (1).

Using the decomposition of p as the sum of (2.7), (2.8) and (2.9) we see that it’s
sufficient to prove that

B 2 , .
C - Z sgn(B(c, l/))ﬁ (_ (07 l/) y) e2mQ(u)7—+2mB(u,b)7 (2.15)

vearzr Q)
and
B 2miQ(v)T+2mi B(v,b) .
c1 VG%:ZT{SgH(B(CI’ 1/)) sgn(B(CQ, 1/))} e (2.16)

are continuous on Cg.
Using Lemma 2.5 and (2.12) we see

2
—2w(@<u>—5<“*? )y
S e 2Q(c)

sgn (B(c7 1/)) Jé] (Bgf’z))Qy) p2™IQ (V)T +2miB(1,b)

< e_QW)\c,chcg (V)y

Since ¢ — A; ¢, is continuous and A., > 0 for all ¢ € Cg, we can find an neighbour-
hood N, of ¢ such that A, ., > € > 0 for all ¢ € N.. Hence on N, we find

< e 2meQey (),

sgn (B(c, y))ﬂ (Bgf’cy))io £2miQ()T+2miB(v,b)

The series

3 ey

vea+2Zr

converges, and so the series in (2.15) converges uniformly for ¢ in N.. Hence the
function in (2.15) is continuous on N,. Since this holds for all ¢ € C, the function in
(2.15) is continuous on Cg.

In (2.13) we have seen that

Hsgn(B(cl, V)) _ sgn(B(cQ, V)>} 2miQ)T2miB(vb) | < 9e—2mQT ()y

The function Q* restricted to the sphere S = {v € R"| ||v| = 1} assumes its absolute
minimum A(¢;) > 0. Hence

Q+(z/) > AMcr) Yv € S,

and so
QT W) = Me)llv|? W eR.
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Since ¢ — A(c1) is continuous and A(ec1) > 0 for all ¢; € Cg, we can find an neigh-
bourhood N, of ¢; such that A(c;) > € > 0 for all ¢; € N,,. Hence on N., we
find

Hsgn(B(cl,l/)) _ SgH(B(CQ, V)>} 2miQUTH2TIB(mb) | < 9e—2mellviy

The series

S ezl

vea+2Zr

converges, and so the series in (2.16) converges uniformly for ¢; in N, . Hence the
function in (2.16) is continuous on Ng,. Since this holds for all ¢; € Cg, the function
in (2.16) is continuous on Cgq.
(5) Note that 9¥°1:¢(t) = ge1.cs 1 9e3.¢(t) - We can therefore assume c3 to be equal to
c1. We have Q(c(t)) = Q(ca + ter1) = tB(ci,c2) + t2Q(c1) < 0 and B(cy,c(t)) =
B(ey,c2) +2tQ(c1) < 0 for all ¢ € (0,00), since B(c1,c2) < 0 and Q(c¢1) < 0. Hence
c(t) € Cq for all t € (0, 00).

Using 9e0¢) = ge1e2 4 9e2:¢() and the decomposition of p as the sum of (2.7),
(2.8) and (2.9) we see that it’s sufficient to prove that

. N 2miQ(v)T+27iB(v,b) __
ltllrg {sgn(B(CQ, 1/)) sgn(B(c(t),l/))} e =0, (2.17)
vea+Zr
and
B 2 - .
lim sgn(B(c(t)7 V))ﬁ (—My) e2miQ)TH2miBb) _ (2.18)
i > QD)

It is easy to see that

‘sgn(B(CQ, V)) - sgn(B(c(t), V)) ‘ < ‘sgn(B(cl, 1/)) - sgn(B(CQ, V)) ‘

forallv € a+Z" and t € (0,00) (Both sides can take on the values 0,1 and 2. If the right
hand side is 0, then sgn(B(c1,v)) = sgn(B(ca,v)), so sgn(B(cz,v)) = sgn(B(c(t),v)).
Hence the left hand side is also 0, and the equation holds. If the right hand side is 1,
then either B(c1,v) or B(cg,v) is zero. If B(ce,v) = 0 we get that the left hand side
equals the right hand side. If B(c,v) = 0 the left hand side equals 0). Hence

|{sen(B(ez.v)) —sen(B(e(t), v)) } emi@@rszmisv]
= ‘{Sgn(B(ClvV)) - Sgn(B(cz, V))} 62”iQ(”)T+2WiB(v,b)‘ ’

forall v € a+ Z" and t € (0,00). In the proof of Proposition 2.4 (Case 2) we have
seen that (2.11) converges absolutely, i.e.

> [{sen(Blen) = sen(Blea,)) | ermicuimtamn)

vea+Zr
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converges. Hence

Z {sgn(B(cQ, u)) - sgn(B(c(t), 1/))} e2miQ(W)T+2miB (v,b)

vea+2Zr

converges uniformly for ¢ € (0, 00). Using this we find

ltilnol uea+zr{sgn <B(02’ V)) e (B(C(t)7 V)) } PTIQUIT B (D)

This proves (2.17).
We will now prove (2.18): Using (2.12), we see that

Blc(t ,V 2 1O () 7427 B(w —or Q(V)iB(C(tC)YV)Q y
Sgn(B(C(t)7V))ﬁ (—%;ﬁ e2mIRW)TH2mIB(b) | < ¢ ( 2Q(e(D) ) .

We write a + Z" as the union of P, P, and P, with

P :={vea+Z" |sgn(B(ca,v)) =—sgn(B(c1,v))}

Py:={vea+Z" |B(cr,v)(B(c1,c2)Blcr,v) — 2Q(c1)B(ce,v)) > 0}

Py :={vea+Z" |sgn(B(ca,v)) = —sgn(B(ci,c2)B(c1,v) — 2Q(c1)B(ce,v))}
Note that B(ca,v) # 0 for all v € a + Z", which is guaranteed by the fact that

(z,7) € D(c2).
On P; we use

9 _ Ble®),n)?
. ”(Q(”) Qe )Y < -2m QY.

for all t € (0,00). We have seen in the proof of Proposition 2.4 (Case 2) that the series
in (2.11) converges absolutely. Hence the series

Z e 2mQ()y

veP,

converges.

On P, we have
B(C(t), V)2 < B(Cla V)2

2Q(c(t)) — 2Q(c1)

for all ¢ € (0, 00), which we get from

Blcg,v)? + (QB(CQ, v)B(ey,v) —
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for all ¢ € (0,00). Hence we find

c(8),)2 B(cy,v)?
7271'(@(1/)73( (tc)v ) )y 7271,(@(”)7 1C y
e 2Q(c(2)) S e 2Q(cq1)

)

for all t € (0,00). Using Lemma 2.5 we see that the series

B(eq,v)2
~2n((Qu)- 55 ) v
> e
veP;

converges.
On P3; we use

B(c(t),v)? - 2B(ca,v)
2Q(c(t)) — Bler,c2)?
for all t € (0,00), which we get from the inequality

(B(cl,CQ)B(cl,V) — Q(c1)Bles, u)), (2.19)

(B(CQ, V) + (—B(cl, V) + BQL“))B(CQ, y)) t)2 > 0.

(cl , C2
Note that (2.19) holds also on P; and P,, but we use it only on P5. Using it we find

9 7B<c<t),u)2) ~
. “(Q(") 206 )Y o -27Q(v)

— Y

for all t € (0, 00), with

~ _ 2B(e2,v)

QW) = Qv) W(B(CI,CQ)B(Q, V) — Q(Cl)B(CQ,V)). (2.20)

Write v = v, ¢1 + Veyc2 + v+, with v+ such that B(cy,vt) = B(c,vt) = 0. We
see
B(er,v) =2Q(c1)ve, + Bler, c2)ve,
B(CQa V) = B(cla CQ)VCU

SO
—_B(eav)
Vey = v
Blci,c2) €2
1 2@(61)
cog — B ) - B 9
Vez B(ey,e2) (er,v) B(c1, c2) (c2,)
Hence

Q(V) = Q(Vl) + Q(Cl)Vgl + B(Cla 02)V01VC2

B(co,v)
=Qvh) + B(T?@)Q (B(cl, c2)B(c1,v) — Q(c1)B(ca, V))
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and

A B(C2ay)
Q) =Q(*) - Bler, )’ (B(Ch c2)B(c1,v) — Q(c1)B(ez, V))~

The quadratic form @ has type (r —1,1): @ has type (1,1) on (c1,c2)g and type

(r—2, 0~) on {cq, 02>§. On {c1, 02>§ we have @ = (@ and on (c1,c2)g We have Q = —Q.
Hence @ has type (1,1) on (c1,c2)g and type (r —2,0) on (01,02);
Set ¢ = BQ(QC%SZS)Q — ¢9 and & = —cy then

- _B(Cl,CQ)Q B(Cl,CQ)2 - B(Cl,02)2
TR e T Qe <
Q(e2) = Q(—c2) = —=Q(c2) =0

§(51752) = —@(51 —C2) + @(51) + @(52)

- B(Cl,CQ)C B(Cl,CQ)Q - B(Cl,CQ)2

- Q( 2Q(c1) ) Q@) T 2@

If we choose C@ such that ¢, € C’Q then we see that ¢o € SQ.
Using (2.20) we see
B(z,y) = Qz+y) — Qz) — Qy)
=B

(@) = gy (Bles:0)B(er.) + Bler.)Blea.))

%B(CQ,@B(CQ,Z/)’

+4
B(ci, ca)

SO

for all v € R".
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We rewrite the set Ps:

={vea+7Z" |sgn(B(ca,v)) = —sgn(B(c1,c2)B(c1,v) —2Q(c1)B(ca,v))}
={vea+Z" |sgn(B(—cz,v)) = —sgn (B2(51’02 cl,y)—B(CQ,u))}
={vea+7Z" |sgn(B(¢2,v)) = —sgn(B(é1,v))

={vea+Z |sgn(B(é,v)) = —sgu(B( 171/))}

In the proof of Proposition 2.4 (Case 2, (2.11)), we have seen that
Z {sgn(é(&l, 1/)) _ Sgn<§(52’ V))} e2miQ(v)T+2miB(1,b)
vEa+4Zr
converges absolutely, i.e. the series
3 2T Q)Y
vePs

converges.
On all three sets P, P> and Ps3, we have found a suitable majorant, independent
of t € (0,00). Combining these results, we see that the series

ve;m sgn (B(c(t), u)) B (_%y) 2IQ)T+2riB(1b)

converges uniformly for ¢ € (0,00). Hence

B t ? ? Q(v)T+2miB(v
1 B(C(t)vl/)Q 150 (V)T +27mi B(v
= X tpgsen(ten ) (- Sy erevrsmoen,

We have B .

. c(t),v B

Q) T
and

1Lm ﬂ(x) =

Hence we get equation (2.18).
(6) Since p(a; ) depends only on Im(7), we have p(a;7+ 1) = p(a; 7). Hence

19(2;7_ + 1) _ Z p(n + a;7_)6271'1'62(706271'1'62(n)7'-i-27r'L'B(n,z)7 (221)
neZ”
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but since A has integer coefficients we find
eQﬂ'iQ(n) _ 67”2{:1 Ayn? _ 67”-2{:1 Apnyg eQﬂ'iB(%AflA*,n).
If we put this into (2.21) we get (6).
We first prove (7) for the case c1, ca € Cg. We do this using the Poisson summation

formula. The main point — and the reason for the definition of the function p — is that
a — p(a;7)e?™R(@)7 is more or less its own Fourier transform:

Lemma 2.8 We have for all o € R” and 7 € K

) ) 1 i 1 ;
. 27iQ(a)T+27iB(a,x) _ ( . 7_) —2miQ(a) /T
a;T) e da = - Q; e .
/Tp( ) V—det A (—ZT)’“/Qp T
Proof: The integral converges. This is analogous to the convergence of ¥ for case 1:
We write p(a;T) as the sum of the three expressions

fsgn(B(cha)) g <My) ,

Q(C1)
sgn(B(cz,a)) 8 (Bg?ic’;))y)
and
sgn(B(cl, a)) — sgn(B(CQ, a)).
We have

sgn(B(c, a)) 3 (—%y) £2miQ(v)T+2miB(a,b)

B(c,a)?
S 6_27"(@(@)_ 2Q(c) )y

)

(see (2.12)), with a — Q(a) — 32(5(‘?)2 positive definite (see Lemma 2.5). We also have

Hsgn(B(cl, a)) _ sgn(B(cQ, a)>} eQm’Q(a)T-i-QTriB(a,b)‘ < 26—2#Q+(a)y7

(see (2.13)), with QT positive definite (see Lemma 2.6).
Using

ieQﬂ'iQ(aT-‘ra)/T — 1 ie2m‘Q(a7’+a)/T
8(11 Taal
we see that
i {627riQ(a)/7'/ p(a;,r) e27riQ(a)7—+27riB(a,a)da}
aOél R
0
o 8al

1 0 miarta)/ 1/ Op omi
— . -7 Z2mQ(at+a ‘rd — _ = ~F . 7T1Q(a7+a)/Td
[ ptain)z g a=—2 | golam)e a,

/ p(a;7) eQWiQ(“TM)/Tda:/ p(a;T)aieQ’”Q(“”a)/Tda (2.22)
R" r aq



40 Chapter 2. Indefinite ¥-functions

where we have used partial integration in the last step. From the definition of p it
follows that
Ip

é)_al(a; 7)

_ (Ac1)i 12 pr B(ci1,a) 1/2) _ (Aca)i 12 pr B(cz,a) 1/2)
V=’ (—Q<c1> ) —Q(c) (—Q<c2>y )

(2.23)

We have (we will use this result for ¢ = ¢; and ¢ = ¢3)

/ E/( B(C, a) y1/2) e2m’Q(aT+a)/'rda
- —Q(0)

B(c,a)2

:26271'1'@(04)/7'/ ™ Qe ye27riQ(a)‘r+27riB(a,a)da.

We substitute a = (¢ ¢) (7), with ac € R, @’ € R""* and C a r x (r — 1)-matrix
whose columns form a basis for

(&) = {a € R" | B(¢,a) = 0}.

In that way we can split the integral over R” in an integral over R and an integral
over R"™! (Note that B(c,Ca’) = 0, hence Q(a) = Q(c)a? + 3 (a/,CTACd") and
B(c,a) =2Q(c)ac):

y1/2/ E/( B(Ca a) y1/2) e2m’Q(aT+a)/'rda
- —Q(0)
— 2y1/2627riQ(a)/'r/ e47rQ(c)azy+27riQ(c)ai'r+7ri<a',CTACa'>T.
RxR"—1
e47riQ(c)acac+27ri<a',CTACa'> |det (C C) | da’dac

-9 ‘det (C C)‘ yl/QeQTriQ(a)/T.

/ e27riQ(c)a§?+47riQ(c)acac dac X / eﬂ'i(a/,CTACG//>T+27T'Ll<al’CTAC()((>da/,
R Rr—1
with a = (cc) (57).

If 7 € H and M is a positive definite symmetric n x n-matrix, we have the well
known result

/ i Mayrt2mila,Ma) g, _ L 1wt May/7

(—in)" 7 Vaet il

(By a change of basis in R™ one can reduce to the case when M is diagonal).
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@ is positive definite on (c)ﬁ, so CTAC is positive definite. Hence we find using
the result twice:

B ,
y1/2/ E'( (C,a))yl/Q) o2miQ(aT+a) /7 g,

—Q(c
—2det (¢ O]y 2@ L emiaal/r,
—2iQ(c)T
1 1 —mi(a’,CTACA") /7
(—im)=1/2 /det CT AC
2y'/? 1 |det (¢ €] 2miQ(c)a2 /r—2miQ(c)a? /T
ViT (—im)r=D/2 /29Q(c) det CT AC
2y |det (¢ C) L Ble.)?
= . e a©
(—im)r/2=1 \/=2Q(c) det CTAC
Yy’ 1 B(c, o
S i P (),
(—iT) —det A —Q(0)

with ¢ = Im (f%) In the last step we have used

(det (e ¢))?det A = 2Q(c) det CT AC,

which follows from

by taking the determinant.

We see
71 (AC)[ 1/2El< B(C, a) y1/2) eQﬂ'iQ(a‘rJra)/Tda
T Jrr /=Q(c) *Q(C1)
_1 (Ack VY E/( B(c, ) y)
T/—Q(c) (—iT)r/2=1 /= det A Q ¢)
0 1 i -
" a; /—det A (—iT)"/? ( \/—)
Combining this with (2.22) and (2.23) we find
aial {eQTI"L'Q(OL)/T/T p(a;T)eQTriQ(a)T-i-QTriB(a,a)da}

_0_ 1 i (a._l)
" Do v—det A (—iry 2 P\B L)
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So

. . . 1 i 1
2miQ(a) /T . 27er(a)'r+27rzB(a,a)d o ( . 7_)
e a;T) e a Q

/r pla;7) V—det A (—it)"/? AT

is constant as a function of a. Since both terms are odd as a function of «, that
constant is zero. This proves the lemma. O
Proof of (7): Case 1: ¢1,¢2 € Cq.

Using the Poisson summation formula

Y=Y fw),

veZr vEA-1ZT

with f(v) = Jr f(a) e?™B(1:0) dq, and Lemma 2.8, we find that 1, satisfies

1 ) ;
Vab (*—) = ——— (—ir)"/2e?mB(ab) Dp4p,—a(T). (2.24)
T —det A pEAlzzrmod 7" v

If we put
9, b('r) _ eQTriQ(a)T+27riB(a,b) 19((”_ + b; 7_)

into (2.24) (on the left replace (a,b,7) by (a,b, —1/7), on the right by (b + p, —a, 7))
and multiply both sides by 27@Q(a)/7—2miB(a.b) then we find

br—a 1 1 .
9 f——) = ——— (—i7)"/? 2 iQUT—atpT) /T (b — a4 pri7T),
( T T) v—det A peAZZ:T/ZT

which is the desired result for z = br — a.
Case 2: ¢; € Cg and ¢ € Sg.

We use (5): We have proven the identity for 9o if we take lim¢|p on both sides
we get the desired result.

The other two cases follow using the cocycle conditions given in (1). O

Corollary 2.9 The function 9, has the following elliptic and modular transforma-
tion properties:

(1) 19a+)\,b = 19,171, for all N\ € Z7.
(2) Yapip = 2B 9,y for all p € A7VZ",
(3) 19—(1,—() = _ﬁa,b-

(4) Oap(t +1) = 6727”62;1“)77‘—1.3(‘471‘4*’“) Vgsatbria—ra- (1) with A the vector of
diagonal elements of A.

(5) If a,b € R(c1) N R(c2) then

1 ) ;
19{17}) (__) v (_,L-T)r/QeQTrzB(a,b) Z 79b+;07—‘1(7—)'
T v—det A pEA-1Zr mod Z"
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2.4 Transformation properties of ¢ with respect to
04(2Z)
We consider the group
Oa(R) := {C € GL.(R) | C*AC = A}.

If C € 04(R) and ¢ € Cg C R" then Q(Cc) = Q(c), so C - Cq is either Cg or —Cq.
We consider only matrices C' that leave Cg invariant, i.e. B(Cc,c) < 0, for all ¢ € Cg.
Set

O1(R):={C € GL.(R) | C'AC = A, B(Cc,c) <0Vce Cq}.

This is a subgroup of O4(R) of index 2.

Definition 2.10 Let
O1(Z) :== Of(R) N GL,(Z).

Remark 2.11 From C*AC = A, we find det(C) = £1, so O}(Z) is the group of
elements of O (R) that have integer coefficients.

Remark 2.12 In some cases Oj Z) is very small. For example if A =
)

(5 %) then
0-1
O} (Z) has only two elements: (§9) and ('Y). However, in general O} (Z) is an

infinite group.

If we consider the theta functions in Definition 2.1 not only as a function of z and 7,
but also as a function of ¢; and co, we get transformation properties with respect to
O1(Z):

Proposition 2.13 Let C € OX(Z), c1,Co € UQ and let (z,7) € D(c1) N D(ea).
V50 ?(z;7) be as in Definition 2.1. Then we have C - Co = Cq, C - Sg =
(Cz,7) € D(Cc1) N D(Cecs), and

Let
Sq,
9CrCee Oz 1) = 902 (25 7).

Proof: C-Cg = Cg holds by definition. If ¢ € Z" is primitive, then C'c is also primitive.
Hence we find C'- Sg = Sg. We have Q(Cz) = Q(z) and B(Cx,Cy) = B(x,y), for all
z,y € R" and CZ" =Z". We see

B 122 - n{ce ) — n(ce 21C2)

Hence if (z,7) € D(c) then (Cz,7) € D(Cc).
If we replace (c1,c¢2,2,n) by (Cei,Cec2,Cz,Cn) in the definition of ¥ we get the
desired transformation property. O

Remark 2.14 The C acts on both ¢; and ¢ at the same time.
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Corollary 2.15 Let C € O%(Z), c1,c0 € Cgq and let a € R(c1) N R(c2). Let 192;2 (r)
be as in Definition 2.1. Then

PO (1) = 05 (7).

2.5 Some examples

Example 2.16 Let A = (32), ¢c1 = ('), .2 = (72), e := (1), and a = b = ge.
Then B(ci,c2) = —6 and Q(c1) = Q(c2) = —3. If we choose Cg such that ¢; € Cg
then also ¢2 € Cg. Using (4) and (2) of Corollary 2.9, we see

Dro1 (T +1) =€ F01,1,(r) =eFhs,1,(7). (2.25)

666°

ol

1
6

Using (5) of Corollary 2.9, we see

19%6,%6(—9 = % es (197%6,7%6(7) + 01 _1.(7) +19%e,7%e(7-)) :

Using (3), (2), (3), (1) and (2) of Corollary 2.9, we see

Hence

91,0 (—%) = —i7 91, 1,(7). (2.26)

We write p(v; 7) as the sum of the three expressions (2.7), (2.8) and (2.9). We will see
that

2
Z sgn(B(cl, l/))ﬂ ( B(Clv V) y) eQﬂ'iQ(u)T+27riB(u,b) =0 (227)
vea+Z2 Q(Cl)
and
B 2 - .
Z sgn(B(CQ, I/))ﬂ . (CQ’ V) y eQTr’LQ(V)T+27TZB(V7b) —=0. (228)
Q(c2)
vea+7Z?

To show that (2.27) holds, consider C = (1, %) € O} (Z). If we replace v by Cv in
the left hand side of (2.27) and use Ccy = ¢1, we see

2
> sgn(B(c17 y))g <My> 27IQV)T+2miB (1)

vEa+Z2 Q(Cl)

BC’V2 miQ(v)T riB(v,C !
= Z Sgn(B(cl,y)>ﬁ(_My) £2mQ(W)T+2miB(v,C ')

veC—1la+22 Q(Cl)
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Using C7'a = a—(9), C7'% =b—(9) and B(,(9)) = 211 + 1o = 1 mod]1 for
v Ea+ Z?, we see
B(c i g miQ(v)T+2miB (v
> sen(Blen,r))s (—%y) 2mQUT +2miB ()
vEa+Z? !
B(e,v)? 2mi i
I B o ) FZQ(V)T-‘,—QTI”LB(I/,())'
E:S@((qw06< o Y)e

vEa+Z?

Hence we get (2.27). The proof of (2.28) is similar. Here we have touse C' = (! 7*) €
0%(2).
Using (2.27) and (2.28) we see

Yap(T) = Z {Sgn(B(Cl,V)> — sgn(B(@,V))} e2miIRW)T+2miB(1,b)

vea+Z?
— Z {sgn(m) +sgn(1/2)} 2mi(Fvi+2nive+ 3vg)THmi(vitrs)

ye(%+z)2 (2.29)
_ 26%(]% ( _ Z )(_1)n+mq%n2+2nm+%m2+%n+%m

n,m>0 nm<0

where we have substituted v; = % +n and vy = % 4+ m in the last step.

From (2.29) together with (2.25) and (2.26) we see that ¥, is a holomorphic
modular form of weight 1, with the same transformation properties as n%. Hence 9,
is a multiple of 72 (their quotient is a holomorphic function on the compact Riemann
surface H/ SLa(Z) U {o0}). By comparing the first Fourier coefficients we find
1o =2e5 07,

8,6

J1
6
or equivalently

(5 - 5 )apmgtsameintsinin_ g

n,m>0 n,m<0

Example 2.17 This example is similar to the previous one, so some of the details are
omitted.

Let A= (§%),c1=(3"),ce=(3)anda=b= ¢ (3). Then B(c1,c2) = —21
and Q(c1) = Q(ea) = —%. Using Corollary 2.9, we see

Dap(T+1) = ¥ 0q(7)

and
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We write p(v; ) as the sum of the three expressions (2.7), (2.8) and (2.9). We have

B 2 ) .
Z Sgn(B(cl, y))ﬂ (My) 2miQW)T+2miB(v,b) _ )

vEa+Z2 Q (Cl )

and

B 2 . _
Z sgn(B(CQ’ y))ﬂ <My> 2mMQ)T+2miB(v,b) _ ().

vEa+Z2 Q(CQ)

To get the first equation we use C' = (_47 _712) € OX(Z) (Cey =c¢1, C71
and C~1b = b+ (32)). To get the second equation we use C = (]
(Cea =c2,C'a=a—(4) and C™'b=b—(})). Hence we see

Vap(T) = Z {sgn(B(cl,V)> — sgn(B(CQ,V))} 2™ T+2miB(1,b)

3

E— Z {sgn(le + 2u9) + sgn(vy — 21/2)} e2mi(3Vi =) T Hmi(vitr2)

St (D SEE D DD NC e

n+2m,n—2m>0 n+2m,n—2m<0

where we have substituted v, = % +n and vy = 7(15 + m in the last step. Replacing n
by —n — 1, we see
(71)n+mq%n27%m2+%n+%m
n—+2m,n—2m<0
— Z (_1)n+mq%n2—%m2+%n+%m
n+2m,n—2m>0
SO _
Q9a b(T) = —4e%qﬁ Z (_1)n+mq§n —am +%n+%m.
n>2|m|
We see that ¥, is a holomorphic modular form of weight 1, with the same transfor-
mation properties as 7%, Hence 9, is a multiple of n?. By comparing the first Fourier
coeflicients we find _
19(1,() = _4677727
or equivalently
1,2 3,201,001
D (mnrimgdrtan T ()7
n>2|m|
This last equation is proven in [1, pp. 451], using different techniques. In that arti-
cle several similar results are proven. The modular transformation properties of the
functions involved can be found using the same method as in the examples presented
here.
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These examples are very special: in general, 9, is not a holomorphic function.
However, for the special values of ¢i, ¢, a and b given here, ¥, is holomorphic.

In [20] a theorem about the modularity of a certain family of ¢-series associated
with indefinite binary quadratic forms is given. This result may also be found using
the same method as in the examples presented here.

In the next two chapters, we will see some other examples. In these examples, the
Y-functions are not holomorphic.



