Chapter 4

Mock ¥-functions

4.1 Introduction

Mock ¥-functions were introduced by S. Ramanujan in the last letter he wrote to G.H.
Hardy, dated January, 1920. For a photocopy of the mathematical part of this letter
see [21, pp. 127-131] (also reproduced in [4]). In this letter, Ramanujan provided a
list of 17 mock ¥-functions, together with identities they satisfy. Ramanujan divided
his list of functions into “third order”, “fifth order” and “seventh order” functions, but
did not say what he meant. There’s still no formal definition of “order”, but known
identities for these mock ¥-functions make it clear that they are related to the numbers
3, 5 and 7. Therefore we regard the order of a mock ¥J-function merely as a convenient
label, which may or may not have a deeper significance.

In his letter, Ramanujan explained what he meant by a mock ¥-function. In [5] we
find a formal definition. Slightly rephrased it reads: a mock J-function is a function
f of the complex variable ¢, defined by a g¢-series of a particular type (Ramanujan
calls this the Eulerian form), which converges for |¢| < 1 and satisfies the following
conditions:

(1) infinitely many roots of unity are exponential singularities,

(2) for every root of unity £ there is a ¥-function ¥¢(g) such that the difference
f(g) — Y¢(q) is bounded as ¢ — ¢ radially (presumably with only finitely many
of the ¥¢ being different),

(3) there is no ¥-function that works for all £, i.e. f is not the sum of two functions,
one of which is a ¥-function and the other a function which is bounded in all
roots of unity.

(When Ramanujan refers to ¥-functions, he means sums, products, and quotients of
series of the form ) ., e”qa"2+b” with a,b € Q and e = —1,1).
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The 17 functions given by Ramanujan indeed satisfy conditions (1) and (2) (see [26],
[27] and [23]). However no proof has ever been given that they also satisfy condition
(3). Watson (see [26]) proved a very weak form of condition (3) for the “third order”
mock J-functions, namely, that they are not equal to ¥-functions.

In this chapter we will see that condition (3) is not satisfied if we strengthen it
slightly. Indeed, we shall discuss vector-valued mock 9-functions F' for which there is
a vector-valued real-analytic modular form H such that F'— H is bounded in all roots
of unity.

There are several ways to get these results: For example let us consider the “fifth
order” mock J-function (using Watson’s notation)

TL2

folg) =Y —t—,

= (¢ Dn

with (a), = (a;q)n == (1 —a)(1 —aq)--- (1 — ag"!). Andrews (see [2]) showed that

fO(Q) — (q+ Z Z (_1)jq%n2+%n—j2(1 _ q4n-|-2)7 (41)

% n>0|j|<n

with (¢)eo = [[=;(1 — ¢™). Using this identity, Andrews (see [3]) showed that fo(q)
can be seen as a Fourier coefficient of a certain quotient of Jacobi theta functions.
Next Hickerson (see [13]) showed that fy(q) can be related to a sum similar to the
Lerch sum discussed in Chapter I. Similar results have been found for most other
mock ¥-functions. Hence we can extend the results of Chapter I to include these
“Lerch-like” sums and thereby get the transformation properties of fy. We may also
use the techniques from Chapter 3 and the representation of the mock J-functions as a
Fourier coefficient of a meromorphic Jacobi form, to find the transformation properties.
However, we will use (4.1) and similar identities for the other mock ¥-functions and
apply the results from Chapter 2.

4.2 General results

Before we start with the mock ¥-functions, we derive some general results, which we
will use repeatedly.

Definition 4.1 For a,b € R and 7 € H we define

Ruslr) = 3 su()(aviy) e—rr=2mn,
vEa+Z

with y = Im(7) and 3 as in Lemma 1.7.

This function, a kind of non-holomorphic unary theta-series, is a slight modification
of the function R studied in Chapter 1 (cf. (1) of the following proposition) and is also
similar to the function R, ;(z;7) defined in Definition 3.4.
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Proposition 4.2 Leta € (0,1), b€ R and 7 € H. We have

(1) Rop(T) = je—mila—1)*r—2mi(a—1)b R((a - Or+b+ %;T), with R as defined in
Lemma 1.8.

. oo _Y9a,-b\%2) (
(2) R‘Lb (T) = \/m

(3) If £ € Q, then R, p(T) is bounded as 7 | &.

(4) ZRap(7) = —i\/%—y Ga,—b(—T).

dz, with g, as in Definition 1.14.

(5) T +— Rap(T) is an eigenfunction of the weight 1/2 Casimir operator Q =

g2 02 iy + B with ei 3
QY 575= + iyz= + 15, with eigenvalue 5.

Proof: (1) By definition we have

R((af %)T+b+%;7’>
= 2 {Sgn(”)‘E((”“‘%)@)} (—1)v—temmivir—2miv((a=3)T+b+d).

veg+Z

Using Lemma 1.7, we write sgn(v)—FE ((1/ +a— %) \/2y) as the sum of sgn(v)— sgn(l/+
a—1)and sgn(v+a— 3)B(2(v 4+ a — 3)%y). We see that sgn(v) —sgn(v+a—3) =0
for all v € £ + Z, since a € (0,1). Hence

R((a—%)r+b+; 7)

Z sgn(l/ +a-— %)6(2 (1/ +a-— %)Qy) (—1)”’%’““’27 2miv((a—3)T+b+3)
vez+Z
_ ewi(a—%)27+2wi(a—%)(b+%) Z sgn(u)ﬁ(2u2y) (_1)V—ae—7ril/27'—27ri1/(b+%)
vEatZ
_ _iewi(a—%)zT-‘,-QTri(a—%)b R,Lb(r),

where we have substituted v — v —a + % in the second step.
. e . 1
(2) Use (1) of this proposition and (1) of Theorem 1.16 with a replaced by a — 5 and
b replaced by —b — %
(3) This follows directly from (2) and the fact that lim, ¢ go,—4(2) = 0 for all £ € Q.
) This follows directly from (2) by taking % on both sides.

(4
(5) From (4) we see that 7 — /§Z R, (7) is anti-holomorphic, so

0 0

E yﬁR%b(T) =0.
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_ 2_9% ) 3
= 4y 5057 HiygE + 16 as

We can write the operator Q%

3 0 0
— 4y’ =y —.

16 7 arVior

Hence Q%Rayb = %Ra,lr O

We now return to the general setup of Chapter 2, i.e. indefinite J-series for a
quadratic form @ of type (r — 1,1). In the next proposition, we will rewrite

2
Z sgn(B(c7 y))ﬁ (_My) e2m‘Q(u)r+2m'B(u,b)7

vea+Zr Q (C)

Q

N

(this is the same series as in (2.10)) for ¢ € Co NZ". In order to do so, we write
v =pu+ncwith uy € a+ 72", n € Z, such that gg(g)) € [0,1). Since ¢ € Z" we can
write

o e} = L (w+©4)

Ho€Po

(disjoint union), for a suitable finite set Py, with (c}JZ‘ ={£e€Z" | B(c,§) = 0}. We
can now state the result:

{uGaJrZ"

Proposition 4.3 Let ¢ € Co NZ" be primitive. Then there is a finite set Py (see
above), such that

BC7I/2 miQ(v)T+2miB(v
S san(Blen) s (- Tty ) emarnsn

vEa+Zr Q(C)
. . 1
= - Z RB(CWMO) —B(c b)(72Q(C)T) ! Z GQWIQ(@TJFQTLB(EJ) )7
2Q(c) ’
no€Py cend+(c):

it i = o~ At and b =~ S

Remark 4.4 Since pg + <c>JZ‘ is a shifted (r — 1)-dimensional lattice, on which @ is
positive definite, the inner sum

Z £2miQ(E) TH2miB(€,bT)
Eepg+{c)y
is a classical (positive definite) theta function, and is in particular modular of weight
(r—1)/2.
Proof: We write v = pg 4+ £ + nc, with pg € Py, € € (c}JZ‘ and n € Z. Set ug =

Lo — BQ(CS’(’Z‘)))C. Then B(c,ug) = 0 and

B(Ca MO)

v= (" 2000

)C+ué+£,
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SO

BC7I/2 miQ(v)T+2miB(v
S sen(Blen) s (- Tty ) emarns

vEatzr Q(c)
=X % (e ) (Heo (e 555 ).

. 27er( )(n+ Bz(é(i?) V2T H27miQ(ug +€)T+2miB(c,b) (nt B;é(t[))) Y+2mi B(pug 4-£€,b)

== D Bogug py(-2007)- 3 ma@rmpeD,

2Q(e)
Ho€Fo acpg+{c)z

If we use B(a,b) = B(a, bt) for all a € pg + (c >Z, we get the desired result. O

4.3 The seventh order mock J-functions

In this section we deal with the “seventh order” mock ¥-functions from Ramanujan’s
letter. In [12, pp. 666] we find the following (slightly rewritten) identities:

( (E E ) rJrs 27" +4rs+3s2+ r+ s

r,s>0 7,5<0

( (Z Z) r+s 27 +4ra+352+ r+3s+1

r,s>0 7,5<0

( (Z Z) r+5q27 +4ra+352+ r+2

r,s>0 1,5<0

‘We will use these as the definitions of the mock YJ-functions. We rewrite these identities
(Cn — e27rz'/n):

20(r)Gs g Tol)) = Y. {sen(B 1)) — san(Bl, c2)) } FTREITETSE )

u61—146+Z"

()G aFTo(g) = Y {sem(Blrer)) —sen(B(v, ) } 2mOWIT 2B )
uE%e-{-Z"

(o BT = Y {se(Bla) - sen(Blrer) ) S0,
1/61—546+ZT

with A = ($4), c1 = (3*), .2 = (3') and e := (). We have B(cy,c2) = —28 and
Qc1) = Qleo) = If we choose Cg such that ¢; € Cg then also ¢2 € Cog.
We collect these three mock J-functions into a single vector-valued mock ¥-function

q 15 Fo(q)
Fr(r) == | qT5F2(q)
q 105 F1(q)

_1
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To express its modular transformation behaviour, we also introduce

1 [0
Hy(r) := Sia 19 e | (1),
19

2n(7)

.:s““ wa“*’ wa"“
»!s-‘w E\D ;""

with ¥, as in Definition 2.1, and

<8413RE —1 1+ 484R% _
G7(1) = — <84R11 5 +C8 Ras _
C258R23 s+ G Rag s

plor ®
ojor W=

(217).

Note that the components of H; are the quotient of a (real-analytic) binary theta
series by 1, while the components of G7 are (real-analytic) unary theta series.

Proposition 4.5 We have
Fr = H7 + G,

where

(1) The function Hz is a (vector-valued) real-analytic modular form of weight 1/2,

satisfying
—1
Ces 0 0
H;(r+1) = 0 s 0 Hy(7),
0 0 (G
and
: 3 27
sin sin =X sin =&
1 2 7 7 7
Hy (*—) =V—ir—= |sin3F —sin 27” sin % | He(7),
T VT sin 27” sin 7 —sin 37”

and is an eigenfunction of the Casimir operator 1, with eigenvalue 1%.
2

(2) The function Gy is bounded if T | £, with £ € Q.

Proof: We consider the functions 91, 1., 93,5, and 95, s .. Using (4) and (2)
4 14 14 7214 4 4
of Corollary 2.9 we see

He te Gas g 0 191_14671_146
Vs,s,.|(r+1) 0 &g O V3.5, (7)
1914 14 0 0 25 1914 14

e e 28 I e
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Using Corollary 2.9 and 9, 1, = —e?™(s1+52)9 1 for all s = (5)) € R2, which we
' 14 ’ 14
get from (1), (2) and (3) of Corollary 2.9, we obtain

91

ta T s 3w s 27 O
e e 1 9 S-Hl?? 511.172 51.n7 e e
19%6,%e (——) = _ZTW sin =% —sin 5F sin % 191%6,1_546 (7).
T s 27 T i 3T
191_546’ﬁe sin =7 sin % sin = ﬁﬁe,l—je

If we use 1(7 + 1) = (aan(7) and 1 (1) = /—i7 n(7), we get the transformations for
H;.

Using Proposition 4.3 we see (Py = {—12

0} = {(3)|& cz}) a

—Ze, —Meland (o), = {£€Z? | & =

6,

B 2 . . 1
Z sgn(B(cl, I/))ﬂ ( (01; V) y) eQTr’LQ(V)T+27TZB(I/,ﬁ€)

C1
DET146+Z" Q( )
.2 . . 2 )
= —Ris _1(217') E e37rzlt27'+7rzlt2 — R _1(217') 637”#627'4‘7”#2
1272 S5 E
p2€—g+7Z p2€—H+Z
« .2 .
—Rau _1(217) E 3Tty TH ik
12°7 2
po€—4 47

—n(7) (szle,fé (217) + Cr2Ra1 1 (217’)) .
Similarly we find
BC7V2 miQ(v)T+2miB(v,-% e
Z Sgn(B(CI7V))ﬁ (_%y) 62 Q(v)r+2miB(v, {ye)
ve S etZr 1
= —n(r) (TaRy. -3 @17) + (' Rag _3(217))
B 2 , , ]
Z sgn(B(c1,v))s3 (—My) e2miQ()T+2miB(v, fye)

VG%SJrZT Q(Cl)

—n(r) (GuRt 3 (217) + G Ry _4(217)).

and

B 2 , o
Z sgn(B(c2,v))B <My> p2mIQ(V)T+2miB(v, #¢)

L/GﬁeJrZ" Q(C2)

= n(7) (CQIR%*% (217) + C12Rs (217’))
2
Z SgH(B(CQ, l/))ﬂ <B(C2a 1/) y> eQwiQ(u)T+27riB(u,%e)

ve berzr @lez)

= n(r) (R, 3 (217) + G Rz _5(217))
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B 2 . .
Z sgn(B(CQ, V))ﬁ (_ (02; V) y) eQTr’LQ(V)T+27TZB(V7%€)

veet+Zr Q(C2)
14
=n(r) <§4R%7_%(21T) + CZlR%7_%(21T)) .

Hence, if we write p(v; 7) as the sum of the three expressions (2.7), (2.8) and (2.9), we
find

Daepem = D {sea(Br,cr)) — sen(B(v, cz)) | e2mQWITHmiB vtz
1/61—146+ZT
+20(7) (Ga' Rag, 3 (217) + GoRyy 4 (217))
= 2014 ¢~ T0(1)Fo(q) + 2n(7) (g;;R%,% (217) + C1oRay s (217)) :
SO

Gt _1 _
2771(47) O se,e(T) = 475 F0(q) + G5y "Ry 1 (217) + (saRy 1 (217).

Similarly, we find

-1
Uy, (1) = g% Ty (g) + (R

—41
OIS T T 1.-3(217) + Ggy Rz _5(217),

(217) + (38’ Raz _s (217).

¢ _2
ﬁé_) 191546,%6(7') =q 1683:1((]) + <S8R%,

_3
2

So
H7 =F; — G7.
Using (5) of Proposition 4.2 and the fact that F; is holomorphic, we find
3
V.G =—=G
cAE T
3
QP = —F
3 7 16 75
and so
3
Q1 H7 = 1—6H7.

Hence H7 is a vector valued real-analytic modular form of weight 1/2. From (3) of
Proposition 4.2 we obtain that G is bounded if 7 | &, with £ € Q. O

As a corollary we get the description of the non-modularity of the “seventh order”
mock ¢-function Fy. To state the corollary we need the following vector of theta
functions of weight 3/2:

i~

1

il g1 +GCayg

73 59
gr(7) = | ¢85 g 1+ (3 g2 2
3 ’%

@l gi+Gig

1
)

&l

(217).

NI

42
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This function has the following modular transformation property, which can be verified
using standard methods:

with
9 sin 7 sin 3777 sin 27”
M, 7 sin37” —s1n277r sin 7
fn 2T P T S i
sin &¢ sin Z — sin <
Corollary 4.6 We have
1
Fr(7) -

Fmrem(-3) =/ [ s

where we have to integrate each component of the vector, as well as the obvious equation

Ges 0 0
F7(’7' + 1) = 0 ilgg 0 F7(7').
0 0 —25

168
Proof: According to Proposition 4.5 we have

H7( i) = V=T My Ho (7).

If we replace 7 by —1/7 in the equation (or multiply both sides by M7/v/—i7 and use
M? = 1) we find

Hy(r) = \/i_”M7H7(f%),
Fy(r) — ﬁM7F7(—%) = Ga(7) — \/%”M7G7(— 1) (4.2)

Using (2) of Proposition 4.2 and (2) of Proposition 1.15 we see:

G7(T) = Z\/ﬁ/_ioo \/% dz.
Hence

(4.3)

Gr(-L)=D2L [T oD,
V=i by VoG- 1)

4 T ogr(—=1/2)  dz

=2 0 \/1+T/Z(_i2)27
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where we have replaced z by —1/z in the integral. Using the transformation property
of g7, we find

o) e | e

n (4.2) we get the desired result. a

Putting (4.3) an

Remark 4.7 Using (2) of Theorem 1.16 we could give the non-modularity of F; in
terms of the function h from Chapter 1. The result is similar to results found by
Watson in [26] for the “third order” mock 9J-functions.

4.4 The fifth order mock J-functions

In this section we deal with eight of the ten “fifth order” mock ¥-functions from
Ramanujan’s letter. The remaining two will be discussed in the next section. In [2]
we find the following identities:

1 S i Sn?2ylpn—j2 n
folg) = 0= Z (=1)gzm 337 (1 — ¢*+?),
* n=0
l7l<n
oo 2n
Fo(q ZZ n 5n +2n—-352-1 (1+q6n+3)
°° n=0 j=0
1+ 20n(0) = (1+22 yrg zz (1 ),
\J\<n
N (*Q;QQ)OO G j 5n?42n—352—j 6n+3
@()(Q) - ( 9. 2) Z (71) q (17(] )7
% ¢%) 0 =
l7l<n
1 S
o) = 5 (=g (1= g,
* n=0
l7l<n
1 oo 2n
Fi(@) = gy >0 0 (- T g g,
(0% ¢%)o0 1= =
(—@oo 1 2
—q)oo j Sn?43n— n
?/11(11) — ( ) ( 1)Jq2 +35 3J 2](1 q2 Jrl)
Qo 125
l7l<n
o (7(17(]2)00 - Sn“+4n—35°—j 2n+1
% ¢%) e =
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Note that there are mistakes in the 3rd and 8th formula in [2]. We will use these
identities as the definitions of the mock J-functions. We write four of these identities
in a more suitable form (the other four will be discussed later):

Lemma 4.8 We have
20(m)g % fo(q)
= Y (B - sen(Blra) } o (1)
ve(110) 122
21(r)g® f1(q)
= Z {sgn(B(z/, 1)) — segn(B(v, 02))} eQmQ(V)THMB(”’( 194))
ve( 3/010 )+z2
2n(r)q” 70 (=1 + Fo(q?))
= Z {sgn(B(l/, c1)) — sgn(B(v, 02))} eQﬂQ(V)THMB(”’( 1{2))

e (V2) e

2n(r)q* Fi(g*)
= Z {sgn(B(l/, c1)) — sen(B(v, 02))} eQﬂQ(V)THMB(”’( 7))

e (2) 22

2n(7)¢s Lm0 (—1 + Fo(—q?))
= Y {sen(Brne) - sen(B(v,e2) | (2miQwr+2mit (v 17,))

ue( %i) +Z2

2n(7)¢s 1 g7 Fi(—qF)
— Y {sen(Be) —sen(Bre) SO0 (0)),

u€< ?;i) +72

with A= (§ %), c1t = (3) and ca = (3*).

Remark 4.9 We have B(ci,c2) = —70 and Q(c1) = Q(c2) = —15. If we choose Cg
such that c¢; € Cg then also ¢y € Cy.

Proof: We have
S (—1)igErHEn (1 - gtnt?)
n=0
[7]<n
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o o

= D (FPgE S L Y (g
n=0 n=0
lil<n ljl<n

- ( Z B Z )(—1)jq%"2+%nﬂ'27

n+j>0,n—j>0 n+j<0,n—j<0

where we have replaced n by —n — 1 in the second sum. From this we get the first
identity. The proof of the 2rd identity is similar.

Using
2n n
Z —30°=37 = Z g2, (4.5)
7=0 j=—n
we see
oo 2n
ZZ n 5n +2n—13j 753(1 +q6n+3)

=0
n

Z n 5n +2n— 2] 7j(1+q6n+3)

( Z )(71)nq5n2+2n72j27j

n+j>0,n—3>0 n+j<0,n—3<0

:(q2;q2)oo+( o= N )(,1)nq5n2+2n72j27j.

n+j>0n—3j>0 n+j<0,n—35<0
From this we get the 3rd and 5th identity. Again using (4.5) we see

oo 2n

S SSCap e

n
Z n 5n +4n— 2] 7j(1+q2n+1)

:( ST eyt

n+j>0,n—35>0 n+j<0,n—j<0

From this we get the 4th and 6th identity. O
We collect these six mock ¥-functions into a single vector-valued mock ¥-function
q‘j@ folq)
q% f1(q)
310 1+ F; %
F571 (T) = q ( O(q
q 345 Fy (q 2 )
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To express its modular transformation behaviour, we also introduce

Zv@w»(lm
ﬂ(g/&“)ﬁ(&)
1/5Y (1/2
1 (1/4)’( 1 )
Hyo(7) = e | (@),
g 20(r) ;igl;j),( 2)
(1) ()

2012R 1 5 + 2@121R% 3
2Ry + 25 Ry g
1 _R1_9 ()_R@ ()+R4J 0+R_J
P— 60’ 60> 60>
GS,I(T) T 9 —Ré_d R23 0 + R43 0 + Rs 53 (307_)'
2_45Rm 3 C24R_3 s+ C24R4J 3+ C241Rg— 3
C24R% 2 C241R% 2 C24 R43 2 +<24 32

Proposition 4.10 We have
Fs1=Hs1+Gs,
where

(1) The function Hs 1 is a (vector-valued) real-analytic modular form of weight 1/2,

satisfying
oot 0 0 0 0 0
0 ¢¢& 0 0 0 0
0 0 0 0 G O
Hs1(r+1) = 240 Hs 1(7),
5. ) o 0 0 0 0 & 5.1(7)
0 0 Cg O 0 0
0 0 0 ¢ 0 0
and
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with
0 0 V2sinZ  V2sinZ 0 0
0 0 V2sin2f  —\2sinI 0 0
1 s T 1 s 2T
My = ?5 sin ¢ 73 Sin - 0 0 0 0
7 sin2Zx —LgnZ 0 0 0 0 ’
2 5 NG 5
0 0 sin 2?” sin %
0 0 0 0 sin % —sin 2?”

and is an eigenfunction of the Casimir operator Q%, with eigenvalue %.
(2) The function G5 is bounded if 7 | &, with £ € Q.

Proof: We consider the function

9
79(1/010)’(194)
ﬂ( ") (1))
o) - (1/)-(*) .
R GHICOR R
Y
(172) (%)
9
(1/2)(1))
Using (4) and (2) of Corollary 2.9 we see
Go 0 0 0 0 0
0 ¢ 0 0 0 0
o 0o 0o o ¢ o
0 0 ¢y 0 0 0
0 0 0 ¢ o0 o

Let C = (_01 ?), then C € O}(Z), Cc; = ¢y and Ccy = ¢;. Hence, using Corollary
2.15, we find
U ” = Vatn = —0Cits

Using this and Corollary 2.9, we obtain

@(—%) = —17% Ms O(T).

If we use 1(7 + 1) = Coan(7) and n (—2) = /=it n(7), we obtain the transformations
for H5’1.
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If we write p(v;7) as the sum of the three expressions (2.7), (2.8) and (2.9) and
use Proposition 4.3, we find

19( 1/10) (19, (r) = 2n(7)q~ ™ folq) — 2n(r) <C12R

Hence

L3 (307) + CfQIR%g (307’)) .
1 _ 1 -1
() 19(1/010),(194) (1) = ¢ % folg) — (CuR%,g(BOT) + i R%’%(?)OT)) :
We can find similar identities for the other components of Hs ;. Combining them gives

Hs1=F51—Gs,1.

Using (5) of Proposition 4.2 and the fact that Fy; is holomorphic, we find

3
Q%Gm = 1_6G5,1
Q1 F5q = 3F
1h50 = 7650
and so
3
Q%H5,1 = —Hs,

16 "
Hence Hj 1 is a vector valued real-analytic modular form of weight 1/2. From (3) of

Proposition 4.2 we get that G5 ; is bounded as 7 | £, with £ € Q.

O
As with Corollary 4.6, we could also use Proposition 4.10 to describe the non-

modularity of the “fifth order” mock 9J-function F5 ;. We omit this.
We turn now to the other four “fifth order” mock J-functions.

Lemma 4.11 We have

2

—1n(7) L
2¢15 n(2r) q 591o(q)
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n(r)?
2C6077(T/2)q vo(—q

N[

)

= X {se(Bwe) —sa(Bre) | 2wz (v( ')
DE(}§2)+Z2
7 77(7)2

,% (
Watrjzy

[

)

> {Sgn(B(V, c1)) — sgn(B(v, 02))} GQ’TiQ(V)TJrsz(V,( 11//160)>
DE( ??2) +Z2
-1 (T)2 1 1
2C16 m q 20 0o(q?)
= 2
DE( }?2) +7Z2
-1 (T)2 _ 49
2Ci6 m q 2109 (q

sgn(B(v,c1)) — sgn(B(v, 02))} eQﬂQ(V)THMB(V’( 196 ))

=

)

= Z {sgn(B(l/, c1)) — sgu(B(v, 02))} eQﬂQ(V)THMB(V’( 196))
u€< ?;2) +Z2

with A = (8,03), c1=(2) and ¢z

Remark 4.12 We have B(c1,c2) = —120 and Q(c1)
Cq such that ¢; € Cg then also c; € Cg.

Q(c2) = —15. If we choose
Proof: The proof is similar to the proof of Lemma 4.8. We also have to use

(7)o (4730%)0

_ g n(7/2)
(@)oo (9% n(7)?
(=¢2)oe _ .1 2 0((r+1)/2)
(9)o * n(r)?

and
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Only the first identity is a bit more difficult: We have

Z 2” _5"_23 —53(17(1 )
i<n

oo o0
3,2 1 - . 5 2 1 3,2 1 -
Z gn—33"—3J _ Z (—=1)7gzm —3n—39 —3)
i<
i 5p2ilp_8i2_ 1
> S )i,

n+j3j>0,n—35>0 n+4+j<0,n—3j<0

3»—‘

I
N S 3

where we have replaced n by —n in the second sum. Hence

1+2Z gt — 2 Z Intoin=thi (1 - )
|J|<n

-1
D T S T e (RN SR ) Ey

n+j>0,n—5>0  n+j<0,n—j<0

(4.6)
We have
. 2 > (q)
9 Z (=)™ +1= Z(_l)nqn _ 9 .
n=-—00 neZ (7(1)00
Using this and (4.6) we find
e el D DN DI [V
Doo Nt j50m—3>0  ntj<on—i<o
from which the result follows. O

We collect these six mock ¥-functions into a single vector-valued mock ¥-function

1
10 P —Qq2
F5o(7) = I o %)
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To express its modular transformation behaviour, we also introduce

0. (5

2C12 n(27) 79(3/10) (%) (1)
Drigsy (11

) )

R

(12). )

HEHICON

G n((T+1)/2

with A, ¢; and ¢ as in Lemma 4.11, and

2C12R%,§ +2(55'R us
2C12Rs—3,§ 2(:12 8.2
1 Rl_o R§0+R490 Ro_o
— 60 60> 60
GS’Q(T) ' 2 —Ris 0 — Rz 0 + R43 0 + Rss (307—)'
5 6 60 60
<24 R% 5 C 4R29 5 +<24R49 5 +<24 59 5
<24R%’§ <24 R23 s +<24 R43 3 +C24 53 5

Proposition 4.13 We have
Fs o= Hs o+ G52,
where

(1) The function Hs 2 is a (vector-valued) real-analytic modular form of weight 1/2,

satisfying
b 0 0 0 0 0
0 ¢¢ 0 0 0 0
0 0 0 0 (o O
Hso(t+1) = 240 Hs (1),
5.2 ) o 0 0 0 0 5.2(7)
0 0 G O 0 0
o 0 0 &, 0 0
and
H52(7—) V 727’\/_ M5 H572(T),

with My as in Proposition 4.10, and is an eigenfunction of the Casimir operator
Q%, with eigenvalue %
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(2) The function Gs 2 is bounded if T | &, with & € Q.

Proof: We consider the function

9

1/10
( 1/6) 1/6)
0,
/10
( 1/6) 1/6)
D15\ (1/10
o) = 19( ;;E) (11//160) ()
() ()
1/5
( 1;6) ( 1/6)
2/5 0
( 1?6) ( 1/6)
Using (4) and (2) of Corollary 2.9 we see
b, 0 0 0 0 0
0 &0 0 ?9 0
_10 0 0 0 ¢z O
0 0 &Y 0 0 0
0 0 0 % 0 o
Let C = (_1 0) then C € O+( ), Ccy = ¢o and Ceg = ¢;. Hence, using Corollary
2.15, we find
Vo™ = Veaicn = —0ditn
Using this and Corollary 2.9, we obtain
1 2
O(-=) = —ir—
NG
0 0 (1o sin 5 5 tsin 28 0 0
0 0 (ro sin 28 7<5lsmg 0 0
Cl() sin % Cl() sin ?ﬂ- 0 0 0 0
(ssinZE  —(ysin T 0 0 0 o |90
0 0 0 0 sin %’T sin £
0 0 0 0 sing  —sin 2?“
If we use that
n(r/2)
f(r) = | n((r+1)/2)

n(27)
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transforms as

0 0 G2

V2

1 0
f(==)=v=ir| 0 0 | 7o)

T

f(r+1) = CQ4 0 )f
0
1
0

V2

we obtain the transformations for Hs .
If we write p(v;7) as the sum of the three expressions (2.7), (2.8) and (2.9) and
use Proposition 4.3, we find

() 1 n(r)? —1
19<11//160>7(1(/)6>(T) ~ o nzr) ¢ vola) + n(27) (R%’%(goﬂ o R%’%(?)OT))'
Hence

2 1 _
QQZETQ 19(11//160)’(196)(7') =2q" % %0(g) + Q2R 5(307) + G Ry 5 (307).

We can find similar identities for the other components of Hs 2. Combining them gives
Hs o= F59—Gs9.
Using (5) of Proposition 4.2 and the fact that F5 2 is holomorphic, we find

3
QG52 = 7Gs.a
Q1 F; iF
% 5,2 — 16 5,25
and so
Q1Hs9 = 5 H,
1Hs2 = 552
Hence Hj 2 is a vector valued real-analytic modular form of weight 1/2. From (3) of
Proposition 4.2 we get that G52 is bounded as 7 | &, with £ € Q. O

Proposition 4.14 The (holomorphic) function F5 := F51 + F5 2 is a (vector-valued)
modular form of weight 1/2, satisfying

oo 0 0 0 0 0
0 ¢ o 0 01 0
0 0 0 0 ¢ 0
F5(T+1) = 0 0 0 0 <2610 Cgio F5(T),
0 0 Cw O 0 0
0o 0 0 & o0 0
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and

F5(——) \/——ZT Ms Fs(7),

NG

with M5 as in Proposition 4.10.
Proof: Since G52 = —G51, we get from Proposition 4.10 and Proposition 4.13
Fs = Hs 1+ Hs 5.

Using this, the transformation behaviour of F follows directly from the transformation
behaviour of Hs; and Hs 2 given in Proposition 4.10 and Proposition 4.13. O

Proposition 4.14 implies that each of the six components of Fy := F5 1 + F5 9, i.c.
each of the six functions

is a modular form on a suitable congruence subgroup of SLs(Z). The first four functions
were already given in terms of theta functions in [27, pp. 299]. Similar identities for
the fifth and sixth function follow directly from the identities for the third and fourth
function by replacing q% by fq%.

4.5 Other mock J-functions

In the previous sections we have dealt with the seventh order and most of the fifth
order mock ¥J-functions from Ramanujan’s letter. We were able to do this because
identities for these mock ¥-functions were available in the literature. Similar identities
for the other two fifth order mock ¥-functions, xo and xi, are not available in the
literature, as far as I know. I have found the following identities (which I will not
prove here) for xo and x1

Yo(q) = ;2 Z Z k+l+mqlk2+ 2+ Lim2 4 2ki+2km+2im+ L (k+1+m)
()3 kl,m>0  k,l,m<0

)

( ) (—1)k++mg LE2+ 512+ L mP 4 2kl+2km+2lm+ 3 (k+1+m)
e .

OO k,lm>0  k,l,m<0



84 Chapter 4. Mock ¥-functions

These series are similar to the ones we used for the seventh and fifth order mock theta
functions. However, the quadratic form is of type (1,2). Hence we cannot apply any of
the results from Chapter 2. However, in [27] identities for xo and x; are given which
give xo and xi as a linear combination of other fifth order mock 9J-functions. Hence,
we could derive the transformation properties of x¢ and x;.

In Ramanujan’s letter four third order mock ¥-functions are given. Watson (see
[26]) defined three more third order mock ¥-functions. Later even more exotic mock
Y-functions were introduced: of sixth order (see [5]), of eighth order (see [10]) and of
tenth order (see [6], [7] and [8]). In these articles, identities are given, which relate
the mock ¥-functions to sums of the same type as the ones we used for the fifth
and seventh order mock v¥-functions. Hence, using the same techniques, we could
derive the transformation properties of these mock ¥-functions. In [30] I derive the
transformation properties of the vector-valued third order mock ¥-function

The result is similar to the results found in this chapter.



