Chapter 3

Fourier Coeflicients of
Meromorphic Jacobi Forms

3.1 Introduction
In this chapter we consider functions ¢ : C x H — C that satisfy
oz + AT+ ;1) = 6_2”"”(’\2”'2”)@(2; T) VA pneZl (E)

and

. 2
© (ﬁ’ %) — (CT + d)keQTI"”VLCZ /(CT+d)(p(Z;T) V(Z Z) c SLQ(Z), (M)
with k € Z and m € Z~. The first equation gives the transformation law with respect
to z — z+ A7+ p and will be denoted by (E), for elliptic. The second equation gives the
transformation law with respect to SLy(Z) and will be denoted by (M), for modular.
Jacobi forms of weight k and index m satisfy both (E) and (M).

It is a classical result, see [9, pp. 57-59], that the space of Jacobi forms of weight
k and index m is isomorphic to a certain space of (vector-valued) modular forms of
weight k& — % in one variable:

Theorem 3.1 If ¢ is holomorphic as a function of z and satisfies (E), we have

o(z;1) = Z ()01 (25 7), (3.1)

Il mod 2m

with Fourier coefficients

. p+1 .
hy (T) — 6—71'1127'/2711/ (p(Z;T)e—QTrzlde pE C
P
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and o _
ﬂm,l(z;'f—) _ Z eTiA T/2m+27rz/\z. (32)
AEZ
A=lmod2m
If ¢ also satisfies the transformation (M), then we have for each l:
ho(r+1) = e ™ /2mp (1) (3.3)
and

h<fl):—Tk LS () (3.4)

Proof: If we take A =0 and ¢ =1 in (E) we see that ¢ is 1-periodic. Hence we can
write

v mod 2m

p(2i7) = D ha(p)emr T/ ame, (3.5)
reZ
with

. p+1 .
hr(1) = e_””'QT/Qm/ p(z;7)e 2™ dz  peC.
p

ir2 . . . . .
(The extra factor €™ 7/2™ in the Fourier coefficients is for convenience).

If we use (E) with A =1 and p = 0 we see that h,q2,m = h,. Hence h, depends
only on r mod 2m. Putting this into (3.5) gives

QD(Z; 7_) _ Z h, (T)ewi7'27'/2m+27ri7'z _ Z Z R (T)ewiz\zf/2m+27ri)\z

rez I mod 2m ANEZ
A=lmod 2m
= E hi(T)0m,i (25 7),
I mod2m

with 9,,,; as in (3.2).

If o also satisfies the transformation (M), then we get the transformation properties
(3.3) and (3.4) of h; from the transformation properties of ¥,,; and the decomposition
given in (3.1); see [9, pp. 58-59] for details. O

The h; are more or less the Fourier coefficients of ¢, if we consider ¢ as a function
of z. These Fourier coefficients form a vector-valued modular form.

In [3] Andrews gives most of the fifth order mock theta functions as Fourier co-
efficients of meromorphic Jacobi forms (i.e. meromorphic as a function of z), namely
certain quotients of ordinary Jacobi theta-series. In this chapter (see Theorem 3.9),
we generalize Theorem 3.1 to include meromorphic Jacobi forms. We give the result
only for Jacobi forms on the full Jacobi group (i.e. satisfying (E) and (M) without any
congruence restrictions on (A, u) or (‘; Z)), but it could certainly be generalized to
congruence subgroups (and vector-valued Jacobi forms) and could then be combined
with Andrews’s identities to obtain information about the modular properties of the
fifth order mock theta functions. We will not carry this out, since the same results
will be obtained in Chapter 4 using instead the results on indefinite ¥-functions from
Chapter 2.
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3.2 A building block

In this section we define functions f, : C x H — C and f, : C x H — C, which
will be used in the next section as building blocks for meromorphic Jacobi forms.

Definition 3.2 Let u € C and m € Z~g. Define f, : C x H{ — C by

627ri'm)\27'+47rim/\z

Julz;7) = fim)(z;r) = Z 1 _ e2mirT+2mi(z—u) *
\EZ

Note the similarity of this sum with the Lerch sums studied in Chapter 1. The func-
tion f(1/2) is the sum studied in Section 1.2. The following result is the analogue of
Proposition 1.4 and Proposition 1.5.

Proposition 3.3 We have
(1) fu satisfies (E),
(2) z — fulz;7) is a meromorphic function, with simple poles in uw + Zt + Z, and

residue —s in z = u
27mi ’

(8) fus1(z;7) = fulz;7)

2m—1
(4) fu(Z; 7_) _ 6727rim'rf47rimufu+‘r(z;7_) _ Z eiﬂl?"—/2m727‘—iluﬂm"l(z;T),
=0
(5) fu(za T+ 1) - fu(Z;T),
1 ; 2_ 2 z 1 Rl
(6) fulzir) = —e? =T (22 ) = N7 (s )0 (257), with

e27rim‘r932 =27 (2mu-+iT)z

. 12 _ .
hl(u;T) = je mil®T/2m 27T’Llu/ dCE,
L

1— eva
where L = R — it with 0 < t < 1. This path can be deformed into the real axis
indented by the lower half of a small circle with the origin as its centre.

Proof: We see immediately that the series converges absolutely, unless z = u — A7+
for some A\, € Z, in which case one term in the sum becomes infinite. Hence z —
fu(z;7) is meromorphic, with simple poles only in the points z = u—At7+pu (A, u € Z).
(1) Tt is easy to see that f,(z 4+ u) = fu(z) for all p € Z. Also

e27rim)\2 THATimAz+4ATimpAT

fu(z + M5 T) = 1— 627rik7'+27ri(z—u)+27riu7'
AEZ
oimii® ) e27rim()\+u)2'r+47rim()\+u)z
— e 2mimpu T—4Amimpuz E
1 — e2mi(A+p)T+2mi(z—u)

AEZ
—2mimp’T—Amimpz
e 12 2 fu(

Z;T).
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(2) We have already seen that z — f,(z;7) is a meromorphic function, with simple
poles in u + Z7 + Z. The pole in z = u comes from the term A = 0. We see

) . , (z —u) 1
lim (z —w)fulz7) = Iim =505 = ~om
(3) Trivial.
(4) If we replace A by A + 1 in the definition we find

eQﬂ'imA2 THATimAz+4nimAT+4mim(z—u)

—2mimT—4mimu . _
€ Juir(2;7) = 1 — e2miAT+2mi(z—u)
AEZ

Hence

i i iy i 1— e47rimk7’+47rim(z—u)
fu(Z;T) — e TIMT — Tranufu+T(Z;T) — § e TImMA” TH4TimAz
AEZ

1 — e2miAT+2mi(z—u)

2m—1
E eQﬂ'imA2T+47rim)\z E 627ril/\7'+27ril(z7u)
AEZ =0
2m—1
—7il®T /2m—2milu .
E e / Im,1 (25 7).
1=0

In the last step we have changed the order of summation and substituted u = 2mA+1.
(5) Trivial.
(6) If z — f(z;7) satisfies (E), then so does z — e=2mime’/7 (£;—1). The function

Z e_QWimzz/Tf% (3' —l) is meromorphic, with simple poles in u + Z7 + Z, and

T7 T

. i 2
residue 72%”,6 2mimu”/T i, =y, So

2 fulsim) — 2mmet =gy (220
T TAN\T T

is a holomorphic function, which satisfies (E). Theorem 3.1 shows that there are hy
such that

1 2mim(u? —z2)/ (Z 1)
(2 —emim(uw =)/, (22 = g h U 3 T)-
Fulz7) ¢ Iy T T mod2m 1(T) (25 7)

) . -1
If we restrict z by 0 < Im(u — z) < Im(7) and expand (1 - 62”“\7"’2”(Z_“)) into a

geometric series, we see

fu (Z, 7_) — E e27rim)\2-r+47rimAz sgn()\ - l) § 627ri)\;rr+27ri(z7u)p,
2
AEZ HEZ
sgn(A—g)=sgn(pu+3)
_ sgn ()\ _ l) eQTri'm)\27'+27ri)\uT—27ri;tu+27ri(2mk+u)z
AN UEZ

sgn(A—3)=sgn(p+3)
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But if sgn(A — 1) = sgn(p + 3) then 2mA + p is either > 2m or < 0, so

p+1 )
/ fulzsm)e ™20z = 0,
P

for 0 <1 < 2m—1, for any p satisfying 0 < Im(u—p) < Im(7). Hence for 0 <1 < 2m—1
we find

1 . 2/ 2 p+1 _ . 2/ - z 1
h[(T) — __627rzmu JT—mil*T/2m e 2mimz* /T 271"le‘fH 2.2 )dz
T T T T
p
p+1 —27mim(z—\)? /7 —2mil(z— X\
— _leQTrimu2/T—7ril27'/2m 2 e ( "/ ( )dZ
- » 1 — e2mi(z—A—u)/7
AEZ
1 —2mimz? /T —2milz
_ 2mimu? /T —mil®1/2m €
= ——€ Q—dZ
T iR 1 — e2mi(z—u)/7

If we substitute « = i(z — w)/7 in this last integral and use Cauchy’s theorem, we get
the desired result. O

We see that the transformation law with respect to SLa(Z) for f,, is rather compli-
cated. However, if we modify the definition a little (in Theorem 1.11 we did something
similar), we get a function which is no longer holomorphic as a function of 7, but has
simpler transformation properties with respect to SLa(Z).

Definition 3.4 Let u € C. Define f, : C x H — C by

Fem) = fuzm) =5 Y Bl n)iazi7),

I mod2m
with
1 . )
Ry (u;7) = Z {sgn()\—i— 5) —E(()\+2m Im(u)/y)\/y/m)} 677”/\27/27”72’”)‘“,
AEZ
A=lmod2m

y =Im(7) and E as in Definition 1.6.

The function R, is the analogue of the function R defined in Lemma 1.8. We will not
show that the series defining R,,; converges, since this is similar to the convergence
of R, proven in Lemma 1.8.

Proposition 3.5 We have
(1) fu(z;7) transforms like a 2-variable Jacobi form of weight 1 and index (%" _5m)

with respect to (z,u,7) € C? x H, i.e.

(a) fu satisfies (E),
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(b) fqu/\TJru(Z; T) = €2mm(/\27—+2)\u)fu(zi T) for all \,u € Z,

(c)
f z .a7'+b
cr+d er+d

Jor all (2Y) € SLy(Z).

> _ (C’T‘ + d)627rimc(z27u2)/(cr+d)fu(z; 7_)

u
cT+d

(2) for fizedu, z — fu(z, T) is a meromorphic function, with simple poles in u+Z7+Z,

and no other poles, and residue —= in z = u
’ 27 ’

(3) f can be seen as a indefinite V-series (see Definition 2.1), namely
ry 1 C1,C Z—u
fu(z;T) = 5191417 ’ ((2mu) ;T) ’
with A= (21 }), e1=(9) € Sq and co = (;,}) € Cq.

2m

Proof: (2) This follows directly from (2) of Proposition 3.3 and the fact that ¥, is
holomorphic.
(3) Using the geometric series expansion we see

1 1 1 TIAUTH2Tei(2z—u
1 — e2ridr+2mi(z—u) Z{Sgn<)\+1m(2*u)/y) +Sgn(u+ 5)} e2miAuT ATz )i
HEZ
Hence
fulz;7)
1 1 ) )
= Z §{Sgn<)‘ + Im(z _ u)/y) 4 Sgn<‘u 4 5) } e27rz(m)\2+)\,u)'r+27rz(2mz/\+(z7u)p,)
AN UEZ
1 1 miQ(n)T+2miB(n,( 27
=D g{sgn<n1 +Im(z *u)/y) +sgn<n2 - 5)} e2riQmrmin(n(5.0))
ne€Z?
We also have
Z R i(u; T)0m (25 7)
l mod 2m
1 . )
= > {Sgn()\ + 5) —~ E((A +2mImu/y)y /y/m) } iU =A)T [ 2mt 2 (12— M)
MNUEZ
A=p mod 2m

If we substitute A = ny and u = 2mny + no, we find

Z Rm,l (u§ 7—)'lslm,l (Z§ T)

lmod 2m

= Z {sgn(ng + %) - E((Tlg + 2mIm u/y)\/y/—m)} eQmQ(”)T“”B("’( S ) ,

neZz?
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Hence

fu(z;T) = fu(z;T) - % Z Rm,z(U;T)f}m,l(Z;T)

Il mod 2m

Z % {sgn(m +Im(z — u)/y) + E((ng + 2mImu/y) y/m)} :

neZz?2
. e27riQ(n)T+27riB(n,( Z—“))

2mu
_ 11901702 (( zfu) . T)
- 2 A 2mu /) ) ’

which proves (3).

(1a) and (1Db) follow directly from (3) and the transformation properties of ¥ given
in (2) of Proposition 2.7.

(1c) Using (3) and the transformation properties of 9% given in (6) and (7) of
Proposition 2.7 we see

fulzs T+ 1) = fulz; 1) (3.6)
and )
Nu E Nl 27rim(22—u2)/7' 3 . 3.7
fo(Zi-2) =re Fulz). (3.7)
Combining these results we get (1c). O

Remark 3.6 We do not need (3) to prove (1): We could also prove (3.7) using (6) of
Proposition 3.3 and an analogue of (2) of Proposition 1.10 for R, ;:

u 1

Rm : 2mimu 77rzlu/mRmU(_;7_) — 92 7).
(7)) + ——=e w i 1(u; 7)

2yr_1 .

—iT 2m Vm%?m
We will not prove this equation. Part (1b) and equation (3.6) may also be proved by
using properties of f, given in Proposition 3.3 and properties of R, ;, which we will
not give here. Part (1a) follows directly from the fact that both f, and ¥, satisfy

(E).
Proposition 3.7 Let R,,; be as in Definition 3.4. Then
(1) if o, 8 € R then

0 orima? omog o iR T A
Fe 2mima TRm,l(OéT‘i‘ﬁ;T) — ;. | pamimap Z e~ 2mimATT 47rzm)\[37
=
Y Aeats—+Z

(2) 7 — e 2Mm TR (a7 + B;7) is an eigenfunction of the weight 1/2 Casimir

— 2_0° 0 3 ; 3
operator Q% = —4y°575= + 1Yz + 15 with eigenvalue 5.
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Proof: (1) We have

9
or

L)

Z {Sgn()‘ + %) - E((A + 2ma)\/y/—m>} e 2mim(A/2m+a)’ T —2miAG

y 2
6—271'””0( TRmA,l(OéT 4 6;7—)

AEZ
A=lmod 2m
./ A . )
:7% % Z (%4»0[) E’(()\+2ma) /y/m) 6727T'Lm(k/2m+a)27727m)\[3
AEZ
A=lmod 2m
— i m Z (LJFOL) p—2mim(X/2m+a)*T—2miA3
Y AEZ 2m
A=lmod 2m

If we now substitute \' = ﬁ + a we get the desired result.

(2) From (1) we see that 7 +— \/g%e’Q’TimO‘%Rm,l(aT + f3; 7) is anti-holomorphic, so
0 0 ,
E y§6_27”ma27—Rm71(067’ + 5; T) =0

4.2 07 .9, 3
=4y 5707 T W= + 16 a8

We can write the operator Q%

:if4 3/23 9

0, <.
P TR

Hence

3 .
—6727”ma2TRmyl(Oé7' + ﬂ, 7_)7

.9
Qe MmO Ry i(ar + 657) = 15

which proves (2). O

3.3 Transformation properties

Before we can state the main result we need the following

Definition 3.8 Let u € C and let f be a real-analytic function in a neighbourhood
of u. If g is a meromorphic function with a pole of order s in u, then f - g has, in a
neighbourhood of u, an expansion

Z Z apm (v —w)™ (T —w)™.

n>—sm>0
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We define

6571
Res {f(“)g(“)} T T j 1! 9p1

(- 0 =wg)).

v=u

If f is holomorphic the definition coincides with the usual definition of the residue.

Now the main result:

Theorem 3.9 Let ¢ be such that z — (z;7), for fized T € H, is a meromorphic
function. If ¢ satisfies (E), then ¢ has a development of the form

plzir) = 3 M)z T) - 2mi 3 Res | fu(z7)e(vi7)],
Imod 2m u€Sing ¢(-7) mod A,
for T € H and z & Sing p(-; ), with
Singp(+;7) :={u € C| z— ¢(z;7) has a pole in u},
AN =Z7+7Z,

and, for 0 <1 <2m —1 and any p € C such that there are no poles on the boundary
0P, of P, :==p+ (0,1)7 + (0,1),

. p+1 .
hi(r) = e_“l27/2m/ o(z;7)e 2 dy — i Z Res [RmJ(v; T)p(v; T)} )
p

v=u
u€sing,, ¢(+;7)

with sing,, ¢(-;7) = Sing p(+;7) N Pp.
If ¢ also satisfies (M), then the vector (hl)lmod om transforms under the action of
SLa2(Z) as in equations (3.3) and (3.4).

Proof: Let p € C be such that z — ¢(z;7) has no poles on dP,. Let z € P,
z & Sing p(+; 7). Now consider

fo(z;7)p(v; T)dw.
oP,

We compute this integral in two different ways. On the one hand, the function we are
integrating is 1-periodic. Hence

fo(z;7)(v; T)dv
ap,

p+1 p+1
_ / Fulz:)p(v; 7)o — / For (23700 + 7 7)do
p P

/ - (fv(Z; T) — e P TATIY f (2 T)) o(v;7)dv
p

2m—1

-y

6_7”[27—/2m'l9m$l(z; 7_) / (,0(1); T)e—QTI"Ll’Ud,U’
1= p
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by (4) of Proposition 3.3. On the other hand, we can compute the integral using the
residue theorem. The poles of v — f,(z;7)p(v; T) inside P, are the poles of ¢ inside
P,, together with z, and the residue in v = z is %gp(z; 7). Hence

fo(2; ) (v; T)dv
oP,

=274 Z Res [fv(z;r)go(v;r)] + o(z;7)

v
u€sing,, (+7)

=2mi ) Res [fy(Z;T)so(v;T)} + (25 7)

v
u€sing,, p(+;7)

+ i Z I i(2;7) Z E{:es [Rm,l(UET)SO(U;T)}

I mod 2m u€sing,, (+57)

If we compare the two evaluations of the integral, we obtain

o(z;7) = Z hi(T)Om (25 7) — 2mi Z B_GS {fv(zﬁ)‘?(vﬂ')};
I mod 2m, u€sing,, p(+7) -

with h; as in the theorem. Since v — f,(z; 7)p(v; T) is invariant under translation by

a lattice point, so is u — }ies [ﬁ, (z;7)p(v; T)} Hence we can replace Z by
u€sing,, ¢(+57)

Z . So far we have only proven the identity for z € P,. However, both

u€Sing ¢(+;7) mod A,
sides satisfy (E), so the identity holds for all z € C, z & Sing ¢(+; 7).
In the rest of the proof we assume that ¢ satisfies (M). Let

P(z;7) = 2mi Z Res |:f7j(Z;T)g0(’U;T) .
u€Sing p(-;7) mod A, v
From the first part of the theorem we see that ¢ + ¢ is a holomorphic function, which
satisfies (E), and
p(zm)+ @)= D M) ma(z7)
I mod 2m

If we can show that ¢ also satisfies (M), then the second part of the theorem follows
from the second part of Theorem 3.1 applied to ¢ + ¢.

Let v = (2%) € SLy(Z). If u is a pole of ¢ (-;y7), then v’ = (¢7 + d)u is a pole of
(1), and Ar = (e + d)A;. Hence

Sing ¢ (+;y7) mod A = (er + d) Sing ¢(+; 7) mod A~
Using (5) of Proposition 3.5 we find

f z  ar+b v uw Y v ar+b
i \er+d cr+d) \er+d er+d) “\er+d er+d

= (er + d)F 1o 2mmes T £ () (0 = u) o (05 7).
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s—1
If we apply ﬁ % o

Res |f z ar+d v ar+d
vty [T \er +d et +-d P\ertd er+d

= (et + d)ke2”mcz2/(”+d) Res [ﬂ,(z; T)p(v; T)} .
v=Uu

to both sides and multiply by (er + d)*~! we find

Hence
- z  ar+b
14 cr+d er+d
~ z ar +b ) ar +d
= 2mi R u ) )
" esi gs@(;) od A = {f <CT+d CT+d>¢<CT+d CT"’d)}
u€eSin SYT) m v
~ z ar+b v at +d
= 27 R _— —
mu/esmgw(;)modlx y:;id [fu (CTer’ c¢+d) v (c¢+d’ c¢+d)]
= i Z (c7 + d)Femime="/(eT+d) Reg [fv(z;TW(v;T)}
v=u'

u’€Sing ¢ (+;7) mod A+

_ (CT + d)ke2”mcz2/(”+d)g§(z;7-),

where in the second step we have substituted u = %Jlrd.

3.4 Simple poles
If all the poles of ¢ are simple, the theorem from the previous section reduces to

Corollary 3.10 Let ¢ be such that z — o(z;7), for fized T € H, is a meromorphic
function having only simple poles. If ¢ satisfies (E), then

olz;71) = Z hi(T)0m (25 7) + Z du(T)fu(z;T),

mod 2m u€Sing ¢(-7) mod A,
with
Sing p(+;7) :={u € C |z ¢(z;7) has a pole in u},
AN, =Z7+7Z,
dy(7) = —2mi Res p(z;7),

and, for 0 <1 <2m — 1 and any p € C such that there are no poles on the boundary
OP, of P, :=p+(0,1)7+(0,1),

) p+1 . 1
h(r) = e_“l27/2m/ o(z;T)e 22 dy + 3 Z Ay (T) Ry 1 (w5 7),
P

u€sing,, ¢(-;7)
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with sing,, (+;7) = Sing p(+;7) N Pp.
If ¢ also satisfies (M), then the vector (hy)
SLo(Z) as in equations (3.3) and (3.4).

L mod 2m transforms under the action of

In a special case, the residue function 7 +— d,(7) has modular transformation
properties:

Proposition 3.11 Let ¢ and d, (1) be as in Corollary 3.10 and suppose that the pole
u of o(;7) is of the form uw = ar + (3, with a,8 € Q independent of 7. Then

T+ 2T (1) transforms as a modular form of weight k — 1 on some subgroup
Ta.p of SLa(Z).

Proof: From the definition of d,, we can easily verify that

du+/\7-+u(7') _ e—27rim(/\27—-1-2/\u)du(7_)7

and

a‘T+b k—1 2mimcu? ct+d
d_s (CT+d> = (er+d)" e fer+d) g, (7).

Hence (u,7) — d,(7) transforms as a Jacobi form of weight & — 1 and index m. By
Theorem 1.3 of [9, pp. 10] we get the desired result. Actually, that theorem also
assumes a growth condition, but one can check in the proof that the growth condition
is not needed to prove the modular transformation properties. O

3.5 An example

Define ¢ by:
9
(Pl 3 (25700 o(257))
PlET) = A(T)0y 1 (25 7)
o1 _1\? 1 3 1 _1 _3
:_Z(C2 +¢ 2) {m— (9C2 —(24+( 2 -9C 2)(]—‘,—...},

with 945(2;7) == Y \carz emNTH2TIAGH) | ¢ = 27z g g = 27T,

Using Table V on page 36 of [19] we see that ¢ transforms like a Jacobi form of
weight k = 1 and index m = 13 on the full modular group. (Note that Mumford uses
the notation ¥g1, Y19 and ¥ for the functions denoted here by 190,%, 19%,0 and 19%,%.
Also there’s a mistake in the 4th formula on the right: it should read ¥11(z/7, —1/7) =
—i(—iT)® exp(miz®/T)011(2,T).)
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The function ¢ is meromorphic in z with simple poles in Z7 + Z. If we take

p= —%T — = then sing,, ¢(-;7) = {0}. Further
9
(F00(0: 700 3 (:70y o(0:)) 4 9, (07)°
]::z{=eOS 90(277_) = A(T) /l l(0.7-) - 7; A(T)
1 (Cam)) 128
™ A7) T

where we have used Jacobi’s derivative formula (see [19, pp. 64]), and (10) of Propo-
sition 1.3.
Corollary 3.10 gives:

Z hi(T)013.0(2;7) + 5120 fo(z;7) (3.8)
I mod 26
with
2 p+1 .
hy(r) = e~ 7/26/ o(z;7)e 22 dz + 256iR13,(0;7), (3.9)
P

for 0 <1 < 25. According to the corollary the h; transform as a vector-valued modular
form of weight %
Since ¢ is holomorphic as a function of 7, the Fourier coefficients

2 p+1 .
e*ﬂ"Ll ‘r/26/ s0(2;7_)67271'1[,de
p

are holomorphic as a function of 7. In particular they are eigenfunctions of €2 1 with

eigenvalue = Using of Proposmon 3.7 we see that 7 — Rj3;(0;7) is also a
g 16

eigenfunction of Ql Wlth eigenvalue = 15+ Hence

Qih; = ihl.
2 16

So the h; form a vector-valued real-analytic modular form of weight % The transfor-
mations are: »
h(r +1) = e ™/ %py(7)

and

() =T g B )

v mod 26

Using (1) of Proposition 3.7 we see

g_hz(T) = 256V/13 y‘% Z )\6—267%/\2?.

ot
AEg5+Z
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Note that Zx\e%+z Ae~26mA"T ig the complex conjugate of Zkef(ﬁz Ae26TNT which
is a theta function of weight 3/2.
Summarizing, we have proved:

Proposition 3.12 Let ¢ be the function given by

plaim) = A0y 1 (z:7)

Then ¢ can be decomposed as in (3.8), with hy as in (3.9), and (hl)lmod 96 1S @ vector-
valued real-analytic modular form of weight 1/2, with eigenvalue 3/16 for the weight

1/2 Casimir operator.

This is a very special example: It has been constructed is such a way that the d,,
are constant (as a function of 7). As a result the h; are eigenfunctions of a Casimir
operator. However, in general the d, will not be constant and the h; will not be
eigenfunctions of a Casimir operator. So in general we do not end up with a real-
analytic modular form.



