
Chapter 3

Fourier Coefficients of
Meromorphic Jacobi Forms

3.1 Introduction

In this chapter we consider functions ϕ : C× H −→ C that satisfy

ϕ(z + λτ + µ; τ) = e−2πim(λ2τ+2λz)ϕ(z; τ) ∀λ, µ ∈ Z (E)

and

ϕ

(
z

cτ + d
;
aτ + b

cτ + d

)
= (cτ + d)ke2πimcz2/(cτ+d)ϕ(z; τ) ∀ (

a b
c d

) ∈ SL2(Z), (M)

with k ∈ Z and m ∈ Z>0. The first equation gives the transformation law with respect
to z �→ z+λτ+µ and will be denoted by (E), for elliptic. The second equation gives the
transformation law with respect to SL2(Z) and will be denoted by (M), for modular.
Jacobi forms of weight k and index m satisfy both (E) and (M).

It is a classical result, see [9, pp. 57–59], that the space of Jacobi forms of weight
k and index m is isomorphic to a certain space of (vector-valued) modular forms of
weight k − 1

2 in one variable:

Theorem 3.1 If ϕ is holomorphic as a function of z and satisfies (E), we have

ϕ(z; τ) =
∑

l mod2m

hl(τ)ϑm,l(z; τ), (3.1)

with Fourier coefficients

hl(τ) = e−πil2τ/2m

∫ p+1

p

ϕ(z; τ)e−2πilzdz p ∈ C
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and
ϑm,l(z; τ) =

∑
λ∈Z

λ≡l mod2m

eπiλ2τ/2m+2πiλz. (3.2)

If ϕ also satisfies the transformation (M), then we have for each l:

hl(τ + 1) = e−πil2/2mhl(τ) (3.3)

and

hl

(
−1

τ

)
=

τk

√−iτ

1√
2m

∑
ν mod2m

eπilν/mhν(τ). (3.4)

Proof: If we take λ = 0 and µ = 1 in (E) we see that ϕ is 1-periodic. Hence we can
write

ϕ(z; τ) =
∑
r∈Z

hr(τ)eπir2τ/2m+2πirz, (3.5)

with

hr(τ) = e−πir2τ/2m

∫ p+1

p

ϕ(z; τ)e−2πirzdz p ∈ C.

(The extra factor eπir2τ/2m in the Fourier coefficients is for convenience).
If we use (E) with λ = 1 and µ = 0 we see that hr+2m = hr. Hence hr depends

only on r mod 2m. Putting this into (3.5) gives

ϕ(z; τ) =
∑
r∈Z

hr(τ)eπir2τ/2m+2πirz =
∑

l mod 2m

∑
λ∈Z

λ≡l mod 2m

hλ(τ)eπiλ2τ/2m+2πiλz

=
∑

l mod2m

hl(τ)ϑm,l(z; τ),

with ϑm,l as in (3.2).
If ϕ also satisfies the transformation (M), then we get the transformation properties

(3.3) and (3.4) of hl from the transformation properties of ϑm,l and the decomposition
given in (3.1); see [9, pp. 58–59] for details. �

The hl are more or less the Fourier coefficients of ϕ, if we consider ϕ as a function
of z. These Fourier coefficients form a vector-valued modular form.

In [3] Andrews gives most of the fifth order mock theta functions as Fourier co-
efficients of meromorphic Jacobi forms (i.e. meromorphic as a function of z), namely
certain quotients of ordinary Jacobi theta-series. In this chapter (see Theorem 3.9),
we generalize Theorem 3.1 to include meromorphic Jacobi forms. We give the result
only for Jacobi forms on the full Jacobi group (i.e. satisfying (E) and (M) without any
congruence restrictions on (λ, µ) or

(
a b
c d

)
), but it could certainly be generalized to

congruence subgroups (and vector-valued Jacobi forms) and could then be combined
with Andrews’s identities to obtain information about the modular properties of the
fifth order mock theta functions. We will not carry this out, since the same results
will be obtained in Chapter 4 using instead the results on indefinite ϑ-functions from
Chapter 2.
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3.2 A building block

In this section we define functions fu : C × H −→ C and f̃u : C × H −→ C, which
will be used in the next section as building blocks for meromorphic Jacobi forms.

Definition 3.2 Let u ∈ C and m ∈ Z>0. Define fu : C× H −→ C by

fu(z; τ) = f (m)
u (z; τ) :=

∑
λ∈Z

e2πimλ2τ+4πimλz

1 − e2πiλτ+2πi(z−u)
.

Note the similarity of this sum with the Lerch sums studied in Chapter 1. The func-
tion f (1/2) is the sum studied in Section 1.2. The following result is the analogue of
Proposition 1.4 and Proposition 1.5.

Proposition 3.3 We have

(1) fu satisfies (E),

(2) z �→ fu(z; τ) is a meromorphic function, with simple poles in u + Zτ + Z, and
residue − 1

2πi in z = u,

(3) fu+1(z; τ) = fu(z; τ)

(4) fu(z; τ) − e−2πimτ−4πimufu+τ (z; τ) =
2m−1∑
l=0

e−πil2τ/2m−2πiluϑm,l(z; τ),

(5) fu(z; τ + 1) = fu(z; τ),

(6) fu(z; τ) − 1
τ
e2πim(u2−z2)/τfu

τ

(z

τ
;−1

τ

)
=

2m−1∑
l=0

hl(u; τ)ϑm,l(z; τ), with

hl(u; τ) = ie−πil2τ/2m−2πilu

∫
L

e2πimτx2−2π(2mu+lτ)x

1 − e2πx
dx,

where L = R − it with 0 < t < 1. This path can be deformed into the real axis
indented by the lower half of a small circle with the origin as its centre.

Proof: We see immediately that the series converges absolutely, unless z = u−λτ +µ
for some λ, µ ∈ Z, in which case one term in the sum becomes infinite. Hence z �→
fu(z; τ) is meromorphic, with simple poles only in the points z = u−λτ +µ (λ, µ ∈ Z).
(1) It is easy to see that fu(z + µ) = fu(z) for all µ ∈ Z. Also

fu(z + µτ ; τ) =
∑
λ∈Z

e2πimλ2τ+4πimλz+4πimµλτ

1 − e2πiλτ+2πi(z−u)+2πiµτ

= e−2πimµ2τ−4πimµz
∑
λ∈Z

e2πim(λ+µ)2τ+4πim(λ+µ)z

1 − e2πi(λ+µ)τ+2πi(z−u)

= e−2πimµ2τ−4πimµzfu(z; τ).
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(2) We have already seen that z �→ fu(z; τ) is a meromorphic function, with simple
poles in u + Zτ + Z. The pole in z = u comes from the term λ = 0. We see

lim
z→u

(z − u)fu(z; τ) = lim
z→u

(z − u)
1 − e2πi(z−u)

= − 1
2πi

.

(3) Trivial.
(4) If we replace λ by λ + 1 in the definition we find

e−2πimτ−4πimufu+τ (z; τ) =
∑
λ∈Z

e2πimλ2τ+4πimλz+4πimλτ+4πim(z−u)

1 − e2πiλτ+2πi(z−u)
.

Hence

fu(z; τ) − e−2πimτ−4πimufu+τ (z; τ) =
∑
λ∈Z

e2πimλ2τ+4πimλz 1 − e4πimλτ+4πim(z−u)

1 − e2πiλτ+2πi(z−u)

=
∑
λ∈Z

e2πimλ2τ+4πimλz
2m−1∑
l=0

e2πilλτ+2πil(z−u)

=
2m−1∑
l=0

e−πil2τ/2m−2πiluϑm,l(z; τ).

In the last step we have changed the order of summation and substituted µ = 2mλ+ l.
(5) Trivial.
(6) If z �→ f(z; τ) satisfies (E), then so does z �→ e−2πimz2/τf

(
z
τ ;− 1

τ

)
. The function

z �→ e−2πimz2/τfu
τ

(
z
τ ;− 1

τ

)
is meromorphic, with simple poles in u + Zτ + Z, and

residue − τ
2πie

−2πimu2/τ in z = u. So

z �→ fu(z; τ) − 1
τ
e2πim(u2−z2)/τfu

τ

(z

τ
;−1

τ

)

is a holomorphic function, which satisfies (E). Theorem 3.1 shows that there are hl

such that

fu(z; τ) − 1
τ
e2πim(u2−z2)/τfu

τ

(z

τ
;−1

τ

)
=

∑
l mod 2m

hl(τ)ϑm,l(z; τ).

If we restrict z by 0 < Im(u − z) < Im(τ) and expand
(
1 − e2πiλτ+2πi(z−u)

)−1

into a
geometric series, we see

fu(z; τ) =
∑
λ∈Z

e2πimλ2τ+4πimλz sgn
(
λ − 1

2

) ∑
µ∈Z

sgn(λ− 1
2 )=sgn(µ+ 1

2 )

e2πiλµτ+2πi(z−u)µ

=
∑

λ,µ∈Z

sgn(λ− 1
2 )=sgn(µ+ 1

2 )

sgn
(
λ − 1

2

)
e2πimλ2τ+2πiλµτ−2πiµu+2πi(2mλ+µ)z .
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But if sgn(λ − 1
2 ) = sgn(µ + 1

2 ) then 2mλ + µ is either ≥ 2m or < 0, so

∫ p+1

p

fu(z; τ)e−2πilzdz = 0,

for 0 ≤ l ≤ 2m−1, for any p satisfying 0 < Im(u−p) < Im(τ). Hence for 0 ≤ l ≤ 2m−1
we find

hl(τ) = −1
τ

e2πimu2/τ−πil2τ/2m

∫ p+1

p

e−2πimz2/τ−2πilzfu
τ

(
z

τ
;−1

τ

)
dz

= −1
τ

e2πimu2/τ−πil2τ/2m

∫ p+1

p

∑
λ∈Z

e−2πim(z−λ)2/τ−2πil(z−λ)

1 − e2πi(z−λ−u)/τ
dz

= −1
τ

e2πimu2/τ−πil2τ/2m

∫
p+R

e−2πimz2/τ−2πilz

1 − e2πi(z−u)/τ
dz.

If we substitute x = i(z − u)/τ in this last integral and use Cauchy’s theorem, we get
the desired result. �

We see that the transformation law with respect to SL2(Z) for fu is rather compli-
cated. However, if we modify the definition a little (in Theorem 1.11 we did something
similar), we get a function which is no longer holomorphic as a function of τ , but has
simpler transformation properties with respect to SL2(Z).

Definition 3.4 Let u ∈ C. Define f̃u : C× H −→ C by

f̃u(z; τ) = fu(z; τ) − 1
2

∑
l mod2m

Rm,l(u; τ)ϑm,l(z; τ),

with

Rm,l(u; τ) =
∑
λ∈Z

λ≡l mod2m

{
sgn

(
λ+

1
2

)
−E

(
(λ+2m Im(u)/y)

√
y/m

)}
e−πiλ2τ/2m−2πiλu,

y = Im(τ) and E as in Definition 1.6.

The function Rm,l is the analogue of the function R defined in Lemma 1.8. We will not
show that the series defining Rm,l converges, since this is similar to the convergence
of R, proven in Lemma 1.8.

Proposition 3.5 We have

(1) f̃u(z; τ) transforms like a 2-variable Jacobi form of weight 1 and index
(

2m 0
0 −2m

)
with respect to (z, u, τ) ∈ C2 × H, i.e.

(a) f̃u satisfies (E),
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(b) f̃u+λτ+µ(z; τ) = e2πim(λ2τ+2λu)f̃u(z; τ) for all λ, µ ∈ Z,

(c)

f̃ u
cτ+d

(
z

cτ + d
;
aτ + b

cτ + d

)
= (cτ + d)e2πimc(z2−u2)/(cτ+d)f̃u(z; τ)

for all
(

a b
c d

) ∈ SL2(Z).

(2) for fixed u, z �→ f̃u(z; τ) is a meromorphic function, with simple poles in u+Zτ+Z,
and no other poles, and residue − 1

2πi in z = u,

(3) f̃ can be seen as a indefinite ϑ-series (see Definition 2.1), namely

f̃u(z; τ) =
1
2
ϑc1,c2

A

((
z−u
2mu

)
; τ

)
,

with A = ( 2m 1
1 0 ), c1 = ( 0

1 ) ∈ SQ and c2 =
( −1

2m

) ∈ CQ.

Proof: (2) This follows directly from (2) of Proposition 3.3 and the fact that ϑm,l is
holomorphic.
(3) Using the geometric series expansion we see

1
1 − e2πiλτ+2πi(z−u)

=
1
2

∑
µ∈Z

{
sgn

(
λ+Im(z−u)/y

)
+sgn

(
µ+

1
2

)}
e2πiλµτ+2πi(z−u)µ.

Hence

fu(z; τ)

=
∑

λ,µ∈Z

1
2

{
sgn

(
λ + Im(z − u)/y

)
+ sgn

(
µ +

1
2

)}
e2πi(mλ2+λµ)τ+2πi(2mzλ+(z−u)µ)

=
∑

n∈Z2

1
2

{
sgn

(
n1 + Im(z − u)/y

)
+ sgn

(
n2 +

1
2

)}
e
2πiQ(n)τ+2πiB

(
n,

(
z−u
2mu

))
.

We also have∑
l mod2m

Rm,l(u; τ)ϑm,l(z; τ)

=
∑

λ,µ∈Z

λ≡µ mod2m

{
sgn

(
λ +

1
2

)
− E

(
(λ + 2m Imu/y)

√
y/m

)}
eπi(µ2−λ2)τ/2m+2πi(µz−λu).

If we substitute λ = n2 and µ = 2mn1 + n2, we find
∑

l mod 2m

Rm,l(u; τ)ϑm,l(z; τ)

=
∑

n∈Z2

{
sgn

(
n2 +

1
2

)
− E

(
(n2 + 2m Imu/y)

√
y/m

)}
e
2πiQ(n)τ+2πiB

(
n,

(
z−u
2mu

))
.
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Hence

f̃u(z; τ) = fu(z; τ) − 1
2

∑
l mod2m

Rm,l(u; τ)ϑm,l(z; τ)

=
∑

n∈Z2

1
2

{
sgn

(
n1 + Im(z − u)/y

)
+ E

(
(n2 + 2m Im u/y

)√
y/m)

}
·

· e2πiQ(n)τ+2πiB
(

n,
(

z−u
2mu

))

=
1
2
ϑc1,c2

A

((
z−u
2mu

)
; τ

)
,

which proves (3).
(1a) and (1b) follow directly from (3) and the transformation properties of ϑc1,c2

A given
in (2) of Proposition 2.7.
(1c) Using (3) and the transformation properties of ϑc1,c2

A given in (6) and (7) of
Proposition 2.7 we see

f̃u(z; τ + 1) = f̃u(z; τ) (3.6)

and
f̃u

τ

(z

τ
;−1

τ

)
= τe2πim(z2−u2)/τ f̃u(z; τ). (3.7)

Combining these results we get (1c). �

Remark 3.6 We do not need (3) to prove (1): We could also prove (3.7) using (6) of
Proposition 3.3 and an analogue of (2) of Proposition 1.10 for Rm,l:

Rm,l(u; τ) +
i√−iτ

e2πimu2/τ 1√
2m

∑
ν mod 2m

e−πilν/mRm,ν

(u

τ
;−1

τ

)
= 2hl(u; τ).

We will not prove this equation. Part (1b) and equation (3.6) may also be proved by
using properties of fu given in Proposition 3.3 and properties of Rm,l, which we will
not give here. Part (1a) follows directly from the fact that both fu and ϑm,l satisfy
(E).

Proposition 3.7 Let Rm,l be as in Definition 3.4. Then

(1) if α, β ∈ R then

∂

∂τ
e−2πimα2τRm,l(ατ + β; τ) = −i

√
m

y
e4πimαβ

∑
λ∈α+ l

2m +Z

λe−2πimλ2τ−4πimλβ ,

(2) τ �→ e−2πimα2τRm,l(ατ + β; τ) is an eigenfunction of the weight 1/2 Casimir
operator Ω 1

2
= −4y2 ∂2

∂τ∂τ + iy ∂
∂τ + 3

16 with eigenvalue 3
16 .
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Proof: (1) We have

∂

∂τ
e−2πimα2τRm,l(ατ + β; τ)

=
1
2

( ∂

∂x
+ i

∂

∂y

)
·

∑
λ∈Z

λ≡l mod2m

{
sgn

(
λ +

1
2

)
− E

(
(λ + 2mα)

√
y/m

)}
e−2πim(λ/2m+α)2τ−2πiλβ

= − i

2

√
m

y

∑
λ∈Z

λ≡l mod 2m

( λ

2m
+ α

)
E′

(
(λ + 2mα)

√
y/m

)
e−2πim(λ/2m+α)2τ−2πiλβ

= −i

√
m

y

∑
λ∈Z

λ≡l mod 2m

( λ

2m
+ α

)
e−2πim(λ/2m+α)2τ−2πiλβ .

If we now substitute λ′ = λ
2m + α we get the desired result.

(2) From (1) we see that τ �→ √
y ∂

∂τ e−2πimα2τRm,l(ατ + β; τ) is anti-holomorphic, so

∂

∂τ

√
y

∂

∂τ
e−2πimα2τRm,l(ατ + β; τ) = 0

We can write the operator Ω 1
2

= −4y2 ∂2

∂τ∂τ + iy ∂
∂τ + 3

16 as

Ω 1
2

=
3
16

− 4y3/2 ∂

∂τ

√
y

∂

∂τ
.

Hence

Ω 1
2
e−2πimα2τRm,l(ατ + β; τ) =

3
16

e−2πimα2τRm,l(ατ + β; τ),

which proves (2). �

3.3 Transformation properties

Before we can state the main result we need the following

Definition 3.8 Let u ∈ C and let f be a real-analytic function in a neighbourhood
of u. If g is a meromorphic function with a pole of order s in u, then f · g has, in a
neighbourhood of u, an expansion

∑
n≥−s

∑
m≥0

anm(v − u)n(v − u)m.
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We define

Res
v=u

[
f(v)g(v)

]
= a−1,0 =

1
(s − 1)!

∂s−1

∂vs−1

∣∣∣∣
v=u

(
f(v) · (v − u)sg(v)

)
.

If f is holomorphic the definition coincides with the usual definition of the residue.

Now the main result:

Theorem 3.9 Let ϕ be such that z �→ ϕ(z; τ), for fixed τ ∈ H, is a meromorphic
function. If ϕ satisfies (E), then ϕ has a development of the form

ϕ(z; τ) =
∑

l mod 2m

hl(τ)ϑm,l(z; τ) − 2πi
∑

u∈Sing ϕ(·;τ)modΛτ

Res
v=u

[
f̃v(z; τ)ϕ(v; τ)

]
,

for τ ∈ H and z �∈ Sing ϕ(·; τ), with

Sing ϕ(·; τ) := {u ∈ C | z �→ ϕ(z; τ) has a pole in u},
Λτ = Zτ + Z,

and, for 0 ≤ l ≤ 2m − 1 and any p ∈ C such that there are no poles on the boundary
∂Pp of Pp := p + (0, 1)τ + (0, 1),

hl(τ) = e−πil2τ/2m

∫ p+1

p

ϕ(z; τ)e−2πilzdz − πi
∑

u∈singp ϕ(·;τ)

Res
v=u

[
Rm,l(v; τ)ϕ(v; τ)

]
,

with singp ϕ(·; τ) = Sing ϕ(·; τ) ∩ Pp.
If ϕ also satisfies (M), then the vector

(
hl

)
l mod2m

transforms under the action of
SL2(Z) as in equations (3.3) and (3.4).

Proof: Let p ∈ C be such that z �→ ϕ(z; τ) has no poles on ∂Pp. Let z ∈ Pp,
z �∈ Sing ϕ(·; τ). Now consider ∫

∂Pp

fv(z; τ)ϕ(v; τ)dv.

We compute this integral in two different ways. On the one hand, the function we are
integrating is 1-periodic. Hence∫

∂Pp

fv(z; τ)ϕ(v; τ)dv

=
∫ p+1

p

fv(z; τ)ϕ(v; τ)dv −
∫ p+1

p

fv+τ (z; τ)ϕ(v + τ ; τ)dv

=
∫ p+1

p

(
fv(z; τ) − e−2πimτ−4πimvfv+τ (z; τ)

)
ϕ(v; τ)dv

=
2m−1∑
l=0

e−πil2τ/2mϑm,l(z; τ)
∫ p+1

p

ϕ(v; τ)e−2πilvdv,
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by (4) of Proposition 3.3. On the other hand, we can compute the integral using the
residue theorem. The poles of v �→ fv(z; τ)ϕ(v; τ) inside Pp are the poles of ϕ inside
Pp, together with z, and the residue in v = z is 1

2πiϕ(z; τ). Hence∫
∂Pp

fv(z; τ)ϕ(v; τ)dv

= 2πi
∑

u∈singp ϕ(·;τ)

Res
v=u

[
fv(z; τ)ϕ(v; τ)

]
+ ϕ(z; τ)

= 2πi
∑

u∈singp ϕ(·;τ)

Res
v=u

[
f̃v(z; τ)ϕ(v; τ)

]
+ ϕ(z; τ)

+ πi
∑

l mod2m

ϑm,l(z; τ)
∑

u∈singp ϕ(·;τ)

Res
v=u

[
Rm,l(v; τ)ϕ(v; τ)

]

If we compare the two evaluations of the integral, we obtain

ϕ(z; τ) =
∑

l mod2m

hl(τ)ϑm,l(z; τ) − 2πi
∑

u∈singp ϕ(·;τ)

Res
v=u

[
f̃v(z; τ)ϕ(v; τ)

]
,

with hl as in the theorem. Since v �→ f̃v(z; τ)ϕ(v; τ) is invariant under translation by
a lattice point, so is u �→ Res

v=u

[
f̃v(z; τ)ϕ(v; τ)

]
. Hence we can replace

∑
u∈singp ϕ(·;τ)

by

∑
u∈Sing ϕ(·;τ)mod Λτ

. So far we have only proven the identity for z ∈ Pp. However, both

sides satisfy (E), so the identity holds for all z ∈ C, z �∈ Sing ϕ(·; τ).
In the rest of the proof we assume that ϕ satisfies (M). Let

ϕ̃(z; τ) := 2πi
∑

u∈Singϕ(·;τ)mod Λτ

Res
v=u

[
f̃v(z; τ)ϕ(v; τ)

]
.

From the first part of the theorem we see that ϕ + ϕ̃ is a holomorphic function, which
satisfies (E), and

ϕ(z; τ) + ϕ̃(z; τ) =
∑

l mod2m

hl(τ)ϑm,l(z; τ)

If we can show that ϕ̃ also satisfies (M), then the second part of the theorem follows
from the second part of Theorem 3.1 applied to ϕ + ϕ̃.

Let γ =
(

a b
c d

) ∈ SL2(Z). If u is a pole of ϕ (·; γτ), then u′ = (cτ + d)u is a pole of
ϕ(·; τ), and Λτ = (cτ + d)Λγτ . Hence

Sing ϕ (·; γτ)mod Λγτ = (cτ + d) Sing ϕ(·; τ)mod Λτ .

Using (5) of Proposition 3.5 we find

f̃ v
cτ+d

(
z

cτ + d
;
aτ + b

cτ + d

) (
v

cτ + d
− u

cτ + d

)s

ϕ

(
v

cτ + d
;
aτ + b

cτ + d

)

= (cτ + d)k+1−se2πimcz2/(cτ+d)f̃v(z; τ)(v − u)sϕ(v; τ).
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If we apply 1
(s−1)!

∂s−1

∂vs−1

∣∣∣
v=u

to both sides and multiply by (cτ + d)s−1 we find

Res
v= u

cτ+d

[
f̃ v

cτ+d

(
z

cτ + d
;
aτ + d

cτ + d

)
ϕ

(
v

cτ + d
;
aτ + d

cτ + d

)]

= (cτ + d)ke2πimcz2/(cτ+d) Res
v=u

[
f̃v(z; τ)ϕ(v; τ)

]
.

Hence

ϕ̃

(
z

cτ + d
;
aτ + b

cτ + d

)

= 2πi
∑

u∈Sing ϕ(·;γτ)mod Λγτ

Res
v=u

[
f̃u

(
z

cτ + d
;
aτ + b

cτ + d

)
ϕ

(
v

cτ + d
;
aτ + d

cτ + d

)]

= 2πi
∑

u′∈Sing ϕ(·;τ)mod Λτ

Res
v= u′

cτ+d

[
f̃u

(
z

cτ + d
;
aτ + b

cτ + d

)
ϕ

(
v

cτ + d
;
aτ + d

cτ + d

)]

= 2πi
∑

u′∈Sing ϕ(·;τ)mod Λτ

(cτ + d)ke2πimcz2/(cτ+d) Res
v=u′

[
f̃v(z; τ)ϕ(v; τ)

]

= (cτ + d)ke2πimcz2/(cτ+d)ϕ̃(z; τ),

where in the second step we have substituted u = u′
cτ+d . �

3.4 Simple poles

If all the poles of ϕ are simple, the theorem from the previous section reduces to

Corollary 3.10 Let ϕ be such that z �→ ϕ(z; τ), for fixed τ ∈ H, is a meromorphic
function having only simple poles. If ϕ satisfies (E), then

ϕ(z; τ) =
∑

l mod2m

hl(τ)ϑm,l(z; τ) +
∑

u∈Sing ϕ(·;τ)modΛτ

du(τ)f̃u(z; τ),

with
Sing ϕ(·; τ) := {u ∈ C | z �→ ϕ(z; τ) has a pole in u},

Λτ = Zτ + Z,

du(τ) = −2πi Res
z=u

ϕ(z; τ),

and, for 0 ≤ l ≤ 2m − 1 and any p ∈ C such that there are no poles on the boundary
∂Pp of Pp := p + (0, 1)τ + (0, 1),

hl(τ) = e−πil2τ/2m

∫ p+1

p

ϕ(z; τ)e−2πilzdz +
1
2

∑
u∈singp ϕ(·;τ)

du(τ)Rm,l(u; τ),
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with singp ϕ(·; τ) = Sing ϕ(·; τ) ∩ Pp.
If ϕ also satisfies (M), then the vector

(
hl

)
l mod2m

transforms under the action of
SL2(Z) as in equations (3.3) and (3.4).

In a special case, the residue function τ �→ du(τ) has modular transformation
properties:

Proposition 3.11 Let ϕ and du(τ) be as in Corollary 3.10 and suppose that the pole
u of ϕ(·; τ) is of the form u = ατ + β, with α, β ∈ Q independent of τ . Then
τ �→ e2πimα2τdu(τ) transforms as a modular form of weight k − 1 on some subgroup
Γα,β of SL2(Z).

Proof: From the definition of du we can easily verify that

du+λτ+µ(τ) = e−2πim(λ2τ+2λu)du(τ),

and

d u
cτ+d

(
aτ + b

cτ + d

)
= (cτ + d)k−1e2πimcu2/(cτ+d)du(τ).

Hence (u, τ) �→ du(τ) transforms as a Jacobi form of weight k − 1 and index m. By
Theorem 1.3 of [9, pp. 10] we get the desired result. Actually, that theorem also
assumes a growth condition, but one can check in the proof that the growth condition
is not needed to prove the modular transformation properties. �

3.5 An example

Define ϕ by:

ϕ(z; τ) :=

(
ϑ0,0(z; τ)ϑ0, 1

2
(z; τ)ϑ 1

2 ,0(z; τ)
)9

∆(τ)ϑ 1
2 , 1

2
(z; τ)

= −i
(
ζ

1
2 + ζ−

1
2

)9
{

1
ζ

1
2 − ζ−

1
2
−

(
9ζ

3
2 − ζ

1
2 + ζ−

1
2 − 9ζ−

3
2

)
q + . . .

}
,

with ϑa,b(z; τ) :=
∑

λ∈a+Z eπiλ2τ+2πiλ(z+b), ζ = e2πiz and q = e2πiτ .
Using Table V on page 36 of [19] we see that ϕ transforms like a Jacobi form of

weight k = 1 and index m = 13 on the full modular group. (Note that Mumford uses
the notation ϑ01, ϑ10 and ϑ11 for the functions denoted here by ϑ0, 1

2
, ϑ 1

2 ,0 and ϑ 1
2 , 1

2
.

Also there’s a mistake in the 4th formula on the right: it should read ϑ11(z/τ,−1/τ) =
−i(−iτ)

1
2 exp(πiz2/τ)ϑ11(z, τ).)
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The function ϕ is meromorphic in z with simple poles in Zτ + Z. If we take
p = − 1

2τ − 1
2 then singp ϕ(·; τ) = {0}. Further

Res
z=0

ϕ(z; τ) =

(
ϑ0,0(0; τ)ϑ0, 1

2
(0; τ)ϑ 1

2 ,0(0; τ)
)9

∆(τ)ϑ′
1
2 , 1

2
(0; τ)

= − 1
π9

ϑ′
1
2 , 1

2
(0; τ)8

∆(τ)

= − 1
π9

(−2πη(τ)3)8

∆(τ)
= −128

π
,

where we have used Jacobi’s derivative formula (see [19, pp. 64]), and (10) of Propo-
sition 1.3.

Corollary 3.10 gives:

ϕ(z; τ) =
∑

l mod26

hl(τ)ϑ13,l(z; τ) + 512if̃0(z; τ) (3.8)

with

hl(τ) = e−πil2τ/26

∫ p+1

p

ϕ(z; τ)e−2πilzdz + 256iR13,l(0; τ), (3.9)

for 0 ≤ l ≤ 25. According to the corollary the hl transform as a vector-valued modular
form of weight 1

2 .
Since ϕ is holomorphic as a function of τ , the Fourier coefficients

e−πil2τ/26

∫ p+1

p

ϕ(z; τ)e−2πilzdz

are holomorphic as a function of τ . In particular they are eigenfunctions of Ω 1
2

with
eigenvalue 3

16 . Using (2) of Proposition 3.7 we see that τ �→ R13,l(0; τ) is also a
eigenfunction of Ω 1

2
with eigenvalue 3

16 . Hence

Ω 1
2
hl =

3
16

hl.

So the hl form a vector-valued real-analytic modular form of weight 1
2 . The transfor-

mations are:
hl(τ + 1) = e−πil2/26hl(τ)

and
hl

(
−1

τ

)
= i

√−iτ
1√
26

∑
ν mod 26

eπilν/13hν(τ)

Using (1) of Proposition 3.7 we see

∂

∂τ
hl(τ) = 256

√
13 y− 1

2

∑
λ∈ l

26 +Z

λe−26πiλ2τ .
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Note that
∑

λ∈ l
26 +Z λe−26πiλ2τ is the complex conjugate of

∑
λ∈ l

26 +Z λe26πiλ2τ , which
is a theta function of weight 3/2.

Summarizing, we have proved:

Proposition 3.12 Let ϕ be the function given by

ϕ(z; τ) =

(
ϑ0,0(z; τ)ϑ0, 1

2
(z; τ)ϑ 1

2 ,0(z; τ)
)9

∆(τ)ϑ 1
2 , 12

(z; τ)
.

Then ϕ can be decomposed as in (3.8), with hl as in (3.9), and
(
hl

)
l mod 26

is a vector-
valued real-analytic modular form of weight 1/2, with eigenvalue 3/16 for the weight
1/2 Casimir operator.

This is a very special example: It has been constructed is such a way that the du

are constant (as a function of τ). As a result the hl are eigenfunctions of a Casimir
operator. However, in general the du will not be constant and the hl will not be
eigenfunctions of a Casimir operator. So in general we do not end up with a real-
analytic modular form.


